AN INVERSE PROBLEM FOR A PARABOLIC VARIATIONAL
INEQUALITY WITH AN INTEGRO-DIFFERENTIAL OPERATOR

YVES ACHDOU*

Abstract. We consider the calibration of a Lévy process with American vanilla options.
The price of an American vanilla option as a function of the maturity and the strike satisfies a
forward in time linear complementarity problem involving a partial integro-differential operator.
It leads to a variational inequality in a suitable weighted Sobolev space. Calibrating the Lévy
process amounts to solving an inverse problem where the state variable satisfies the previously
mentioned variational inequality. We propose a regularized least square method. After studying
the variational inequality carefully, we find necessary optimality conditions for the least square
problem. In this work, we focus on the case when the volatility is bounded away from zero.

1. Introduction. Consider an arbitrage-free market described by a probabil-
ity measure P on a scenario space (2,.4). There is a risk-free asset whose price at
time 7 is €7, r > 0 and a risky asset whose price at time 7 is S,. Specifying an
arbitrage-free option pricing model necessitates the choice of a risk-neutral measure,
i.e. a probability P* equivalent to P such that the discounted price (e™"7S;) ¢[0,1)
is a martingale under P*. Such a probability measure P* allows for the pricing of
European options; consider a European option with payoff P, at maturity ¢t < T
its price at time 7 < t is Pr = e "¢=TEF (P,(S,)|F,), where (F;), (o] is the nat-
ural filtration. Similarly, consider an American option with payoff P, and maturity
t < T': the price of this option at time 7 is

S
SET ¢

]—'T) , (1.1)

where 7, ; denotes the set of stopping times in [7,].

The pricing model P* must be compatible with the prices of the options observed
on the market, whose number may be large. Model calibration consists of finding P*
such that the discounted price (e™"7S;) ¢, 7 is a martingale, and s.t. the option
prices computed by e.g. (1.1) in the case of American options coincide with the
observed option prices. This is an inverse problem. We focus on the case when the
observed prices (p;);ecr are those of a family of American vanilla put options indexed
by ¢ € I, with maturities ¢;, (assuming for simplicity T = max;e; t;) and strikes z;.

The Black-Scholes model assumes that (S;),¢[o,r] is a geometric Brownian motion
under P*: dS, = S;(rdr + 0dW,), where the volatility ¢ is a constant. Unfortu-
nately, this model is often too simple to match the observed option prices and must
be replaced by more involved models:

1) Black-Scholes models with local volatility: the volatility is assumed to be a func-
tion of time and of the price of the underlying asset. This volatility function is cal-
ibrated by observing the option prices available on the markets and solving inverse
problems involving either partial differential equations or inequalities, see[3, 7, 24]
for volatility calibration with European options and [2, 5] with American options;

2) models where the volatility is also a stochastic process, see e.g. [21]. The op-
tion price is then found as a function of time, the price of the underlying asset
and the volatility. These models also lead to parabolic partial differential equations
or inequalities with possible degeneracies when the volatility vanishes; stochastic
volatility calibration has been performed in [33];

3) models with Lévy driven underlying assets: Lévy processes are processes with
stationary and independent increments which are continuous in probability, see the
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book by Cont and Tankov [13] and the references therein, for example [19, 20, 28].
The option price is found by solving partial integro-differential equations or in-
equalities. Calibration of Lévy models with European options has been discussed
in [14, 15]. The present work is devoted to the calibration of Lévy processes with
American options. At this stage, it is not yet necessary to discuss Lévy processes
in detail. For the moment, we just assume that the model is characterized by pa-
rameters 6 in a suitable class ©.

The last two classes of models describe incomplete markets: the knowledge of the
historical price process alone does not allow to compute the option prices in a unique
manner. When the option prices do not determine the model completely, additional
information may be introduced into the problem by specifying a prior model. If the
historical price process has been estimated statistically from the time series of the
underlying asset, this knowledge has to be injected in the inverse problem; calling
Py the prior probability measure obtained as an estimation of P, we are going to
focus on least-square formulations of the type: find § € © which minimizes

3 wi (PY0, S, ti,ai) —B7)” + pda(B?, y), (1.2)

il
where
e w; are suitable positive weights,
e S, is the price of the underlying asset today,
e P%(0,S,,t;,x;) is the price of the option with maturity ¢; strike z;, computed
with the pricing model associated with 6,
e pJy(P? IPy) is a regularization term which measures the closedness of the model
P? to the prior. The number p > 0 is called the regularization parameter. This
functional has two roles: 1) it stabilizes the inverse problem; for that, p should be
large enough and Js should be convex or at least convex in a large enough region;
2) it guarantees that P? remains close to Py in some sense. The choice of J is very
important: .Jo(IP?,Py) is often chosen as the relative entropy of the pricing measure
P? with respect to the prior model Py, see [8], because the relative entropy becomes
infinite if P is not equivalent to Py. Some authors have argued that such a choice
may be too conservative in some cases, for two reasons: a) the historical data which
determine the prior may be missing or partially avalaible -b) in the context of e.g.
volatility calibration, once the volatility is specified under Py, then the volatility
under P? must be the same for the relative entropy to be finite. In [9] a different
approach was considered which allowed for volatility calibration.
Note that evaluating the functional in (1.2) requires solving #I linear comple-
mentarity problems (LCP for brevity) involving partial integro-differential (PID)
operators in the variables 7 and S, see §2.1 below. This approach was chosen in
[2, 5] for calibrating local volatility with American options.
In the present case (Lévy driven assets), we show that there is a better approach
which consists of computing the prices P%(0,S,,t;,2;), i € I, by using a single
forward in time LCP with a PID operator in the variables maturity ¢ and strike
2. This LCP is introduced in § 2.2, see (2.9-2.11) below. It is reminiscent of the
forward equation (known as Dupire’s equation in the finance community) which is
often used for local volatility calibration with vanilla European options, see [4, 18].
We then find a new least square problem, where the functional is evaluated by
solving a single LCP involving a PID operator. The main goal of the paper is to
study this least square problem theoretically for a rather general parameterization
of the Lévy density k, see (2.14) below, with the volatility ¢ bounded away from
0, and to give necessary optimality conditions. This problem has connections with
some optimal control problems for variational inequalities studied in [11, 23, 32].
The article of Hintermiiller [22] on an inverse problem for an elliptic variational
inequality has inspired [2] and the present work.
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As far as we know, this is the first attempt at calibrating Lévy processes with
American options, so comparison with other methods is difficult. The results below
can be used in practice because they have their discrete counterparts when finite
elements or finite differences are used. The accuracy is expected to be similar to
the one observed in [5].

The paper is organized as follows. In §2, we obtain the forward LCP (2.9-2.11)
and make some assumptions on the Lévy density. In § 3, we introduce a family
of fractional weighted Sobolev spaces and give preliminary results on the nonlocal
operator in (2.9). In § 4 we carefully study the variational inequality stemming from
(2.9)-(2.11). For the analysis, we must first study a regularized nonlinear problem
posed in a bounded domain, then let the regularization parameter tend to 0 and the
domain’s boundary tend to infinity. The sensitivity of the solution to variations of
o and k is discussed in § 5. Finally, the inverse problem is studied in § 6: necessary
optimality conditions are given. Some technical proofs are postponed to §7 and 8.
For the reader’s convenience, let us point out the main results of this work:

o the forward complementarity problem is written in (2.9)-(2.11) and the assump-
tions on k are described in § 2.3.

e Theorem 4.9 contains a result of existence and uniqueness for the variational
inequality associated to (2.9)-(2.11) in suitable Sobolev spaces. It is also proved
that the related free boundary stays in a bounded region. Note that by using the
theory presented in [10], it is possible to study the variational inequality in Sobolev
spaces with decaying weights as © — 0 and © — +00, (actually the variable log(z)
was used instead of x in [10]). Here, we show that these weights can be avoided.
Another advantage of the present analysis is that it can be extended to the case
when ¢ = 0 by singular perturbation arguments, if the Lévy measure is chosen to
keep the problem parabolic. This will be done in a forthcoming work, [1].

e The sensitivity of solutions w.r.t. variations of the Lévy process is studied in § 5.
e Theorem 6.6 contains the necessary optimality conditions for the least square in-
verse problem. These conditions are obtained by first studying a modified inverse
problem whose state variable satisfies the above mentioned regularized nonlinear
problem, then by passing to the limit as the regularization parameter tends to zero.

2. Description of the model.

2.1. The backward linear complementarity problem. For a Lévy process
(X;)r>0 on a filtered probability space, the Lévy-Khintchine formula says that there
exists a function y : R — C such that E(e?¥7) = e™() with

o2u?

x(u) =— +1ifu+ / Kl(e“‘z — 1 —iduz)r(dz) —|—/ (e — 1)u(dz),

|z|>1

for 0 > 0, 3 € R and a positive measure v on R\{0} such that [, min(1, z%)v(dz) <
+00. The measure v is called the Lévy measure of (X;)r>o0.

We assume that the discounted price of the risky asset is a martingale obtained as
the exponential of a Lévy process: e~ "7 S, = SpeXr. The fact that the discounted
price is a martingale is equivalent to

o2

/ e“v(dz) < oo, and fB=-——— /(ez —1 =21, <1)v(dz).
|z|>1 2 R N

We also assume that fl e?*v(dz) < oo, so the discounted price is a square inte-

z|>1
grable martingale.

In what follows, we assume that the Lévy measure has a density, v(dz) = k(z)dz,
with k& possibly singular at z = 0. Doing so, we exclude the simplest Lévy processes
obtained as the sum of Brownian motions and Poisson processes. This is not a
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fundamental restriction in the sense that the methods proposed below could be ex-
tended (and even simplified) to calibrate the previously mentioned processes. The
restriction is mainly done in order to focus on the difficulties posed by the possible
singularities of k at z = 0.

We note B the integral operator:

(Bv)(S) = /]R (U(Sez) —v(S) — S(e® — 1)%1}(5)) k(z)dz.

Consider an American option with payoff P, and maturity ¢: in [10], Bensoussan
and Lions assume o > 0 and study the variational inequality stemming from the
LCP: P(t,S) = P,(9), and for 7 < t and S > 0,

oprP c28% 9?P oP —
E(T,S) — 852(7S)—|—rSaS(T,S)—rP(T,S)+(BP)( ,9) <0, (2.1)

P(7,5) > P,(9), (2.2)
oP 0*$% *p op
5 (18 + 55 +1S5(n) | (p(r 5) — Pi(S) = 0, (2.3)
—rP(7,5) + ( P)(,S5)

in suitable Sobolev spaces with decaying weights near 400 and 0, and prove that
the price of the American option is P, = P(7,S;). Other approaches with viscosity
solutions are possible, see [35], especially in the case ¢ = 0. One advantage of the
variational methods is that they provide stability estimates. For numerical methods
for options on Lévy driven assets, see [4, 16, 17, 29, 30, 31].

2.2. The forward linear complementarity problem. As already explained,
we aim at finding a forward LCP in the variables maturity /strike; a single solution
of this problem will be needed for evaluating the cost function in (1.2).

Hereafter, since the observed prices are those of vanilla American put options, we
use the notation

Py(z)=(z—9)4+. (2.4)
If Po(S) = (x — S)4, it can be seen that the solution of (2.1)-(2.3) is of the form
P(r,S,t,x) =zg9(&,y), y=S/reRy,{=t—71¢€(0,1), (2.5)

where ¢ is the solution of the complementarity problem independent of x, g(0,y) =
(1—y)t andf0r0<§<t y e Ry,

%9 (.9 + T2 hE)+ g—g(ﬁ,y)—rg(f,y)Jr(Bg)(f,y)SO, (2.6)

85 2
9(&y) = (1 —y)y, (2.7)
2y2 829 ag
€D+ T GREN e ) (e -1y —0, 29
—rg9(&y) + (Bg)(&v)

where (Bv)(y) = I (v e*) —v(y) —y(e* — l)a%v( )) k(z)dz. From this observa-

ag_ _ 9P 99 _ _ 20%9 _ ,28°P
tion and the identities T5¢ B LWy = zdL 8’1‘ + P, and xy oy = L7 ggT, we

deduce that, as a function of ¢ and x, P(0,S,t,x) satisfies the following forward
problem: P(t =0) = P, and for ¢t € (0,7], and = > 0,

OP o222 0°P OP
- > .
(é% 5 oz " ax+BP)—O’ (2.9)
P(t,x) > Po(x), (2.10)
OP o2%x%0°P OP
<E - 2 8!B2 +T$% +BP) (P - Po) = 07 (2'11)
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where the integral operator B is defined by

du

(Bu)(z) = —/Rk(z) (x(ez — D@x () + e*(u(ze™7) — u(x))) dz. (2.12)

Note that the arguments yielding (2.9)-(2.11) are much easier than those used for
getting Dupire’s equation, see [4, 18], because (2.5) does not hold with local volatil-
ity. Problem (2.9)-(2.11) can also be obtained by probabilistic arguments. Note
also that finding a forward LCP in the variables ¢t and x is not possible in the
case of American options with local volatility, because the arguments in [4, 18] do
not apply to nonlinear problems. This explains why, in [2, 5], the evaluation of the
least square cost functional necessitates the solution of #I LCP instead of one here.
In this respect, we may say that with American options, the calibration of Lévy
processes is easier than the calibration of local volatility.

