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Second-order enhancement using (coupled) slope limite
for the simultaneous linear advection of several (not
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Scalar linear advection (1)

Transport problem

Evolution PDE Oy +udep =0
Initial data Y(x,0) = Yg(x)
Exact solution Y(x,t) = Yol — ut)

First-order scheme

Upwind for u > 0 i = b — A — Y1)
CFL ratio A= U—At <1
Ax

Monotonicity — min{sp;_1,%;} < ¥y < max{;_1,;}
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Scalar linear advection (2)

Second-order scheme
Update formula

AN

Vi =P — A {[%‘ + %AD:;’D] — [¥i—1 + 17_”\17@-_1]}
Slope reconstruction

DY = A(; — i1, Yit1 — i)

Limiter functions [Sweby, 1984]
minmod, van Leer, superbee, hyperbee, ultrabee

designed to counterbalance numerical viscosity, while
preserving monotonicity, i.e.,

min{w;_1,¥;} < by < max{;_1,¥;}
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Linear advection of two variables (1

- n
u -- o _—

At the continuous level
Consider two independent equations

Op + udzp =0
Ok + 10k =0

For any smooth function G(.,.)

8tG(p7 K’) + uaﬁUG(pa K’) =0

Examples
Y =

D D=
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Linear advection of two variables (2)

At the discrete level
Updating the main variables

Pi = pi — A {[pz' + 152D — [pi_1 + %Df_ll}
Ri = ki — Mk + 2352D8] — [ri_1 +152DF 4]}

Z_

Updating the additional control variable
G; = G(p;, K;)

We want
max{pi—lv IOZ}
max{r;_1,K;}

min{pi—la IOZ}
mMin{x;_1, ki }

ANVA
IAIA

Py
Ki

AND N
min{G,;_1,G;} < G; < max{G;_1,G;}
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Statement of the problem

Design a new reconstruction for slopes in order
to ensure monotonicity for

AN

Pi, Ky, Y:L

under the usual CFL condition (<1 or<0.5)

to capture discontinuity fronts as sharply as possible
the new slopes

DY =LP(p;i—1,Ki—1, Pi» Kis Pit1s Kit1)
DEF = L"(p;—1, Ki—1, Pis Kis Pit1> Ki+1)

should be as "close" as possible to the old slopes

D = N(p; — pi—1, pit1 — Pi)
DEF = N(k; — Ki—1, Ki+1 — Ki)
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Background (1)

Two-phase flow model

total density

gas density

Solved by a Lagrange-projection method
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Background (2)

The projection (remap/rezone) step is
a linear advection problem

of several "independent"” variables

over a given variable velocity field

Monotonicity required for
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A geometrical analysis
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An algebraic solution (1)

EXxpress our desire

Introduce

Monotonicity reads

with _
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An algebraic solution (2)

Look for sufficient conditions
Since

with

We separate cells i-1 and i by imposing

v I .
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An algebraic solution (3)

Gather information on slopes at cell |
Monotonicity of the control variable Y

Monotonicity of the two initial variables

Closed convex set

I E
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An algebraic solution (4)

Reformulation as an optimization problem
Find

where the admissible region is determined by 4 + 4 =8
Inequality linear constraints

This closed convex region depends on

The solution Is
unique [Hilbert]

expressible by a closed-form in this case iE\
/A Inr?é)vatiun
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Closed-form solution (1)

Y is increasing I

Enerqg
Environment
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Closed-form solution (2)

Y Is decreasing I

< (pis ki)

—155(pis K;)

Enerqg
Environment

6" International Congress on Industrial and Applied Mathematics =j Zurich, July 16-20, 2007



Closed-form solution (3)

Y exhibits a local extremum I

— _)\(piv ’{i)
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Numerical results
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Variable velocity field (1)

Update formulae
Main variables at centers of cells

Velocities given at edges of cells

.fP
I | rovation
/ Ener
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Variable velocity field (2)

Sufficient conditions
Depending on the velocity configuration, there are

| Pl Y, S N R |
= 0 O e
I %, _source x I | 2 sinkx, |

mE . e

a definition for the min/max of Y at each cell center |
a set of linear inequality constraints for the slopes D

The convex region is "smaller” than in the uniform velocity
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Variable velocity field (3)

Main results

Closed-form solution available, along with geometrical
Interpretation

Monotonocity on the 3 variables is ensured as soon as
the CFL condition

is satisfied

there is no sequence of source/ or /source configuration
for two consecutive cells

PN V7 =y Yl
' N /! N /
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The most general problem

Several main variables

Several control variables
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Conclusion

A reconstruction method for coupling slopes

In order to ensure monotonicity on main and control variables,
while maintaining sharpness of discontinuity profiles, under
the usual CFL condition

easy to implement and not too expensive, even if a
minimization subroutine is called for each cell at each time-
step

extendable to a large range of problems arising in Lagrange-
projection codes, in spite of some restriction on the form of
the additional control functions
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