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Introduction

This monograph is devoted to the numerical analysis of Finite Volume schemes
(FV), as opposed to Finite Element Methods (FEM) or Finite Differences (FD).
It is based on a M2 course given at the University of Paris VI, Lab. JLL. The
discussion is restricted mainly to linear equations. A convenient model for
expository purposes is the advection diffusion equation

Oyu + a.Vu — Au =0, t>0

in dimension two.
Most of material presented reflects also the own interests of the author about
the linear numerical analysis of Finite Volume schemes.

This text is in construction and far to be error free. Remarks of any kind
are welcomed at: despres@ann.jussieu.fr
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Chapter 1

Principles of Finite Volume

Numerical discretization methods for linear partial differential equations may
be grouped in three categories which are: Finite Differences (FD), the Finite
Element Method (FEM) and Finite Volumes (FV). FD and FEM have been
widely studied in the past. We refer to [12, 7] for FD and to [3, 6, 5] for
FEM. See also references therein. An excellent presentation of the theory of FV
schemes in the context of parabolic equations and non linear equations is [10],
see also [8].

In this chapter we construct basic Finite Volume schemes for the transport
equation and for the diffusion equation. We also compare these methods with
standard FD and FEM schemes for the same equations. At the end of the
chapter we introduce some elements of functional analysis which will be used in
forthcoming chapters for the numerical analysis of Finite Volume schemes.

1.1 FV for the transport equation
The transport equation in free space in dimension d writes
Ju+a.Vu =0, t>0, xeR%

The function (¢,x) +— u(t,x) is the unknown: ¢ is the time variable and x =
(x1,---,24) € R? is the space variable. The gradient operator is

0 0
Vu = (axl,,azd)

The vector field x — a(x) € R? is given. It is called the velocity field for reasons
that will appear evident in the following.

1.1.1 Discretization in dimension d =1

For simplicity we consider the transport equation in dimension one d = 1 for a
constant velocity a € R. The equation is now

O + alzu = 0, t>0, zekR. (1.1)
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We can assume for convenience that a > 0. The other case a < 0 is symmetrical
to this one. This equation is supplemented with an initial condition at time
t=0

u(0,x) = up(x). (1.2)

Lemma 1 The unique solution of the transport equation (1.1) with initial con-
dition (1.2) is
u(t, z) = ug(z — at). (1.3)

With this formula it is evident that a is the velocity at which the initial data is
advected.

Let assume for simplicity that the initial condition ug is a smooth C* func-
tion. Take the function defined in (1.3). One has d;u = —aug(z — at) and
Ozu = ug(z — at). So dyu+ adyu = —aug + awy = 0 which proves that u defined
in (1.3) is indeed a solution.

t $:X1+Gt
$:X2+Clt

Xl X2

Figure 1.1: The solution of the advection equation is constant on the character-
istic lines * = X + at

It remains to check the uniqueness. Let u; and us be two a priori different
smooth solutions of the advection equation with the same initial condition

u1(0,2) = uz(0, 2) = up(x).

The function u; — us is also a solution of the advection equation.

Let z — ¢o(z) be a smooth non negative function ¢y > 0 with compact
support, that is ¢g(x) = 0 for |z| > A. Define ¢(t,2) = po(x — at) which is a
non negative solution of the advection equation with compact support. Define
v = (u; — u2)?p. One has

v + adyv = 200 (0 (uy — u2) + ady (u1 — ugz)) + v* (Opp + adyp) = 0.

So v is also a solution of the advection equation. By construction v is non
negative (v > 0) and has a compact support (it was not necessarily the case for
u1 — uz). Therefore

0= / (Opv + adyv) da = / Oyvdz.
R R
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By construction v(0,x) = 0. After integration in time we get

/RU(T,x)da::/Rv(O,x)dx+/0T (/R@tv(t,x)dx) dt = 0.

This equality is true for all time 7" > 0 and all non negative function with
compact support ¢. Since v > 0 by construction, then v is zero everywhere. It
shows that u; = us and ends the proof.