2.3. Choice of the Lévy process. We have already discussed our choice to
take v(dz) = k(z)dz, with

max ( /R min(1, 22)k(2)dz, /1 = eQZk(z)dz) < . (2.13)

We need to make further restrictions on the Lévy process for several reasons

1. in practice, we need to specify a class of Lévy densities k in order to define
the inverse problem.

2. the analysis below will need problem (2.16-2.19) to be parabolic. This
implies restrictions on the pair (o, k).

As it will appear in section 3.2 below, the restrictions in order to have a parabolic
problem are

1. either o > 0 and k satisfies (2.13).

2. or 0 = 0 and k satisfies (2.13) and is sufficiently singular near z = 0; The
result in § 3.2 will imply that choosing k(z) ~ |2|7172% with 1/2 < a < 1
yields a parabolic problem. For keeping the length of this article reasonable,
this case will be discussed elsewhere.

Assumption 1. For this reason, we assume that k is of the form

k(z) = 9(2)[2] 72, (2.14)

where ¥ is a nonnegative function in L™ (R) such that ¥(z) > ¢ > 0 in a fized
neighborhood of z = 0, and a is s.t. —1/2 < a < 1. We assume furthermore that
(2.13) is satisfied. For practical purpose, one can impose further restrictions on
1, for example let ¢ belong to a finite dimensional function space, but this needs
not be discussed at this stage.

Assumption 1 holds for models of jump-diffusion type, for example Merton model
(o > 0 and the jumps in the log-price have a Gaussian distribution) or some Kou
models (¢ > 0 and the distribution of jumps is an asymmetric exponential with
a fast enough decay at infinity), see [13], page 111. Indeed these models can be
obtained by taking o = —1/2 and choosing ¢ properly. Assumption 1 also holds
for some variance gamma processes (¢ > 0, o = 0) and normal inverse Gaussian
processes (o > 0, a = 1/2), see [13], page 117, with a fast enough decay of the
jump density at infinity. It also holds for some tempered stable processes, see [13],
page 119, or some parabolic CGMY models discussed by Carr et al [12]. These last
two models usually take ¢ = 0. Allowing ¢ > 0 in the analysis can be seen as a
step toward o = 0.

Remark 1. The assumption 1(z) > 1 > 0 near 0 avoids ambiguities in the
definition of the singularity of k at z = 0. It is a bit restrictive since for example
a logarithmic singularity of k at z = 0 is ruled out. However, this assumption is
unessential and most of the results below hold without it.
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2.4. Change of unknown function in the forward problem. In order to
have a datum with a compact support in z, it is helpful to change the unknown
function: we set

Uo(z) = (S — )43 u(t,z) = P(t,x) —x + S. (2.15)

The function u satisfies: for t € (0,7, and z > 0,

ou  o?2% %u ou
- - _ — > — .
o 5 92 +rx o + Bu > —rz, (2.16)

u(t, z) > uo(x), (2.17)

22 92
(% 5 224— xg——i—Bu—i—rx) (u—1uo) =0. (2.18)

The initial condition for u is
u(t=0,2) = uo(z), z > 0. (2.19)

For writing the variational inequalities stemming from (2.16)-(2.19), we need to
introduce suitable weighted Sobolev spaces. In particular, fractional order weighted
Sobolev spaces will be useful for studying the nonlocal part of the operator.

3. Preliminary results.
3.1. Functional setting.

3.1.1. Sobolev spaces on R. For a real number s, let the Sobolev space
H*(R) be defined as follows: the distribution w defined on R belongs to H*(R) if
and only if its Fourier transform @ satisfies [, (1+£2)%|w(£)[*d¢ < +o00. The spaces
H?*(R) are Hilbert spaces, with the inner product and norm:

(w1, w2) g (r) = /R(l + &) wi(§wa(§)de, 1wl sy = \/ (W, W) s ()

For two real numbers s1, s2, 51 < s2, H*2(R) C H**(R) with a continuous injection.
It can be seen that H°(R) = L?(R) and that if s is a positive integer, H*(R) is
the space of all the functions whose derivatives up to order s are square integrable.
If s is a nonnegative integer, the norm |[.||zs(r) is equivalent to the norm v

NIy [P~ dy ||L2(R). If s > 0 is not an integer, the norm || 7+ is equivalent to

o (A dm™v 2
| S+ [ [l o=t (- §20) s, 6

where m is the integer part of s. For s > 0, the space D(R) is dense in H*(R).

It is well known (see [27, 6]) that if 0 < s < 1, then H*(R) can be obtained by real
or complex interpolation between the spaces H'(R) and L?*(R) (the parameter for
the real interpolation is v = 1/2 — s, see [6] page 204), and that the norm obtained
by the interpolation process is equivalent to the one defined in (3.1).

For s > 0, H™*(R) is the dual of H*(R), and for s > 0, the norm ||.||g-s(g) is

equivalent to the norm v — sup,,¢ ys(®), w0 HJISF‘}TWH

(R> . If s is a nonnegative integer,

we define the semi-norm |v| g (g) Dy H L2(]R) If s > 0 is not an integer,

qm

du 'u( ) o v (Z)
we define |v|gs(r) by |v[3. (R = =3 de[” T2@®) + Jq fRd\yz—\f‘mg)’ where

m is the integer part of s.



3.1.2. Some weighted Sobolev spaces on R,. Let V! be the weighted
Sobolev space

V= {v € LZ(RJr),x? € LQ(R+)} ,
X

which is a Hilbert space with the norm |v||y1 = \/HUHL2 ') T ||x8vHL2(]R It is

proved in [4] that D(R.) is a dense subspace of V1, and that the following Poincaré
inequality is true: for all v € V1,

dv
vl L2ryy < 2||$%”L2(]R+)- (3.2)

Therefore, the semi-norm |.|y1: |v]y1 = ||33%HL2(1R+) is a norm equivalent to ||.|y1.
For a function v defined on R, call ¥ the function defined on R by

(y) = v(exp(y)) exp(y/2). (3.3)

By using the change of variable y = log(z), it can be seen that the mapping v +— ¥
is a topological isomorphism from L?(R,) onto L?(R), and from V! onto H'(R).
This leads to defining the space V*, for s € R, by

[s4!

Vi={v : 0 € H*(R)},

which is a Hilbert space with the norm |[v|[vs = ||9|| zs(r). Using the interpolation
theorem given e.g. in [6] Theorem 7.17, one can prove that if 0 < s < 1, then
V¥ can be obtained by real interpolation between the spaces V1 and L?(R;) (the
parameter for the real interpolation is ¥ = 1/2 — s), and that the norm obtained by
the interpolation process is equivalent to the one defined above.
For s > 0, the space V~° is the topological dual of V*.
For s > 0, we introduce the semi-norm |v|ys = |0y (r)-

LEMMA 3.1. Let s be a real number such that 1/2 < s < 1. Then for allv € V*,
v is continuous on (0,400) and there exists a constant C > 0 such that

Valo(@)] < Cllollve, Vo e [1,+o0). (3.4)

Proof. From the Sobolev continuous imbedding H*(R) C L*(R) N C°(R) for
s > 1/2, we see that V* C C%((0,+00)) and there exists a constant C' such that
[o(@)| = [500g(@)I/VE < Cll3]s(ay/ V& = Cllvlly=//z, Yo € V¥, ¥ > 1.0
For a continuous and nonnegative function ¢ defined on R, and a measurable func-
tion v on Ry, consider

2 #(2) —z 2 _ 2 2
[v[5,s = /]R+ dm/R W (v(xe ) — v(x)) dz, and ||v]|¢,s = \/|v| st ||v||L2(]R+).

LEMMA 3.2. Let ¢ be a continuous and nonnegative function defined on R. If
®(0) > 0 and if the function z — ¢(z) max(e?, 1) is bounded, then for any s € (0,1),
[[-lg,s is a norm on V*® equivalent to the norm ||.||vs.

Proof. For the reader’s ease, the proof is postponed to § x7. O

Remark 2. Lemma 3.2 remains true if ¢ is a function in L>°(R) and if for a
given positive constant ¢, ¢ > ¢ > 0 a.e. in a neighborhood of 0.

Remark 3. If the assumption ¢(0) > 0 is not satisfied, then the conclusion of
Lemma 3.2 becomes: 3C' > 0 such that |u|g s < C|lul|vs, Yu € V*.

3.2. The integro-differential operator.
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3.2.1. The integral operator. We study the operator B defined in (2.12).
LEMMA 3.3. Let (a, ) satisfy Assumption 1. For each s € R,
if a > 1/2, then the operator B is continuous from V* to V5722
if a < 1/2, then the operator B is continuous from V*® to V=1,
if a = 1/2, then the operator B is continuous from V* to VS=1=¢ for any e > 0.
Proof. See § 7. O
COROLLARY 3.4. If (%) satisfy Assumption 1 and if 1/2 < a < 1, then the
operator B is continuous from V' to V<.
LEMMA 3.5. If (o, 9) satisfy Assumption 1 and 1/2 < a < 1, then Yv,w € V2,

/i ) Jo k(2)e* (u(z) — u(ze™?))(v(x) — v(ze™?))dzdz
(Bu, v} +(Bv, u) = { —F(ffk(z)@ez —e%r 1)dz) fR+ u(z)v(z)dr (3.5)

where { , ) stands for the duality pairing between V=% and V<.
If —=1/2 < a < 1/2, then, (3.5) is true for u,v € V*, s > 1/2, defining { , ) as the
duality pairing between V=% and V?.

Proof. See § 7. O

Remark 4. If (a,v) satisfy Assumption 1, the operator BT defined by

BTu(z) = /}Rk(z) (a:(ez - 1)%(%) — e*u(ze®) + (2% — 1)u(x)) dz (3.6)

is a continuous operator from V* to V572 if a > 1/2,
is a continuous operator from V* to V=1 if a < 1/2,
is a continuous operator from V* to V=17 for any e > 0, if a = 1/2.
If « > 1/2, then Yu,v € V*, (BTu,v) = (Bv,u). This identity holds for all
u,v € VS with s >1/2 if a < 1/2.

LEMMA 3.6. If («, ) satisfy Assumption 1 and if
o cither o < 1/2,
e or v is continuous near 0 and there exists a bounded function w : R — R and
two positive numbers ¢ and C such that (2)e3/?* — (0)e™3/2%* = 2w(z), with
lw(2)| < C|zle=¢I%1, for all z € R,
then for any s € R, the operator B — BT is continuous from V* to V1.

Proof. See § 7. 0

PROPOSITION 3.7 ( Garding inequality ). Let («, 1) satisfy Assumption 1. If
1/2 < a < 1, there exist two constants C > 0 and A > 0 such that, Vv € V<,

(Bv,v) > Cloffe = Al|vlZ2a, )- (3.7)

If a« < 1/2, then (3.7) holds for any v € V5, s > 1/2 ({,) standing for the duality
pairing between V=2 and V*), with C =0 if a < 0.

Proof. If 0 < a < 1, the function ¢ : z — e*1)(z) satisfies the assumptions of
Remark 2. Therefore, u — \/||u||2L2(R+) + J, Jpk(z)e*(u(z) — u(ze=?))?dudz is a

norm on V¢ equivalent to the norm ||.||y«. From this and (3.5), we deduce (3.7). O
Consider the two situations
e 1/2 <a< 1, ¢and u € V¥ it can be shown (using the interpolation
theorem 7.17 in [6]) that the functions u4+ and u_ belong to V'%;
e a<1/2andueV? s>1/2.
In both cases, fR+ Jg k(2)e*u_(ze™*)uy (x)dadz is well defined because

/]R+/Rk(z)ezu_(xe_z)u+(x)dxdz:[R+Ak(z)ez(u_(xe_z)—u_(a:))u+(x)dxdz

< C||u+|L2<R+>\/ | e o) = (o)
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and is nonnegative. Therefore,
(Buus) = Bueus) - [ [ K (ue) - u oo ) o)deds
Ry JR
= (Bu4,u4) —|—/ / k(z)e*u_(ze™*)uy (z)drdz > (Buy, uy).
Ry JR

We have proved the
LEMMA 3.8. If (a, ) satisfy Assumption 1 then there exist two constants C > 0
and A > 0 such that, for allu € V* ifa > 1/2 or for allu € V* s > 1/2 if a < 1/2,

(Bu,ui) > Clug o = Mutl|72, ), (3.8)

with C =0 if a < 0.

3.2.2. The integro-differential operator. With B defined in (2.12), we
introduce the integro-differential operator A:
o2x? 0% Ov

+rz— + B, (3.9)

A== T,

where o and r are nonnegative real numbers. In this work, we limit ourselves to
the case o > 0. The case 0 =0, a > 1/2 requires working in the fractional Sobolev
spaces described above and will be treated in [1]. Since the space V! will play a
special role, we use the shorter notation V = V!,
If 0 > 0, and if (o, ) satisfy Assumption 1, then

e A is a continuous operator from V to V1,

e we have the Garding inequalities: there exist ¢ > 0 and A > 0 such that

(Av,v) > clv]} — A||U||%2(R+), Yv eV, (3.10)
(Av,04) > oy B = Moy o,y Vo eV, (3.11)

e The operator A + Al is one to one and continuous from V2 onto L?(R, ),
with a continuous inverse.
Remark 5. The assumption that v > 0 near z = 0 is not necessary for A to
have the above properties. Its role is to allow a clear identification of the kernel’s
singularity at z = 0.

3.3. The variational inequalities. We are ready to write the variational
inequalities corresponding to the LCP (2.16)-(2.19).
We introduce the closed subspace of V:

K={veV, vx)>us(r) in Ry}. (3.12)

The variational problem will consist of looking for v € L?(0,T;V)NC°([0, T); L?(Ry)),
with 2% € L2((0,7) x Ry), such that
1. there exists a constant X7 > S such that u(¢,z) = 0, Vt € [0,T], Vz > X.
2. u(t) € K for almost every t € (0,T).
3. For almost every ¢ € (0,T), for any v € K with bounded support,

0
<a—1:—|—Au—|—rx,v—u> >0, (3.13)
where (,) stands for the duality pairing between V’ (the dual of V') and V.
4. u(t =0) = uo.
Hereafter, this problem will be referred to as (VIP). The goal of section 4 below is
to prove that (VIP) has a unique solution and to study its properties.
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4. Analysis of the variational inequalities.

4.1. Orientation. Hereafter, we assume that o > 0.
Problem (2.16)-(2.19) is posed in an unbounded domain. This is a technical diffi-
culty in order to use variational methods, and we first have to replace this problem
by a similar one posed in a bounded domain. Therefore, the program is to
1. approximate (2.16)-(2.19) by a similar problem posed in [0,7] x [0, X], for
some given positive parameter X > S, and write the related variational
problem, which will be called (VIPx) below;
2. solve first a penalized version of (VIP x) by introducing a semilinear mono-
tone operator. Pass to the limit as the penalty parameter tends to zero;
3. prove that the free boundary of (VIPx) stays in a bounded domain as
X tends to infinity: this will show that for X large enough a solution of
(VIPx) is actually a solution of (VIP);
4. obtain estimates for the solution of (VIP) independent of the parameters
(0,,1), when these parameters vary in a suitably defined set.

4.2. Approximation of (VIP) in a bounded domain. Let X be a positive
number greater than S. Hereafter, for a function v € L2((0, X)) we call £x(v) the
function in L?(R.) obtained by extending v by 0 outside (0,X). We introduce
the Sobolev spaces Wi = {v € L2((0, X)),z € L*((0,X))} and W% = {v €
W}(,xQ% € L*(0,X))}. For 3,0 < B < 1, W)’B( is the space obtained by real
interpolation between W and L?(0, X) with parameter v = 1/2 — 3, (see [6] page
204,(27]), and Wy’ = {v € Wk, 222 ¢ Wi}

For §, 0 < 8 < 3/2, we introduce V)g = {v € L*0,X),E(v) € VP}, endowed with
the norm ||v||V§ = ||Ex (v)||yys. Note that for 3, 0 < § < 1/2, V§ = Wi, Let V"
be the dual of V)g. Thanks to Lemma 3.1, we know that for 8 > 1/2; a function
v € V{ is continuous in [0, X] and vanishes at X.

Since the space Vi will often be used, we introduce the special notations

Vx = {ve L*0,X),Ex(v) € V}, (4.1)
and ||v]|vy = ||Ex(v)|lv. We define the operators Ax and Bx, Vx — Vy,
(Axv,wy = (Afx (v),Ex (w)) and (Bxv,w) = (BEx(v),Ex(w)). (4.2)

A Garding inequality for Ax is deduced from (3.10), with constants independent of
X. We define

Dx ={veVx: Axv e L*((0,X))}. (4.3)

It follows from the Garding inequality that (Ax, Dx) is the infinitesimal generator
of an analytic semi-group [34]. Proposition 4.1 below contains information on Dx:

PROPOSITION 4.1. Ifv € Dx, then for any number X' < X, v|o,x/) € WZ,.
Fora, 0 <a<3/4, Dx =W%NVx. For a, 3/4 < a <1, there exists € > 0 such
that Dx C W;’(/2+6 NVx. In any case, ifv € Dx, then 9% € C°((0, X]).

Proof. See § 8. O

Remark 6. [t can be proved by lengthy calculations that if v(z) = X — =z,
(note that v € W% N Vx ) then Axv behaves like (X — x)'72% near z = X, so
Axv ¢ L*((0,X)) if a > 3/4.
We introduce

Kx ={veVx, v(x) > u.(x) in (0,X)}. (4.4)

We are going to look for ux € L?(0,T;Vx) N C°([0,T); L?((0, X))), with 8“5—;( €
L2((0,T) x (0, X)), such that
10



1. ux(t) € Kx for almost every ¢t € (0,T).
2. For almost every ¢ € (0,7,

<3g_tx +Axux+rx,v—ux> >0, (4.5)
for any v € Kx. Here (,) stands for the duality pairing between Vi (the
dual of Vx) and V.
3. SX(uX)(t = 0) = Uo-
Hereafter, this problem will be referred to as (VIPx). In order to prove that (VIPx)
has a unique solution, we follow [25] and introduce first a sequence of monotone
problems which can be seen as penalized versions of (4.5): find ux . such that

Oux e

ot
ux(t=0,2) =uo(z), 0<z<X,
ux.(t,X)=0, te(0,T],

+ Axux,e +rr(l — LpsgyVe(ux,) =0, t € (0,T], 0 <z < X,
(4.6)

where Ve (u) = V(u/xe) and V is a smooth nonincreasing convex function such that
V(0) =1, V(u)=0 foru>1, 0>V (u)>-2 for0<u<l.

In what follows, we call ugf) and ggf) the solutions to the linear problems:

8U(E) 5 8U(E) 5
8—§+Axug():0, %—FA)(Q&-) = -—ra, te(0,7], 0 <z <X,
ugf)(tzo,x):ggf)(tzo,x) = uo(z) 0<z<X,
O X) =P, X) = 0 te (0,7,
It can be seen that ggf) (t,0) = S, Vt € [0,T] and that
uP(t,x) > 5 -2, V(tx) e (0,T]x (0, X]. (4.7)
Let u(®) be the solution of the linear problem:
(E)
agt Au®) =0, te(0,T), z >0, u B (t =0,2) = u.(x), z>0.

The function u(¥) is smooth near z = 0 and &gf) (¢,0) =—1,Vt > 0.
THEOREM 4.2. If (a, %) satisfy Assumption 1 and if o > 0, then (4.6) has a

unique weak solution ux . € L*(0,T;Vx)NCO([0,T]; L*(0, X)). It satisfies
ggf) <ux,e< ugf) < u®), (4.8)

The function ux . belongs to C°([0,T]; Kx) N L?(0,T; Dx) and is continuous and
nondecreasing w.r.t. t. For two positive numbers € < €, we have

Ux,e S UX,e S UXe T E (4.9)

The quantities |[ux c| Lo (0, 1;vx)» 1Ux.cllL2(0,7:Dx) ”%”L%(O,T)X(O,X)) are bounded
independently of €. The quantities ||ux c||L(,r;r2(0,x)) and ||ux c|l2(0,7:vy) are
bounded independently of X.

Proof. See §8. O

THEOREM 4.3. The function xaqg);‘ is the sum of Zx.. € C°([0,T]; L*(0, X))
and of 2x,. € L*(0,T; Vx) such that Zx, <0 and lim._ l2x.ell 20, 75vx) = 0
Finally, for two numbers X and X' such that S < X < X', for any € > 0,

gx(u_xye) § (C/'X/(UX/’e). (410)
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Proof. See §8. O

THEOREM 4.4. If (a, ) satisfy Assumption 1 and if o > 0, (VIPx) has a
unique solution ux € C°([0,T]; Kx)NL?*(0,T; Dx), with ag—tX € L%((0,T) x (0, X)).
The function ux is continuous in [0,T] x [0, X], with ux(¢,0) = S,Vt € [0,T],
ng) <ux < ugf) <u'®) and ux(t,z) > uo(x) for 0 <t <T and 0 <z < S.
The function ux is nondecreasing with respect to t, and nonincreasing with respect
to x. The quantities ||Ex (ux)||L=(o,r;L2(r,)) and ||Ex(ux)|L20,m;v) are bounded
independently of X .
For € > 0, we have the bounds

ux < ux,e < ux Fe€, (4.11)

and the sequence ux . converges to ux uniformly as e — 0.
For two numbers X and X' such that S < X < X', Ex(ux) < Exr(ux/).

Proof. The proof mainly consists of passing to the limit in (4.6) as e — 0. It
uses the Minty trick, see [25]. We skip it since it is rather classical. O

LEMMA 4.5. If (a, ) satisfy Assumption 1 and if o > 0, there exists a nonde-
creasing function yx : (0,T] — (S, X], such that the set {(t,z) : ux(t,x) = uo(x)}
coincides with the set {(t,z) : © > vx(t)}. Calling

ou
Hx = 8—tX—|—AXuX—|—rx, (4.12)
we have a.e.
0<pux <rely =0y =121 a5 () - (4.13)

Proof. We know that for all t € [0,T], ux(t,X) = uo(X) = 0. Thus, at each

time ¢, the set where ux (¢, ) coincides with u, is nonempty. It is closed since
ux and u, are continuous. We also know that ux(t,z) > uo(x) for ¢ > 0 and
x < S5 thus, {z > 0s.t. ux(t,z) = uo(x)} C (S,X] for ¢ > 0. On the other
hand, for all ¢ € (0,7, the function ux (¢) is nonincreasing with respect to z, so
{z > 0s.t. ux(t,x) = uo(x)} is an interval [yx(t), X], with vx(t) > S. Since ux
is nondecreasing with respect to t, the function yx is nondecreasing.
With px € L2((0,T) x R,) given by (4.12), we have ux = 0 a.e. in the open region
where ux > 0. Now, px is the weak limit of rzl,~sVe(ux ) in L2((0,7) x (0, X)).
From (4.11), we deduce that raelyssVe(ux,e) < relzssVe(ux), and 1;55Ve(ux)
converges pointwise to 1y, —o}. Therefore, ux < raly,,—o. O

PROPOSITION 4.6. If («,v) satisfy Assumption 1 and if o > 0, the function
vx 15 nondecreasing and lower semi-continuous. The graph of vx has measure 0
(Lebesgue measure in R?) and

MX(t; {E) = 1{uX(t,m):0} (7"£E + BXux(t, {E))

(4.14)
= L{uy (t.2)=0} (rx - / k;(z)ezux(t,a:e_z)dz> for a.a. t,x.
R

Proof. We have already seen that «x is nondecreasing. The epigraph of vx is
the set where ux vanishes. This region is closed since ux is continuous.
Since yx has a left and right limit at each point ¢, the graph of vx has measure 0
(Lebesgue measure in R?), see Theorem 3.7 in [2] for the proof. As a consequence,
the boundary of the coincidence set {ux = 0} has measure 0 (Lebesgue measure
in R?). From this and since the identity px (t,2) = ro — [, k(z)e*ux (¢, ze™*)dz is
true in the set {x > yx(t)}, we obtain (4.14). O
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Remark 7. We will not try to obtain further regularity results on vx. Yet,
this is certainly an interesting topic on which little seems to be known.
Let Tx be defined by

Tx =sup{t, 0 <t <T, vx(t) < X}. (4.15)

Since yx is nondecreasing, we know that if Tx < T, then Vt € [Tx,T], vx(t) = X.
Note that £x (ux) is a solution of (2.16)-(2.19) in (0,7x) x Ry, so for all X’ > X,
Ex(ux) coincides with Ex/(ux/) for 0 < t < Tx. In particular, this implies that
X — Tx is a nondecreasing function.