Finite Difference approximation

Consider a grid in the upper plane t > 0. The time step is At > 0. The spatial
step is Ax > 0. Set
v = u(jAx, nAt)

where u is a smooth solution of the advection equation. The time derivative is
approximated by

7}+1 —n

Oru(j Az, nAt) = %Aitj +O(A).

Explicit FD approximations of the operator 0, can be constructed as follows

n n

; L .
Ozu(jAx,nAt) = A + O(Ax) (left-shifted),
Ozu(jAz,nAt) = % + O(Az?)  (centered),

n _:I" n
Ozu(jAz,nAt) = UJHAJ + O(Ax) (right-shifted).
x

In the case a > 0 it is known that the left-shifted approximation of the space
derivative is better for stability reasons. It corresponds to the upwind method
(also referred to as the donor cell choice). We write

1
T yn T

J J J j—1 _
Al +a Ae O(Az, At).

Dropping the residual in the right hand side, we get the standard (first order)

upwind scheme

n+1 n n n
i Y Uy — Ui
+a
At Az

Now u} is the approximation of the exact solution at time nAt and position

jAx.

z —0. (1.4)

Finite Element approximation

Consider first the equation %u = f where the right hand side f is a given
function. The Finite Element approximation of the operator % is based on a
weak formulation. We consider the simplest one

/R %u(x)v(x)dx: /R f(@)o(z)da,
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this is true for all test function v in an ad-hoc space of functions with compact
support. One defines the standard P! hat function z — ¢;(x)

pi(x) =0 forx < (j—1)Az or xz > (j + 1)Ax,
pj(z) = ro-aT g, (j — DAz <z < jAz, (1.5)
. l‘ :
wi(z) = (j—l—liAx—m for jAr <z < (j+1)Ax.
x
pj(2)
/ /\
pi-1(z) \ i)

| Ax
G-1Az" (G+DAz

Figure 1.2: The hat function ¢; and its two neighbors ¢;_1 and ;41

The discrete Finite Element formulation writes

d

/R%uém(x)cpj(x)dx:/Rf(x)goj(x)dx, Vj.

Let assume that v may be approximated by ua,
UAz = Z Ui Pi.-
i

Plugging into the discrete formulation, one gets
> ([d@a@i)u= [ fae@an v

We set a; j = [, ¢}(x)¢;(x)dr. Elementary calculations show that

am = O Z S j — 2,
Q5 = 0 ) 2 ] + 2,
(G+1)Az 4 (j _
j+1)Ar —=x 1
O A Mty /O
AR /jAw Az Az Ty
/JAI -1 z- ijd 1
Qi —_— €T = —
g b (j—1)Az Ax Azx 2’
d [¢;
=[ —|—=|dz=0
aj,j dr \ 2 T

Therefore the discrete equation takes the form

M:/ﬂ% vj.
2 R
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Define for convenience f; = ﬁ fR fej. One gets the scheme

u]+1 .
_ - = Vj.
2Ax =l J

Lemma 2 The discrete FEM approximation of % is centered.

This result extends naturally to the space-time FEM approximation of ;u+
a0zu = 0. Define the hat functions in the time variable

Yn(z) =0 fort < (n—1)Atort> (n+1)At,
t—(n—1)At

Yn(z) = (n%t) for (n — 1)At < t < nAt,

Pn(x) = (n%ft—t for nAt <t < (t+ 1)At.

We consider the space-time weak formulation
/ / (Oru + adpu) v(z, t)dzdt = 0, Vv in a suitable space.
R JR

We replace the exact solution u by a discrete function

Upz,at(z,t) = Zu Pi(T)Pm(t).