LEMMA 4.7. If (a, %) satisfy Assumption 1 and if o > 0, there exists Xp > S
such that for all X > Xp, Tx =T. For X > X, ux € LQ(O,T;W)Z().

Proof. The proofis done by contradiction: if X1 does not exist, then lim Tx =

X —o0

T < T. We have ag—tX + Axux = —rain [T,T] x (0, X), for all X > S. We choose
a smooth and nonnegative function ¢ defined on R with compact support, and for
y > 0, we call ¢, the function ¢,(z) = ¢(x —y)/\/y. Then we take ¢, as a test
function in (4.12). We have

X T T X

| ux (@) —ux@apos@) + [ (axuxo.oa=—r [ [ o, @e

Take y = X/2 and let X tend to oo. From the bounds on uyx, the left hand side in
the identity above remains bounded whereas the right hand side tends to infinity.
We have obtained the desired contradiction. The last statement of Lemma 4.7
follows easily from the first statement of Proposition 4.1. O

PROPOSITION 4.8. If (a,1)) satisfy Assumption 1 and if o > 0, the function
px,e = 12lps 53 Ve(ux ), converges to px in LP((0,T)x (0, X)) forp, 1 < p < +o0.
The sequence ux . converges to ux strongly in L?(0,T; Dx) and in L>(0,T; Vx).

Proof. See § 8. O

4.3. The problem (VIP). From Theorem 4.4, Proposition 4.6 and Lemma
4.7, we can pass to the limit as X — oo:

THEOREM 4.9. If (a, ) satisfy Assumption 1 and if o > 0, there exists a
unique solution of problem (VIP), i.e. a function u € C°([0,T); K) N L?(0,T;V?),
with 9% € L*((0,T) x Ry.), such that u(t = 0) = u,

u(t,z) =0, Vtel0,T], z>Xrp, (4.16)

where X is defined in Lemma 4.7, and satisfying the variational inequality (3.13)
for all v € K with bounded support in x. The function u coincides with ux for
X > Xp. There exists a nondecreasing and lower semi-continuous function =y :
(0,T] — (S, Xr), such that ¥t € (0,T), {z > 0 s.t. u(t,z) = uo(x)} = [v(¢), +00).
Calling

n= Gu + Au +rz, (4.17)
ot
we have a.e. 0 < p < raly,—oy = relzsy(i)-

PROPOSITION 4.10. The function u defined in (4.17) is nondecreasing w.r.t. x
(i.e. the distribution % is negative) and nonincreasing w.r.t. t, (i.e. the distribu-
tion % is positive). For any X > Xr, the total variation of p in (0,T) x (0, X) is
bounded by r X(T + X).

Proof. Consider X > Xp. The function p coincides with px on (0,7) x (0, X).
The monotone character of p w.r.t. the two variables stems from (4.14) and from
the fact that u is nonincreasing w.r.t.  and nondecreasing w.r.t. ¢.

The same result can be proved by observing that ux is the weak limit in L2((0,7') x
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(0, X)) of the sequence rzl,s gV (ux ) and using the properties of rxlyssVe(ux ).
The bound on the total variation of y on (0,7') x (0, X) comes from the fact that
1 is nondecreasing w.r.t. x, nonincreasing w.r.t. ¢ and that 0 < g < rX a.e. in
(0,7)x (0,X). O

PROPOSITION 4.11. A.e. in the coincidence set {(t,z) : u(t,z) =0}, p > 0.

Proof. We know from Proposition 4.6 that the boundary of the coincidence set
has measure 0 (Lebesgue measure in R?). Assume that g = 0 in some subset of
x > v(t) with positive measure. In view of the monotone behavior of u, this implies
that ¢ = 0 in a rectangle contained in the set © > (). From Proposition 4.6,
this implies that [, k(z)e*u(t, ze~*)dz = ra in this rectangle. Taking the derivative
w.r.t. x, we obtain that [, k(z) 8“ “(t,ze”*)dz = r in the rectangle. But this is
impossible, since u(t, z) is nonincreasmg w.r.t. = and non identically 0. O

Remark 8. Proposition 4.11 tells us that there is almost everywhere strict
complementarity: the reaction term pu is positive at almost every point where u = 0.

4.4. Further bounds. Let us choose some constants g, 7, a, b1, b2, ¥, Y and
2suchthat0<g§6,0<g<1/2,61>1,b2>1,1§2g>0and2>0. Let us
define the subset F of Ry x R x L*(R) by

m X 2blz b2 -

We can make the three observations:
1. The norm of A as an operator from V to V' is bounded independently of

(o, ,0) in F.

2. The constants in (3.10)-(3.11) can be taken independent of (o, o, ¢) in F.

3. With X in (3.10) independent of (o, o, %) in F, the operator A+ Al is one to
one and continuous from VZ onto L?*(R;) and (A+ A)~!: L*(Ry) — V?
is bounded with constants independent of (o, i, ¢) in F.

By carefully inspecting the proofs of Theorems 4.2, 4.4 and 4.9, we see that

1. The quantities |Jux c|| £ (0,7;02(0,x)) and [Jux c| £2(0,7;vy) are bounded in-
dependently of (o, ,v) in F.

2. The quantities ||Ex (ux)| L= (0,7;02(r,)) and ||Ex (ux)| £2(0,;v) are bounded
independently of (o, o, v) in F.

3. The quantities ||u||ze(0,7;r2(r,)) and |[ul[z2(0,7;v) are bounded indepen-
dently of (o, a, ) in F.

PROPOSITION 4.12. The function ~y is bounded in [0,T] by some constant
X independent of (o,a,1)) in F. The quantities llull o0, 75v), llullz2(0,73v2) and
I 8tU’HL2 ((0,7)xR,) are bounded independently of (o, o, v) in F.

Proof. For a sequence (o, &, ¥y) in F, let us call u,, the corresponding solution
of problem (VIP), and +,, the function such that u, (¢,z) =0 < x > ~,(t). Assume
that lim,— e ¥, (T/2) = 4o00. Then, we can use the same arguments as in the
proof of Lemma 4.7 and reach a contradiction. Therefore, | /2 is bounded
independently of (o, a, 1) in F. Since (VIP) can always be solved in (0,27) x Ry
instead of (0,T") x R4, and since for the solution u, ||ul|z2(0,27;v) + H%HLz(O’QT;W)
is bounded independently of (o, a, %) in F, we can use the same arguments and
prove that 7| 7} is bounded independently of (o, a,9) in F. B
Therefore, it is possible to choose X such that, for any (o, «,9) € F, v < X, and
u coincides with £ (ug) where ug is the solution of (VIPg). For z > X,

w(t,z) =re — / k(z)e*u(ze *)dz.
>log(z/X)
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Thus, for = large enough, such that, for example, log(z/X) > 1,

0<rx—pu(tx) < S/ _ k(z)efdz < S/ Y(2)ePedz

z>log(z/X) );>log(m/X) (419)

< Slﬁ/ e *dz =S —.
z>log(z/X) T

Therefore, || %+Au||L2(O,T;L2(R+)) is bounded by a constant independent of (o, a, ).
This implies that the quantities ||ul| (o, 7;v), U]l £2(0,7;v2) and ||%||L2((07T)XR) are
bounded independently of (o, a,9) € F. O

Remark 9. It may be possible to impose weaker conditions on 1, and other
choices of F could be made.

5. Sensitivity Analysis. Here, we aim at understanding the sensitivity of
the solution u of (VIP) and of p given by (4.17) to the variations of (o, «, ) € F.
Let us introduce B = {f : z — f(z) max(1,]|z|",e?*1*) € L>°(R)} endowed with the
norm |l = I1£(-) max(L, | - [, )| o ). For (o,0,1) € F, let u(g,a,1) be
the corresponding solution of (VIP). Accordingly, let u(o, a,9) be given by (4.17)
and v(o, @, 1) be the function defining the free boundary.

PROPOSITION 5.1. There exists C > 0, such that (o, ,¢)) € F, (&,07,1;) e F,

lu =@l 20wy + 1w = Al oo rinze,) < C (o =61+ o= &l + 1Y = $sp1)
T - 2
| [ i)+ it =) < 0 (lo =+ o=l + = ils) "+ (52

calling v = u(o, o, ), p = p(o, o, ), @ =u(&, &), i = u(5,d&1).

Proof. We skip the proof since its arguments are well known. O

PROPOSITION 5.2. Consider (o,a,v) € F and let (o, Qn, ¥ )nen be a sequence
of coefficients in F such that lim, o (|0 — on| + | — an| + | — ¥ullg) = 0. Call-
ing u=u(0,,¥), un =w(0n, 0, ¥n), t = p(o, o, V) and pin = (o, 0, Pn),

L lun =l e, myxmyy =00 Tmflun = #lloromyxr) =0, (5:3)

forallp, 1 < p < 400, and

o(un, —u
1w — wll Loo 0,101y + [tn — ullL2(0,73v2) + ||(T”L2((O,T)><R+) — 0. (5.4)

Proof. From the facts that
o u(t,r) = u,(t,z) =0 for z > X (where X is given in Proposition 4.12 and
does not depend of (o, a,v) € F),
e Vn, S—x < uy(t,x) < S, and S —x < u(t,z) < S, which implies that
u — Uy, is arbitrarily small as x — 0 uniformly with respect to n,
it is enough to prove that Ve > 0,

Lm lwn — ull Loo (0,7 x (¢, %)) = 0 (5.5)
From (5.1), we see that lim, oo |[un — ul[ 1o 0,7;2(r,)) = 0. On the other hand, we
know that ||u, —ul| Lo (0,7;v) is bounded independently of n. These two observations
imply (5.5), and the first part of (5.3) is proved.
Let us prove the second part of (5.3): from the fact that w, — rz is bounded
L2((0,T)xRy), one can extract a subsequence converging weakly in L2((0, T) xR ).
The limit is nothing else but p — ra, and the whole sequence p,, — rx converges to
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pu—rx weakly in L2((0,T) xR, ). Thanks to (4.19) with X independent of (o, o, ¢) €
F, it is enough to prove that p, strongly converges to p in LP((0,T) x (0, X)),
for any X > S, and 1 < p < 4o00. But, from Proposition 4.10, we know that
the sequence (p,)n is bounded in BV((0,T) x (0, X)) and in L*°((0,7) x (0, X)),
therefore compact in LP((0,7T) x (0,X)), 1 < p < 4o00. Therefore, a subsequence
of (ptn)r converges in LP((0,T) x (0, X)), and the limit is nothing but u, from the
observation above. The whole sequence (i), converges to p in LP((0,T) x (0, X)).
We have proved that p, —rz converges to u—rz in LP((0,T) x Ry), 1 < p < +00.
Finally, (5.4) follows from (5.3). O

6. The least square inverse problem. Let us introduce an Hilbert space
H, endowed with the norm |||z, , relatively compact in B.
Consider Hy a closed and convex subset of H,. We assume that H, is contained
in {¢:[|¢]lg <v; ¢ >0} and that a) the functions 1 € H, are continuous near
0, b) there exists two positive constants ¢ and z such that ¥ (z) > ¥ for all z such
that |2| < z, c) there exist two constant ¢ > 0 and C' > 0 such that for all ¢ € H,,
P(2)e3/?% —4p(0)e3/2% = 2w(z), with |w(z)| < C|z|e~¢I*], for all z € R. This choice
of Hy will allow us to use the results stated in Lemma 3.6.
Finally, consider the set H = [g, ] x[—1/2,1—a]xH,. Let Jg be a convex, coercive
and C! function defined on [o, 5] x [—=1/2,1 — a] x Hy. It is well known that Jg is
also weakly lower semicontinuous. The functional Jr may depend on suitable prior
parameters og, cg and . It is the analog of the function pJs discussed in § 1.

6.1. Toward the calibration problem.

6.1.1. Orientation. For calibrating the Lévy process, one observes the spot
price S and the prices (p;)icr of a family of American put options with maturi-
ties/strikes given by (73}, z;), and we call @; = p; — x; + 5, i € I. The parameters
of the Lévy process, i.e. the volatility o, the exponent o and the function v will be
found as solutions of a least square problem, where the functional to be minimized
is the sum of a suitable Tychonoff regularization functional and of

J(u) = wiu(Ti,z;) — w;)?,
iel

where w; are positive weights, and u = u(o, o, 9) is a solution of (VIP).
We aim at finding some necessary optimality conditions satisfied by the solutions
of the least square problem. The main difficulty comes from the fact that the
derivability of the functional J(u) with respect to the parameter (o, a, ) is not
guaranteed. To obtain some necessary optimality conditions, we shall consider first
a least square problem where w is the solution of the penalized problem (4.6) rather
than (VIP), obtain the necessary optimality conditions for this new problem, then
have the penalty parameter ¢ tend to 0 and pass to the limit in the optimality
conditions. Such a program has already been applied in [2] for calibrating the local
volatility with American options, see also [4, 5] for a related numerical method and
results. The idea originally comes from Hintermiiller [22] and Ito and Kunisch[23],
who applied a similar program for elliptic variational inequalities. Let us also men-
tion Mignot and Puel [32] who applied a nice method for finding the optimality
conditions of a special control problem with a parabolic variational inequality.
In order to simplify the notations, we are going to consider first a toy problem
where only one price is observed. Of course, observing one price only is not enough.
However, finding the optimality conditions for this simplified calibration problem
presents the same difficulties as for the original one.

6.1.2. The least square problem and its penalized version. A first step
towards the calibration problem is to consider the functional .J

J:C%[0,T] xRy) — R, J(u) = (w(T, z0) — 1)?, (6.1)
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where 2., and 4 are positive numbers. We fix X (independent of (o, a, 1)) € H) as
in Proposition 4.12 and assume that z,, < X. Consider the least square problem:

Minimize J(u)+Jr (o, o, ) ‘ (0, a,%) € H,u = u(o, o, ) satisfies (VIP) . (6.2)

Fixing X > X, we know that ulj0,1)x[0,x] = ux where ux is the solution of (VIPx).
Therefore, (6.2) is equivalent to the least square problem:

Minimize J(u) + Jr(o, o, ¢) ‘ (0,0,1) € H,u satisfies (VIPx) . (6.3)
We will also consider the least square problem related to the penalized problem
Minimize J(ue) + Jr(o, o, 1) ' (0, ,%) € H,u, satisfies (4.6) . (6.4)

LEMMA 6.1. Let (e,)n be a sequence of penalty parameters such that €, — 0
as n — oo, and let (oF ,of % ),uf be a solution of problem (6.4). Consider
a subsequence such that (o} ,af 17 ) converges to (o*,a*,¢*) in F, ! weakly
converges to ™ in Hy and u? — u* weakly in L?(0,T;Vx), where Vx is defined
in (4.1). Then (o*,a*,¢¥*),u* is a solution of (6.3). We have that

o u; converges to u* uniformly in [0,T] x [0, X], and in L2(0,T;Vx).

o lysgyraVe, (ul ) converges to pi* strongly in L?((0,T) x (0, X)),

e For all smooth functions x with compact support contained in [0, X), xEx (uf)

converges to xEx (u*) strongly in L*(0,T;V?) and in L>=(0,T;V)

Proof. For brevity, the proof is outlined only. We skip the proof that u* satisfies
(VIPx) with (o, a,9) = (0%, a*,9*) and the proofs of the first two points above,
since they are in the same spirit as the proofs of Theorem 4.4 and Proposition 4.8.
The third point above is proved by writing the boundary value problems satisfied

*

by yn = xEx (uf ) and y = xEx (u*), with the PID equations

OYyn dy
ot + Anyn = fn, 5
where A (resp. A,,) is given by (3.9) and (2.12) with (o, «, ) = (¢, a*,¢*) (resp.
(0,0,9) = (0F ,af ,4% ))and where the right hand side f (resp. f,,) can be written
in terms of x,u* and p* (resp. x and u; ). By using the first two points above and
the same arguments as in the proofs of Propositions 5.1 and 5.2, it can be proved
that f,, converges to f in L2((0,T)xRy), and that y,, converges to y in L?(0,T; V?)
and in L*=(0,T;V).
As a consequence of the first point above, J(u} ) — J(u*). Moreover, from the
assumptions on Jg, Jr(c*, a*,¢*) < liminf, .o Jr(o? ,of ,¥7 ).
Since (o ,af ,v?f ) is a solution of (6.4),

€n’

+Ay = f,

J(u:n) + JR(U;,O[;, w:n) < J(uen (07 Q, w)) + JR(Ua Q, d})a V(J, Q, w) € H7
where u., (0, a, 1) is the solution of (4.6) with € = €,,. This implies that
J(w*) + Jr(o", o, ") < J(u(o, a,¥)) + Jr(o, o, ¥), V(o a,9) €H,

where u(o, o, 1) satisfies (VIPx) and (¢*, a*,9*),u* is a solution of (6.3). O

Remark 10. Let (o} ,af 9! ),ul be a subsequence converging to (o*, o™, ¢*),
uw* as in Lemma 6.1. It is clear from the continuity of u* and from the uniform
convergence of u? that if u*(T,xop) > uo(Top), then there exists a constant a > 0
and an integer N such that for n > N, u} (t,x) > uo(x) + €, for all (t,z) with
|z —zop| < a and t >T — a.
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6.1.3. First order necessary optimality conditions for (6.4). We take
(of ,af i ),uf and (c*,a*, "), u* asin Lemma 6.1. We assume that v* (T, z,) >
Uo(Top) and we take N and a as in Remark 10. For n > N, we wish to find neces-
sary optimality conditions for the solution (o7 ,af ,4f ),u’ of (6.4). In order to
simplify the notations, we drop the index n: below, € means ¢,.

We shall need to solve an adjoint problem. Since the cost functional involves point-
wise values of u, the adjoint problem will have a singular data. In that context,

the notion of very weak solution of boundary value problems will be relevant: we
introduce the space Z. = {v € Zo(t=0) = O}, where

- v
Z, = L2(0,T:Vx); —
{U € L )i 5
and A¢ x is the operator defined by (4.2), with (o, a, ) = (¢}, af,}). The space
Z. endowed with the graph norm is a Banach space.
LEMMA 6.2. Assume that u*(T, zop) > uo(xop) and take N and a as in Remark
10. There exists a unique p; € L?((0,T) x (0, X)) such that, for allv € Z,

+ A xv— rxl{w>S}V/(u:)v = LQ((O,T) x (0, X))}

/ / (— + Ac xv — rml{m>S}Vé(u:)v) i =2ul(T,zop) — W)v(T, zop), (6.5)

and ||p¥ || 20,1y x (0,x)) s bounded by a constant independent of € in the subsequence.
For a fixed smooth function ¢ taking the value 1 for |x — xop| > a/2, T —t > a/2
and vanishing in a neighborhood of (T, o), we have that ¢p? € L*(0,T;Vx) N
Co([0,T); L?((0, X))), with norms bounded independently of €.

Proof. See § 8. O

Remark 11. Problem (6.5) is a very weak formulation of:

op;
¢

— AT Pt +rals s Vi(udpl =0, (t,2) €10,T) x (0,X),
pi(t, X) =0,t € (0,T), (6.6)
p:(T) = _2(U*(Ta Z‘Ob) - ﬂ')émob;

where AZ:XU(x) =— (05)2 8822 (z%v) + BZXv(x) = %(rmv) with

* z v 2z z
ngv(x) = /]le6 (2) <x(e - 1)%(@ — g xe “v(ze®) 4 (2¢* — 1)v(m)) dz,

and k7 (z) = |2[~ @ty (2).
Remark 12. Similarly, H 8(¢p‘ AFTX(gépF) +ralips sy Vi(ul)(opk)

is bounded independently of €.
From lemma 6.2, we see that fOT < BTQ ,¢p€> is well defined, where (,) is the du-

ality pairing between (Vx )’ and Vx. On the other hand, fOT fOX ( — ¢)a? 882:2 )pg

L2((0,T)x(0,X))

is well defined since both ((1 — )z 68252: ) and p} are square integrable. More-

over, the sum fOT <x2 6552 ,¢p€> + fo fo ( ¢)x? %:2 )p: does not depend on
the choice of ¢. Therefore, we call G(?)(u?, p¥) the quantity

82 * T rX aZu*
(@) (0% p*) — 1— 27 Te . 6.7
g = [ (255 )+ [ [ (00205 ) @0
Let us introduce the operator Be(a)z
BRu(x) =

= [ Rz on(el) (o6 = DI + 651 o igpoloe) - ()
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where k’(z) = |z|72%~1*(z). From Lemma 6.2, the quantity f0T< e(a)zu:,qbp:>
is well defined, where (,) is the duality pairing between (Vx)’ and Vx. On the
other hand, the quantity fOT fOX ( qS)Be(O})(u*) p? is well defined since both p?

and ((1 — ¢)Be(f¥) *) are square integrable. Moreover, the sum fOT < Eoszu:, ¢5p6>

fOT fOX ((1 — &) Eoszu*) p¥ does not depend on ¢. Therefore, we denote gle (u:,pZ)
the quantity

T
G = [ (Bt [ [ (a-onSu)n ©9)
0

Similarly, for k € Hy, we introduce the operator Be(j@’(n):

T

B(w 2 v(z) = / |zﬁ(f2)a <x(ez - 1)g—v(x) + ez(l{z>7log(%)}v(xe*z) — v(x))) dz,

and the quantity

(g9uzme) = [ (B8O a)+ [ [ (-0 60)

which does not depend on ¢. We are now ready to give necessary optimality for the
least square problem (6.4):

PROPOSITION 6.3. The optimality conditions for problem (6.4) are: for all
(0,0,9) €H,

(0= 02) (Dadrlof,af,v0) + 020 (wipl)) 20, (611)
(o= a?) (Dadnlof,af,l) +201) (ui,p)) 20, (6.12)
(DT, af 0l = v2) + (Gl pl), e = v ) 2 0. (613)

Proof. The proof is quite standard. It is omitted for brevity. O

6.1.4. First order necessary optimality conditions for (6.3). In order
to obtain optimality conditions for (6.3), we wish to pass to the limit in the opti-
mality conditions for (6.4). Let €, be sequence of penalty parameters converging
to zero, and let (o7 ,af ,97 ,u’ ) be a sequence of solutions to (6.4) converging
to (o*,a*,¢*, u*) as in Lemma 6.1. Assume that there exists a positive number a
such that u! (t,2) > uo(x) + €, for all (t,x) with |z — 2| <aand T —t < a. Let
p; be the adjoint state defined by Lemma 6.2. There exists a subsequence denoted
ny such that p7 — weakly converges to p* in L2((0,T) x (0, X)) and opz, weakly
converges to ¢p in L2(0,T; Vx), where ¢ is given in Lemma 6.2.