The discrete FEM writes
/ / (atuA:r,At + aazuAa:,At) "2 (:E)’L/}n(t)dxdt = 07 VJ, n
R JR

Plugging the expansion in the previous equality, one gets
) (/R /R (i (@)Ym (t) + api (@)Y, (1)) ¢; (Js)wn(t)dwdt) u" =0,  Vjin
j,n

that is

Z </ ai,jbm,n + abi’jam’n> u;” =0, Vi, n.
jn R

By definition

2 L.
3 for ¢ =7,
bij = / wi(x )@j(m)dx = é fori=j+1,
0 fori#j—1,5,j+1.
We obtain the scheme
1, 2 +1 1, on+l 1 1 2. n-1 1 1
§uiT + Jul T gl — gupT) = Fup T - gul (16)
At ’
1 1, n+1 1 12 1, n+l
ta ’“a+1 + 3“J+1 T 5UH %1 — 341~ g4 _0

At
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This scheme is centered in time and space. It is also non explicit (one cannot
compute u?“ directly).

An intermediate procedure could be to use the FEM for the space derivative,
and a explicit FD procedure for the time derivative. The result is

ul Tt —

J J
At 9T oA

In any cases the spatial derivative is approximated with a centered formula.

u = ul
i R (1.7)

Finite Volume approximation

The design principle of Finite Volume discretization is to integrate the equation
in a cell. In dimension d = 3 this cell is a Volume, and this is the reason of the
denomination Finite Volume methods. It is possible to integrate in a space-time
volume, but for the sake of simplicity, we apply this methodology only to the
integration in space volume. This is sufficient to present the basic idea. In
dimension d = 1, we introduce the boundaries of cell j which are two points

T and Tip1

Ax; =Tjp1 @

i1 is the length of cell j.

We begin with the formula

/”“’H%
Z .

i—

(Oru + adyu) dox = / T Opudz +/ Bk adzudx = 0. (1.8)

€T . .
J— J*%

[N
[N

The first integral is f “2 Opudr = 3 f ”2 u(t,z)dz. The quantity of funda-

mental interest in the FV method is f ”2 u(t, z)dz. Tt is the mass (that is the

total amount) of u in the cell. The next step consists in defining the mean value
of u in cell j at time nAt

[ 3 u(nAt, z)dz
Al‘j

Notice that no approximation has been made at this stage. Using a FD approx-

imation of the operator % one gets immediately the approximate formula

d T, 1 ot gy

= " u(t, x)de = Ax; I L O(A). (1.9)

At

This is true for a smooth u. So somehow there is no real difficulty for the time
derivative.
Let us turn to the approximation of

/ a a0z u(nAt, x)dx

which is the core of the method. The idea is to integrate in the cell (i.e. the
volume)

/ B adyu(nAt,v)dr = au(nAt,z;, 1) — au(nAt,z;_1).
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The boundary quantity au(nAt, x; +%) is called the flux. The fundamental ques-
tion is now to approximate u(nAt, Tjy1 ) by some combination of the mean val-
ues u7. The usual choice is to upwind this choice accordingly to the sign of the

j—1 u” u”

1
2 .j+

N

Ry

Figure 1.3: The value at x;, 1 is upwinded following the sign of the velocity
(a > 0) and the slope of the characteristic lines

velocity. In the case a > 0, then we take
u(nAt,z; 1) = v + O(Ax), V7.
So we get

/ " ad,u(nAt, z)de = a(? —v7_,) + O(Ax). (1.10)

i—

1
2
Inserting (1.9) and (1.10) in (1.8), one gets

J n n
+ a(vj — iy

) = O(Ax) + O(At).
Dropping the right hand side, we get the definition of the Finite Volume scheme
u Tt —

Lemma 3 Consider a regular grid: Ax; = Az for all cell j. Then the FV
scheme (1.11) is equal to the upwind FD scheme (1.4), and is different from the
centered FEM schemes (1.6) and (1.7).

1.1.2 The transport equation in dimension d > 2

Let © C R? be an open bounded subset of R?. The velocity field is x — a(x).
We assume that a € C1(Q) is a divergence free

V.a=0.
Then the transport equation may be rewritten in a conservative form

Ou+V-(au) =du+a-Vu+ (V-a)u=0.