We call Z and Z the spaces

- ov
_ 2 ) )
Z = {v € L°(0,T;Vx); o

Z:{UGZ;v(t:O)zo},

+ Axv € L*((0,T) x (O,X))} , 6.11)

where Ax is the operator given by (4.2), (3.9) and (2.12), with the parameter
(o*,a*,1*). These spaces, endowed with the graph norm, are Banach spaces.
PROPOSITION 6.4. There exists a Radon measure £ such that for all v € Z,

/ / ( + Axv> P < €50 >= 2t (T, 2op) — W)0((T, zop)).  (6.15)

19



The function p* satisfies

op*
—AXp - ¢ =0 6.16
in the sense of distributions. Furthermore, with u*, u* defined as in Lemma 6.1,
wlp*[ =0, (6.17)
|u*|€" = 0. (6.18)

Proof. For simplicity, we drop the index n in €,. In what follows, € means ¢,.
For a positive parameter §, we introduce the nondecreasing function ps : R — R:

ps(p) =—1 for p< =4, ps(p ):p/5 for —5<p§5, ps(p) =1 for p > 0.

and the nonnegative function Rs(p fo ps(q

In what follows, & will be the generlc term of a decreasing sequence of positive
parameters which converges to 0.

For ¢ introduced in Lemma 6.2, we use Remark 12: there exists a function g. €
L2((0,T) x (0, X)) with a norm bounded independently of € such that ¢p} is the
weak solution to

o(¢p: . ) (op:
O8E) _ 47 (052) + ot sy (021 600) = 5

with the Cauchy condition (¢p?)(7,.) = 0 and the boundary condition (¢p*)(., X) =
0. Therefore, ||¢pf||z2(0,7;vy) is bounded uniformly in e. Moreover, from the prop-
erties of ¢, see Lemma 6.2), we have V.(u?)(¢p}) = V. (u)p}

Multiplying the last equation by ps(¢p?), we obtain that there exists a constant C
independent of § and € such that

/ Rs(opX)( Oxdx—i—/ /

r / / V! (u)p? ps(p?) + / (BT (6p7)) . ps(ép?)) < C.
0 S 0

Let us focus on the last term in the sum above: we can write it as

T T
|| B Extonn) ps(enton) = 5 [ B+ BT Exlont)) . paleaont))
0o JRrRy 0

= pytopr) AL2E) 2

(6.19)

1 T
-1 / ((B. — BT) (Ex(#p)) - ps (Ex(697)) .

2
(6.20)

From Lemma 3.6 and the choice of H,, there exists a constant C' independent of
(0,,1) € H and of § such that

T
/0 ((Be — BI)(Ex (ép?)), Ex (ps (7)) (6.21)

S NIopell Lz (o,myv) s (809 L2((0,7) < (0,%)) < C-
On the other hand, from Lemma 3.5,
T

((Be+ B)(Ex (907)), Ex (ps(9p7)))

/ / / ke(2)e” ((09)() — (@p2)(we ™)) (ps(6m7) (@) — ps(ép?)(we ™))

S lepi Il zzc0,7)x 0,5 |06 (@PE) L2 0,1y % (0,x)) < C.
(6.22)
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From (6.19), (6.20), (6.21) and (6.22), we see that

X
/0 Rs(6p7)(0, z)dz
/ / / ((6p2)(@) — (#p?) (@) (po(p?) (@) — p(dp?)(ze))

// o (¢pE)( ¢p6 //xV pips(py) < C.

Since p — pps(p) is a nonnegative function and since ps is nondecreasing, all the
terms in the sum above are nonnegative. Therefore, for a constant C' independent
of the parameters, —r fOT fSX 2V (uf)ptps(pr) < C.

On the other hand we know that —zV.(ul)pfps(p’) defines an increasing (as &
decreases) sequence of nonnegative functions, which converges almost everywhere
to x|V (u¥)pk| as § tends to 0. Thus, Beppo Levi’s theorem tells us that

—r fOT fSX 2V (u)pkps(pk) tends to rfOT f;( x|V (u})p:| as § — 0. Therefore, for a

positive constant C,
T X
[ e <c (6.23)
o Js

It is thus possible to extract a subsequence €,,, such that p: — p* weakly in

L2((0, T)%(0, X)), épf,, — op° weakly in L2(0,T; V), and —ral gy V2, (u, )p,
converges to £ weakly* in (L°°((0,T) x (0,X)))*. In order to simplify the nota-
tions, we omit the indexes ny: now, e means €, .

From this, (6.15) is obtained as well by passing to the limit in (6.5), and (6.16) is
satisfied in the sense of distributions.

For proving (6.17), we use the convexity of V., (still dropping the index ny in €,, ):
since V,(€) = 0, we have that for all u € [0,€], Ve(u) < —=V.(u)(e — u) < —eV.(u).
This implies that V. (u}) < —eV!(uf) because we also know that V.(u¥) = 0 if
u; > e. Thus, calling p} = rolg,ssyVe(u?), (6.23) implies that

o</ / u€|pe|<—er//xv Pl — 0. (6.24)

But we also know that p* — p* weakly in L2((0,7) x (0, X)) and that pu — u*
strongly in L2((0,T)x (0, X)) from Lemma 6.1. Hence, fOT fOX wipt| — fOT fOX wp*,
and (6.17) is proved.

Let us call £ = —razliysgy Vi(ui)pt = —relsgy Vi(ul)dp?; for x a continuous
function in [0, 7] x [0, X], we have

//|§ IIXUI<7“<// #V(u ||¢p€|2><// V() cu |2>

from the Cauchy-Schwarz inequality. But it can be checked that |V/(u?)||u’x|* <
Ce, which yields fOT f;( |2V, (u?)]|uzx|? < Ce. On the other hand, it is easy to check
that fOT fSX |2V (u?)||¢p:|* < C. Therefore fOT fR+ Eullx — 0 as e — 0. We know
that & — ¢* weakly in (L*°)* and that |u?|x — |u*|x in C°([0,T] x [0, X]) from
Lemma 6.1. We can pass to the limit as ¢ — 0 and (6.18) is proved. O
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Proceeding as in (6.7), (6.9), (6.10), we introduce the quantities

g(U)(u*’p*):/OT<x 82,¢ > / / <1— a )p, (6.25)
g<a>(u*,p*):/: (B / / (A-0)BQw)p, (620
<g<w>(u*,p*),ﬁ>=/j <B;’b"€)u*,¢p / / O)BY ) p(6.27)

where ¢ is chosen as in Lemma 6.2, and where

B o(e) = - [ 1) 08(1D) (e ~ DG + € (1o g pyoloe™) —ofa)).

wﬁ) /|Z|1+2a <x (Gl 1)2;( ) +e* (1{z> log(x)}v( Z)_U(m))> dz.

One can check exactly as above that G(7) (u*, p*), G(®) (u*, p*) and <g(w)(u*,p*), /-c>
are well defined and do not depend of the particular choice of ¢. We are now ready
to give necessary optimality for the least square problem (6.4):

PROPOSITION 6.5. Let (o, a*, 0", u*) be a solution to problem (6.3) obtained
in Lemma 6.1. Assume that u* (T, zop) > uo(xop) and take a as in Remark 10. There
exist p* € L2((0,T)x (0, X)) and a Radon measure £* satisfying (6.15), (6.17), (6.18),
and such that, for all (o,a,) € H,

(0 —o*) (DUJR(O'*, o *) + oG (u*,p*)) >0, (6.28)
(o= a*) (Danlof, al, v7) + 261w, p")) 2 0, (6.29)
(D07, 0t i) — v + (69w, p) =¥ ) 2 0. (6.30)

Proof We consider a sequence of parameters €, such that
1) (of ,af ,¥f ,ul ) isasequence of solutions to (6.4) converging to (o*, o, ¥*, u*)
as in Lemma 6.1,
2) uf (t,x) > uo( ) + €, for all (¢, z) with | — x| <aand T —t < a,

3) for the adjoint states p; defined by Lemma 6.2, p; weakly converges to p* in
L?((0,T) x (0,X)) and ¢p; weakly converges to ¢p* in L?(0,T; Vx), where ¢ is
given in Lemma 6.2.

We drop the index n in €,,. We have to prove that lim,._,o G(?) (ur, p¥) = G (u*, p*).
Since u¥ — u* strongly in L%(0,T; Vx) (see Lemma 6.1) and ¢p’ — ¢p* weakly in
L?(0,T;Vx), we deduce that

82* 82*
li
i [} (o) = [ ()

On the other hand, (1 — ¢) 86225 strongly converges to (1 — ¢) 682;;* in L2((0,T) x

(0, X)) from Lemma 6.1, and p; weakly converges to p* in L*((0,7') x (0, X)). Thus

i [ (-0 [ (003

From the two points above, we see that lim. .o G\?) (u*, p¥) = G2 (u*,p*); we can
pass to the limit in (6.11) and obtain (6.28).

We have to prove that lim._,o gé“’(u:,p:) = G (u*,p*). The fact that u} — u*
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strongly in L2(0,7; Vx) (see Lemma 6.1) implies that B(a)u converges to ng)u*
in L?(0,T,(Vx)"). On the other hand, ¢p: — ¢p* weakly in L2(0,T; V). This
implies that

lim OT< xiu:,qspe}—/; (B op").

It can also be checked that (1 (b)B( ))(u strongly converges to (1 — (;S)Bg?)u* in
L2((0,T) x (0,X)). From the weak convergence of p} to p* in L2((0,T) x (0, X)),
we deduce that

ggrg)/oT/OX(a—qﬁ) But ) pt = // (0-0)Bw") v

The two points above yield that lim._,o g£“>(u:,p:) = G (u*, p*). This and (6.12)
yield (6.29). The last condition (6.30) is obtained in the same manner. O

6.2. Conclusion: optimality condition for the calibration problem.
For calibrating the Lévy process, one observes the spot price S and the prices (p;)ier
of a family of American put options with maturities/strikes given by (73, z;), and
we call 4; =p; — x; + 5, 1 € I. We assume that

U; > uo(w;), foralliel.

Call T = max;er T;. Let X be such that for all (0,,9) € H, the exercise price (%)
is smaller than X for all ¢ < T, and take X > X. The calibration problem has the
form (6.3) with the new definition of .J:

§ : 2
W? E;xz _ui) B

i€l

where w; are positive weights.
As above, we can also define the modified least square problem (6.4), and have e
tend to 0. Let a subsequence (o7 ,a; ,¢F ,u} ) of solutions of (6.4) converge to
(o*,a*,¥*, u*) as in Lemma 6.1, then (o*, o, ¥*, u*) is a solution of (6.3).
We assume that v*(T;, z;) > uo (x7), for all ¢ € I. Tt is clear from the continuity of
u* and from the uniform convergence of u? that there exists a positive real number
a and an integer N such that for n > N, u} (t,2) > uo(x) + €, for all (¢,z) such
that |t — T;| < @ and |z — x;| < a for some i € I. We may fix a smooth function ¢
taking the value 1 for all x such that |z —z;| > a/2, |T; —t| > a/2 for all i € I, and
vanishing in neighborhoods of (T}, x;), i € I.
Calling Ax the operator defined by (4.2), (3.9) and (2.12) with the parameters
(0,a,9) = (o, a*,1*), we obtain the optimality conditions exactly as in § 6.1.4:
THEOREM 6.6. Under the assumptions made at the beginning of § 6.2, there
exists a function p* € L%((0,T) x (0, X)) and a Radon measure £* such that for all
v € Z, (Zis defined by (6.14))

/ / <— + Axv> P+ <& v >= 22% Ty, 2;) — a)v((Ty, z;)), (6.31)

iel

and (6.17), (6.18), and such that (6.28), (6.29) and (6.30) are satisfied for all
(0,0,7) € H, with G, G and G defined respectively by (6.25), (6.26) and
(6.27), (with the new choice of ¢).
Proof. The proof follows exactly the same lines as that of Proposition 6.5. O
7. Appendix 1.
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Proof of Lemma 3.2. By the change of variable y = log(z),

2 _ Yy ¢(Z) y—z\ _ y _/ / Z . . 2
0[5 /Re dy/R|z|1+25 (v(e ) (e % dz dy |z|1+25 er —2) U(y)) dz.

ey _ z~ ~ 2
By Fubini’s theorem, [v|3 , = [; dz¢(2)]2|70F29) [ (e2d(y — 2) — 0(y))” dy; after
a Fourier transform with respect to the variable y,

v)? ., = 2¢(2)|z|~ (12
w2, /quﬁmu /
_ / dzp(z)]2]~(1+29) / (¢ + 1 2 cos(£2))[(6)2de

R R
= ()| 2|~ (1T29) ez e3 sin 282
—/Rd¢()|| /R« 12+ det sin?($))[F(6) e

- (/ﬂw‘ﬁf—ﬂs(e 1) dz) ||v||L2(R+)+4/dz |1fQS /sm (f)l (€)de.