14 CHAPTER 1. PRINCIPLES OF FINITE VOLUME

F+

Figure 1.4: On this example I'" is the upper part of the boundary. I'~ is the
lower part.

The boundary is is split in two parts ' =T~ Ut
I'={xeTI, a-n<0}, I'*={xeTl, a-n>0}.
We consider the problem with initial condition and boundary condition

Ou+a-Vu=0, x€e€Q, t>0,
w(0,x) = up(x), x€Q, (1.12)
u(t,x) =u"(t,x), xel .

There is no boundary condition on I't. The difference between I'™ and I'"
is evident in the following immediate result.

Lemma 4 Consider uy and ug two smooth solutions of (1.12). Assume uy and
us have the same initial condition and the same boundary condition on T'~.
Then u; = us.

The difference e = u; — uq is solution of

det+a-Ve=0, xeQ, t>0,
e(0,x) =0, x € (),
e(t,x) =0, xel.

Define E(t) = 1 [, €(t,z)dz. Then

2

E'(t)= / edredr = —/ ea-Vedr = —/ V- (ae—)dx
Q Q Q 2

e? e? e?
= —/ (a,n)—do — / (a,n)—do = —/ (a,n)—do <0.
— 2 F+ 2 F+ 2

We have used e = 0 on I'". Since E(0) = 0 then E(¢t) = 0 for all ¢ > 0.
Therefore u; = us.
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Characteristic forward in time

A general method to construct solutions is based on the characteristic curves
t — y(t,X) defined by

%y(t,X) = a(X) with y(0,x) = X.

These characteristic curves are correctly defined by application of the Cauchy-
Lipschitz theorem (a is C'). A function u constant along the characteristic

u(t,y(t, X)) = uo(X)

is by construction such that

d
Oyxu = Opu + %y(t, X).Vu = du + a.Vu = 0.
So w is transported along the characteristic curves. The value of u(t, x) is equal
to u(X) where

y(t,X) =x. (1.13)

X2€F+

Figure 1.5: The function u is constant along the characteristic curves issued
from the black circles

So to construct a solution one has to invert the equation (1.13) to find the
starting point of characteristics. This is where the boundary conditions are
involved. To clarified this issue we prefer to develop the same approach, but
backward in time.

Characteristic backward in time

A second possibility to construct the solution is to construct the characteristic
backward in time

d

%X(t,x) = —a(X) with X(0,x) =x € Q.

So X(t,x) is the starting point of the forward-in-time characteristic defined pre-
viously. This method is of course equivalent to the first one, but the discussion
of the boundary source term u™ is easier.



16 CHAPTER 1. PRINCIPLES OF FINITE VOLUME

We need to consider two cases: either X is inside €2, or X has reached the
boundary I'. So we define the outgoing (backward) time
T(x) = inf(¢) such that X(¢,x) € 9.
If X(t,x) € for all t > 0, we set T'(x) = +oo. Then two cases occur.
First case: t < T'(x). Wet set

u(t,x) = uo(X(t,x)). (1.14)

Second case: T'(x) < t. At time ¢ = T(x) the characteristic line reaches the
boundary, necessarily in I'". So for all time T'(x) < t we set

u(t,x) =u" (t — T(x), X (T(x),x)). (1.15)

By construction the function u defined by (1.14-1.15) satisfies the initial condi-
tion
u(0,x) = ug(x), VxeQ, (this is (1.14) at t = 0),
and satisfies the boundary condition
u(t,x) =u" (t,x), Vxel, (this is (1.15) for x € I'7) .
Since by construction
X(t — hX(h,x)) = X(t,x) for small h > 0,

then one has the relation

u(t — h, X(t — hX(h,x)) = u(t,x) for small h > 0. (1.16)
One has the immediate result.

Lemma 5 Assume the regularity ug € C*(Q)). Then the function u defined by
(1.16) is locally C* and is solution of

Ou+aVu=0 Vx e Q Vi< T(x).