But 4 [, dz2 \”625 Josin?(2)[0(6)[2de = 4 [, [€]%[0(6)]? [ ‘¢(T1)ifi sin®(42))|¢|dz. De-

fine

‘ 2

e*O3(¢) —(¢)

dg

C, = / B(2)|2| 72 (e3 —1)2dz,
R

which is a real number since z — ¢(z) max(e?, 1) is bounded. Similarly, there exists
a constant 3 > 0 such that

|£ |1+29 )|£|d 45/ €2 |1+29 |£|d _46/ u |1+29

27w
and we introduce Cy = 43 fR %du We have obtained that

W2, < Crlol3am,, + Co / €2 3(6) e

On the other hand,

s (3)
et et = [ SiBans [ ootz Da

implies that

1
lim inf / o(2)et el 29 sin?()lelds = 0(0) [ sin? () lul~ 0+,
—1

which shows that there exists a constant M > 0 such that for |£| > M,

1
i [ oleetleal 2 st (Fleld = 20(0) [ sin? ()l

2/u
and we introduce Cy = 2¢(0) fil Tunll(g) du. Thus

s~ C S|~
w20 > Cullol3am, ) +Ca / € [3(©)1Pdg > = [v]Faa, ) +Cs /R €756 e,

1€1>M

with Cg = min(Cl/(2M25), 04) 0
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Proof of Lemma 3.5. It is enough to prove that B|pg,) is continuous from
D(R,) endowed with the norm of V* to Vs~max(2a1) if o £ 1/2 and to V1€ if
a = 1/2. For that, we use the change of variable y = log(z) and call @ the function
defined on R by d(y) = u(e¥)e?. This yields that (Bu,v) = (B, 0), where

- . T . )
Bu(y) = - [ k@) (1= ) Ge0) - gal) + (ehaly =)~ a() ) ds
. N 1. 3. .,
= [ ke (=G0 + (Ge - D) + ety - ) ) a:

The Fourier transform of B is
7 = z -2\ 1 —z 3 Z —ifz
b=—u(&) | k(z)e* | (1 —e )i+ ¢ —§+€26 dz,
R

We make out three cases:
1) a > 1/2. In this case, one sees that

1 = 2 ,
5(6_2 +2e% —3) +e? (e —1+i28)

—if(e™% — 1+ ze?).

1 3 2
(1—e"?)i¢+ 56_2 —3 +eZe % =

Therefore

/ @(1 +2e% —3¢”) + / k(z)e™ (e7%% — 14 i2€)
€| 7% TR - (71)
—if/ k(z)e*(e™® — 1+ ze2)
R

)

o

From the assumption on v, the first integral is a real number independent of &.
As in Lemma 3.2, by introducing 6 = £/|¢] for £ # 0, and writing that

/ k(2)e® (e7%% — 1 +i28)dz = |§|2°‘/ ly| =2y (i> 7T (e~ — 1 4 iyf)dy,
R R €]

we see from the assumptions on 1 that there exists a positive constant C; such
that ’fR k(z)es (e — 1 —|—z'z€)dz‘ < C1[€]?*, because y — 1 (y) exp(3y/2) is a
real bounded function and fR |e_iy9 -1+ iy0||y|_(1+2°‘)dy can be bounded inde-

pendently of . The third integral in (7.1) is a real number independent of &.
Therefore,

B S (L4 [E] + €PNl S (1 + [€P)ace)].

2) a < 1/2. We can still split b as in (7.1). From the assumption on 1, the first
integral is a real number independent of £. The second integral can be split into
the sum of [, k(z)e (e7€% — 1)dz and i€ I k(z)es zdz, which are both bounded
by Cy]€|. The third integral is a real number independent of &, so

1Bl S (1 + [ED[aé)]-

3) o = 1/2. The only change with respect to the previous two cases concerns
the second integral: we write it as

3y —wh i 3z
|§|/¢ (ﬁ) e (e7¥ 1+Zy1|y|<10)dy+i9|§| 0 (2) ¥ N (7.2)
r o\

[yl? |261>1 |22
25




The first integral in (7.2) is bounded by a constant independent of £, because
z + 1 (2) exp(3z/2) is a bounded function and [ [y|=%[e="%? — 1 + iyl},|<10] can
be bounded independently of £. For the second integral in (7.2), we have, if £ > 1

% Y (z)e¥ p(2) e
P Y —de PR g <
’/wﬂ(z)e == o - S (1+10g(6)

2| 2|

Bl S (1 +[¢] + [€log(iDDa(e). T

Proof of Lemma 8.5. It is enough to prove the result for u,v € D(Ry):

(Bu,v) /]R+ dx/k‘ < x(e® —1)2—( )—|—ez(u(xez)—u(x))) v(zr)dz =T+ 11+ 111,

where
I= /]R+ dx/ k(z)e* (u(z) —u(ze™?))(v(z) — v(ze *))dz,
/}R+ dm/ z(e® =1 gz (z)v(x)dz,
117 = /R o /R k(2)e* (u(z) — ulze==))o(we=")dz.
But

H—/ﬂhdaz/k 6_12 dz—i—/ﬂhdx/k (% — 1)u(z)v(x)dz.

From this,

1nr+m:/R+ </Rk(z)( (€? —1)3—( )+eZ(v(er)—v(x))> dz) u(z)da

+ (/}R k(z)(2e* — e — 1)dz> /ﬂh u(x)v(z)dz.

The desired result is obtained. O

Proof of Lemma 3.6. The assertion is already proved in the case a < 1/2,
thanks to Lemma 3.3 and Remark 4. Thus, let us focus on the case when a > 1/2:
after a few calculations, one sees that

(BTu-Bu)@) = [ k(=) (a(e” ~ DRI + u(e)) + eulwe™) - Fu(ee™) ) d-.
R Ox

The same change of variables as in the proof of Lemma 3.3 leads to ((B— BT )u,v) =
(B — BT)ii,0) where

(Bu- B'a) = - |

R

k(z) (2(62 - 1)2—2@) +eF (aly —z) — aly + z))) dz.
The Fourier transform of (B — BT)a is

) /]R k(2) (2@'5(62 1) e (e - e*i&)) dz

— _ 2i€n(e) /R k(o) (eF —1— 2e%)ds + ﬁ(g)/ k(2)e

R

3z
2

(eiEZ — e 2i§z) dz
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From the assumptions, the first integral in the sum above is a real number. Let
us focus on the second integral: since the function z — €%* — e~%% — 2i€2 is odd,

—3|z]

P(0) [ 2| 7020 e ™2 (6% — e7* — 2i¢2) dz = 0, and

/ k(z)e% (eigz — el 2iz) dz = / 2|~ (129 20 (2) (eigz — e 2i€z) dz
R R
< / |22 CE (e — 7 —2igz) dz S €T S (14 [€)),

R

where, in the case a = 1/2, we have used the fact that |sin(¢z)|/|z] < |¢]. This
concludes the proof. O

8. Appendix 2.

Proof of Proposition 4.1. Consider X', 0 < X’ < X and let ¢ be a smooth
cut-off function taking the value 1 in [0,3/4X’+ £ X] and 0 in [3/4X 4+ 1 X', X]. It
is a possible to prove that Ax (Ex(¢v)) € L?((R4)), which yields that Ex (¢v) € V2
and ¢v € W%. This yields the first statement of Proposition 4.1.

Assume that v € Vy is such that Axv € L?((0,X)). Then there exists f €
L?((0, X)) such that
2

—amQ% = f — Bxw. (8.1)
If 0 < @ < 1/2, then, from Lemma 3.3, Bxv € L?((0,X)), and (8.1) implies that
NS W)% NVx.
If @ > 1/2, then, from Lemma 3.3, Bxv € V4 2*. From this and (8.1), one
immediately deduces that v € Vx N W?{zo‘. A boot-strap argument is needed for
improving this result:
it 1/2 < a < 3/4, then for all e > 0, v € W;/Q_e, and Ex(v) € V3/27¢. Note that
we cannot give a better regularity result for Ex (v), (for example Ex (v) € V3/2+¢),
because this would require the condition %(m = X) = 0, which is not proved. Then
Lemma 3.3 yields that Byxv € L?((0, X)), and that v € W% NVx from (8.1). In the
case a = 1/2, we obtain from Lemma 3.3 that v € W% N Vx as well. If o = 3/4,
the same argument shows that v € Wf{e N Vx for all € > 0.
On the contrary, if 3/4 < a < 1, we have to keep on boot-strapping: v € Vx HW)?’{%‘
implies that Byv € Vg **, and from (8.1), v € W5 **. Either 3/4 < a < 7/8,
and we see that there exists ¢ > 0 such that v € W§/2+E, or 7/8 < a < 1, and
we keep on boot-strapping. After a finite number of steps, we obtain the first two
statements of Proposition 4.1.
Then we obtain that % € C°((0,X)) from Sobolev imbeddings. O

Proof of Theorem 4.2. For brevity, and since the proof uses rather classical ar-
guments, we shall omit some details. By using results on parabolic equations with
monotone operators [26] page 156, it is possible to prove that (4.6) has a unique
weak solution in L2?(0,T;Vx) N C°([0,T]; L*(0, X)), with a%f‘ € L%(0,T; V).
Note that for all ¢y, 0 < t¢ < T, ux, is smooth in (to,7] x [a,b], where [a, b]
is any interval strictly contained in (0,5) or in (S, X). From (3.11), the weak
maximum principle may be used. It yields that, almost everywhere, ux . is nonneg-
ative on the one hand, and greater than or equal to x — S — x on the other
hand. Therefore, for almost every time ¢, ux((t) € Kx. This implies that
0<rz(l —1gssy) Sre(l = lpsgyVe(ux,)) < re.

From this and (4.6), ux.. belongs to C°([0, T]; Vi )NL2(0, T; Dx), 2% € L2((0,T)x
(0,X)) and the norms [[ux.e||(orvi)s lux.ellzz0,7:0x0)s I Frux.ellz2(o,mx0,x))
are bounded independently of e.

Since V C C%((0, +00)) and since for any ¢, lim, o ux (t,z) = S (because S — x <
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ux(t,z) < S), we see that Ex(ux.c) € C°([0,T] x [0, +00)).
The maximum principle yields (4.8) and (4.9). From the bounds u.(z) < ux (t,z) <
uP)(t,z), and from the fact that 8“—(E)(t 0) = —1, we see that ux(t,z) has a

derivative with respect to x at = 0 and that aux <(t,0) = —1, vt > 0.
By calling yx  the time derivative of ux c, we see that

8yXe /
: A e —TxlipsgtV . e=0,t€(0,7T], 0 <z <X,
ot + Axyx.e — relips sy Vi(ux,e)yx, (0,7 x (8.2)
yx,(t,X)=0 te(0,T).
Note that
—rxl{x>S}Vé(uX7€) > 0. (8.3)

Since yx,e € C°([0,T], V%), we have that yx (t = 0) = —Axuol,x) + rrlics =
5252
2

dz=5—Bxuo|(0,x)- It can be seen that —Bxuo|(o,x) is a positive distribution in
Vi, because u, is convex: to prove it, one can approximate u, in Vx by a sequence
U, Of smooth convex functions with bounded support such that —Bxu,,, > 0, and
pass to the limit. Therefore, yx (t =0) > 0 in V. From this, and from (8.2, 8.3),
we deduce that yx . > 0 a.e.. Therefore ux . is nondecreasing w.r.t. t.
Finally, the quantities |[ux || (0,7;02(0,x)) and [Jux,el[z2(0,7;vy) can be bounded
independently of X by taking ux . as a test function in the weak formulation of
(4.6) and by observing that the constants in Garding’s inequality for Ax do not
depend of X. O
Proof of Theorem 4.5. We know that ux . belongs to CO([r,T]; Dx) for all T,

0 < 7 < T. Therefore, from Proposition 4.1, ux,. € C°([r, T];W)?’(/QJre) for some
positive e. This yields that for each time ¢ > 0, ux . € C*((0,X]). On the other
hand, we know that ux (¢t,X) = 0 for ¢t € [0,7], and ux. > 0 in [0,7] x [0, X].
From the last three observations, we see that for all ¢, 0 < ¢t < T, 81(;;( <(t,X) < 0
We aim at proving that for each ¢ > 0 there exists a number & ( ), 0 < &(t) < X,
such that aux <(t,z) < 01if &(t) < v < X. Indeed, it it was not case, we would be
in one of the followmg two cases:
1) B%X <(t,x) > 01in some interval [y(t), X), y(t) < X. This implies that ux (¢, z) <
0 in (y(t), X), which is impossible since u(t,.) > uo.

2) There exists a strictly increasing sequence of numbers y,, 0 < ¥ < Yn+1 < X,

such that lim,y, = X and auxe(t yn) = 0, auXE (t,z) is positive for z in
(Y2n, Yon+1), and negative for z in (Yont1,Y2nt2)- The numbers yo,, n € N are
local minima of ux(t,.). Let us consider the terms entering equation (4.6) at

< (t,y2n) > 0 and lim,— oo au—f’s(t,ygn) = 0. It is clear

P
T = y2n' we have =5
that —Z ¥ L.

(t, y2n) < 0 and Tyzn a < (t,y2n) = 0 because ya, is a local
minimum. We also know that 7yon(1 — 1y, 551 Ve(ux c(t,y20))) > 0 and that
limy, 00 7Y2n (1 — 1y, > 53 Ve(ux,c(t, y2r))) = 0. Therefore

liminf Bxux (t, y2n) > 0,

n—oo

. oux. e
and, since =5 (t,y2,) = 0,

lim sup/ k(z) (ez(12>log y%ux7€(t, Yone °) — uX7€(t,y2n))) dz <0.
R

n—oo

This yields fz>0 k(z)e*ux (t, Xe *)dz < 0, which is impossible since ux ¢ > uo.

aux g

Therefore, for all ¢ > 0, the function = +—
hood of X, and (6ux <(t,.))+ is zero near X.

28

=< (t, ) is nonpositive in a neighbor-



Moreover, since ux . is nondecreasing and ux (-, X) = 0, the function ¢t — aléi‘e (t, X)

is nonincreasing. Therefore, there exists 19, 0 < 79 < T, such that aqg’;" (t,X) <0
for g <t < T and aqg’;" (t,X)=0for 0 <t <.
By taking the derivative of (4.6) with respect to x and multiplying by z, we see

dux.c .-
that zx, = 25> satisfies

&zx
—c + AXZX,e - T:E]_{m>s}Vé(UX,e)ZX,e

= —ra(l — LossVe(ux,) +r8Ve(ux.)does,  t€(0,7), 0<z <X, (4
ZX&(t = 0,3?) = —xlo<a<s, O0<ax<X.

Since zx (t, X) = 0 for t € [0,70], (7o is defined above), the function zx c|ic(0,,) €
L?(0,79; Vx). On the other hand, 2x (t,.) ¢ Vx, for t € (70, T]. In (8.4), for t > 7o,
AX,ZX,e(t) i.e.

o?22? 0%zx . 0zx e
T d12 (t,a:)—i—m: o (tvx)

8 € z —z
= [ ko) (06" = D22 )+ (U e™) = 2 ,0))
R

Axzx e(t,z) = —

has a sense as a distribution and for all X’ < X, belongs to the dual of {v € Vx,v =
0in (X', X)}.
We split the function zx . into the sum of two functions Zx . € C°([0,77; L*(0, X))
and Zx, € L?(0,T; Vy) which satisfy

a?:'X’e ~ / ~

—= + Axix.e —relssyVi(ux,)ix,e = rSVe(ux,)de=s,
ixe(t=0,2)=0, 0<z<X, (8.5)
éX,e(th)ZOa 0<t<T7

and

D2x.c i i
L AxEx e — el pasy Vi(ux, ) Exe = —ra(l = LossVe(ux,.)),
Zx,e(t =0,2) = —xloca<s, 0<z <X,

ZX,e(t;X)SO, O<t<T.

(8.6)

From the fact that ux, > ggf) and from (4.7), we know that
lii% Ve(ux ,e(S))0z=sll£2(0,7;v1) = 0.

Thus, lime o ||Zx,[z2(0,7;v) = 0. One can also prove that Zx (¢,0) = 0 and that
2X,e > 0.

From the last observation and since zx (t,0) = 0, we see that for all ¢ € [0,7],
EX,e(t, 0) =0.

We know that Zx,c|(0,-) € L*(0, 70, Vx): in (0,70) x (0, X), we can take e M*(Zx )+
as a test-function in the equation satisfied by Zx . . From Garding’s inequality,
choosing M large enough yields that Zx ((¢,-))+ = 0 for ¢ € [0, 70].

On the other hand, for 7 > 79, there exists a constant z > 0 such that Zx (¢, X) <
—z for t € [r1,T]. This and the continuity of Zx ., imply that there exits X ,
S < X, < X, such that Zx . < 0 in [r,T] x [X ,X]. Therefore, in the time
interval [r1,T], we can take (Zx(t,x))+e"M! as a test-function in the equation
satisfied by Zx e, even if Zx . does not belong to Vy, (indeed (Zx (t,.))+ does not
see the singular behavior of zx ¢(¢,.) near X). From Garding’s inequality, we have

that for M large enough, t s e~ M? fOX((,EX’e)Jr)Z(t, x)dx is nonincreasing in (71, 7).
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We can have 71 tend to 79. This yields that (2x.¢)+ = 0 in (70,7 x (0,X). We
have proved that Zx . < 0in (0,7T) x (0, X).
Finally, let X and X’ be two numbers such that S < X < X’. Call @y . the function
obtained by extending ux . by 0 in [0,7] x [X, X']. Clearly, 4 x, € C°([0,T]; Kx/).
It can be seen from (4.6) and from aqg’;" (x = X) < 0 that aua?e + Ax/tixe +
rz(l — 1ips 5y Ve(tix o)) is a negative distribution in (0,7) x (0, X”). This and the
maximum principle imply (4.10). O

Proof of Proposition 4.8. It is enough to prove that px . converges to px in
LY((0,T) x (0,X)) because 0 < px, < rz. For that, we make two observations:
a)Since ux, is nondecreasing w.r.t. ¢, 1x e is nonincreasing w.r.t. t.

b)

8/14X,e

Oz = Tlm>SVe (UX7€)+7”SVE (uS,e)(Sx:S+T1m>SVé (UX,e))éX,e+rlm>SVé(U'X,e))éX,ev

where Zx . and Zx . are respectively defined in (8.6) and (8.5). The first three terms
in the right hand side are positive distributions. Let us study more carefully the
last one: we call g. = rl{m>S}Vé (ux,e)2x,e. We know that Zx . is nonnegative and
tends to 0 in L?(0,T; Vx). Hence, g, is a nonpositive function. Moreover, let ¢, be
a smooth function defined on [0, X] such that 0 < ¢, <1, ¢, =1for0 <z < X —n,
and ¢y (x) =0 for X —n/2 <z < X. Taking ¢, as a test function in (8.5) yields

lim (/OX 2x,e(T, z) o (x)dx + /0T<AX2X76,¢77) — /OT /OX ge(t,x)qbn(x)dxdt) =0.

e—0

This proves that lime o [|gel £1((0,7)x (0,x=n)) = 0
To summarize, ,uX76|{I<X,n} is the sum of a nondecreasing function and of fix . =
Jy 9¢(t,y)dy, and fix . and its derivative w.r.t. @ tend to 0 in L*((0,T) x (0, X —n)).
From a) and b), one sees that the total variation of ux . on (0,7) x (0, X —n) is
bounded. Therefore, we can extract a subsequence of px c|{z<x—rn} converging
strongly in L'((0,T) x (0, X —n)). The limit cannot be anything but pix |{z<x—n},
so the whole sequence converges to fix|{y<x—n}. Since 7 is arbitrarily small and
px,e is bounded, we have that lime o [|x,c — px || 21 ((0,1)% (0,x)) = 0.
The convergence results for ux . are an easy consequence of the strong convergence
of ux.c to ux.0

Proof of Lemma 6.2. The proof is similar to an argument given in [2]. For
brevity, we shall omit some details. We call Q. the bilinear form on L?((0,7) x
(0,X)) X Ze:

(%

T X a
Qc(q,v) = / / (E + A xv— ml{m>s}Vé(u:)v> q.
0 0

It is clear that Q. is continuous. Moreover, there exists a positive constant c,
independent of €, such that

Qc(q,v)

all 20,1 % (0,x)) 1]

inf sup >
q€L?((0,7)x(0,X)) vez, Z.

To prove this inf-sup condition, take v € L?(0,T;Vx) N H(0,T; L?((0, X))) as the
weak solution of

0

a—: + Ac xv —ralsyVi(ui)v=q t>0, v(0,-) = 0.

and observe that [|v||z, < C|lq|lz2((0,7)x(0,x)) for a constant C' independent of e.
Therefore, calling Q. the linear and continuous operator from L2((0,7) x (0, X))
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to the dual of Z, defined by < Qp,v >= Q.(p,v), the range of Q. is closed and
Q. is injective. On the other hand, Q.(q,v) for all ¢ € L?((0,T) x (0, X)) implies
that v = 0. Therefore, Q7 is injective. We have proved that Q. is an isomorphism
from L?((0,T) x (0, X)) onto the dual of Z and that its inverse is continuous with
a norm independent of e.

From this and since z +— 2(u} (T, zop) — @)2((T, z0p)) is a continuous linear form
on Z. with a continuity constant independent of €, there exists a unique p} €
L?((0,T) x (0, X)) such that for all v € Z,, Q.(pf,v) = 2(u} (T, zop) — W) v((T, o))
and [|pf||z2(0,7)x(0,x)) is bounded independently of e. The first part of the lemma
is proved.

To prove the second part of the lemma, consider G, € L?((0,T') x R.) the solution
of the backward Cauchy problem:

0Ge  (09)? 9% T 9 _
at 9 @(.ﬁ GF) - Be Ge + %(TZ'Ge) - 0) (t5$) € [O’T) X R+’

Ge(t =T) = =2(ul (T, ob) — W)=z,

(8.7)

where BT is given by (3.6). One can check that G, is smooth for ¢ < T and that
for any integer k and for any compact w in [0, 7] x [0, 4+00) which does not contain
(T, 7o), the norm of G, in C¥(w) is bounded independently of e. Also, for the
function ¢ defined in Lemma 6.2, ¢G. € L?(0,T;V), with a norm bounded by a
constant independent of e.

Let x be a smooth function with a compact support contained in (0, 7] x [0, X ), tak-
ing the value 1 in a neighborhood of (T, z,), and whose support does not intersect
the support of V. (u}) for all e. For example, x = 1 — ¢ can be chosen. With AZX
defined in Remark 11, it may be checked that || YA G, — AZ:X (XG)lL2(0,1)% (0,x))
is bounded independently of €. The reason for that is that x is constant near the
point where G, is singular.

One sees that ¢ = pf — xG. is the unique solution (in the very weak sense defined
above, i.e. by duality with the functions in Z¢) of a boundary value problem in
(0,T] x (0,X), of the form

e — AT qr +ralpaaViul)e = gl (t,2) € [0,T) x (0, X),
qe*(t,X) = 0, t e (O,T),
@ (T,x) = 0, z € (0,X),

where g* = %GE +xATG. — AT (xG.) € L*((0,T) x (0, X)). This last boundary
value problem has a unique weak solution in L2(0,7T; Vy), with a norm bounded
independently of e. The weak and the very weak solutions coincide. Therefore p} —
XG. € L*(0,T; Vx) and ||p} — XGell£2(0,1;v) is bounded by a constant independent
of €. Therefore ¢p* € L?(0,T;Vx), with a norm bounded independently of e. O
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