By construction the mapping (t,x) +— X(t,x) is C! around (¢,x) in the case
t < T(x). Then we differentiate (1.16) and get -=u(t — h, X(t — hX(h,x)) = 0,
that is

—Oyu — %X(t — hX(h,x)-Vu = 0.
Since =X (t — hX(h,x) = a(X(t — hX(h,x)), then for h = 0 it gives —Jyu —
a.Vu = 0. It ends the proof.

The difficulty comes for ¢ > T'(x) since the outgoing time T'(x) can be non
continuous as well. In this case it is not clear how to differentiate (1.16) with
respect to h since the function u may be discontinuous in the x variable for
example.

But if T(x) and X(7T'(x),x)) are continuous and smooth functions, it is is
enough to insure that

Ou+aVu=0 Vx e Q V> T(x).

If moreover the initial condition has some continuity with the boundary source
term, then it is possible for the solution to be globally smooth across t = T'(x).
However such conditions are non natural. We do not pursue in this direction.
Instead it is possible to interpret (1.16) has an alternative formulation of the
transport equation.
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Xa

Figure 1.6: The velocity a is vertical and uniform. The function x —
X(T(x),x)) is non continuous at x;. The (backward) outgoing time T'(x) is
also discontinuous at x;

1.1.3 FYV discretization in dimension d > 1

We simplify the notations for expository purposes. So we take a uniform in
space. The domain (2 is polygonal in dimension d = 2. We consider a mesh of
Q. The mesh is a collection of polygons €1; such that

Q =u;0Q;.

Denoting s; the area of €2; we have
mes (Q) = Z s;.
J

The outgoing normal of €2; is n;. The interface between Q; and Qy, is ¥, = Xi;.
On the interface n; is also referred to as nj;i. The length of the interface is
ik = lg;. It may be equal to zero if X;;, = (). By construction

n;, + ng; = 0 for ljk > 0.
The boundary of €); is a collection of segments
an = UkEjk @] FJ_ U Fj_

where

Iy =00;NTyyg, thatisa-n; <Oonl',

and
I‘;r:(?QjﬂI‘Jr, that isa-n; >0 on F;r.

The length of I';" is [;". The length of Fj is l;f. We need to define a characteristic
length h of the mesh. We decide arbitrarily to consider the maximal value of
all boundaries

h = max | max l;, max/; ,max[} |. (1.17)
ik O
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r

7]

,in

1,

Q

r

p,in
Figure 1.7: A mesh

To construct the FV scheme we integrate the equation in the cell €2,
/ (Opu+ V- (au)) dx = 0.
Q;
We separate the time derivative and the space derivatives
d
— | wdx+ [ V-(au)dz =0. (1.18)
dt Jo. Q.
J J

For simplicity the solution u is as smooth as necessary, so that all expansions
and approximations below can be justified with Taylor expansions. We rewrite
the time contribution as

d d At o~y O(h2AL 1.19
i, e ) 80 = S 0028, (119)

Here v} is the mean value of u in the cell at time ¢,, = nAt

fQj u(nAt,x)dz

Sj

n
Uy

Denote G; the center of mass of the cell. Then

v = u(nAt, G;) + O(h?). (1.20)

J

Definition 1 We say that the natural degree of freedom in cell Q; is the value
of the function at the center of mass Gj.



1.1. FV FOR THE TRANSPORT EQUATION 19

Then we turn to the second contribution in (1.18). Let us integrate it directly
in the cell. Assuming that €; is in the interior of the domain, we obtain

/ V - (au(nAt,x)) dx = / a - n;u(nAt,x)do = Z (i a-myp) vjy. (1.21)
Q; iep 3

Here 07 is the mean value on ¥;;, of u at time ¢, = nAt

n o _
Ujk:_

ijk u(nAt, x)do
Lik '
The central idea of FV methods consists in the elimination of the
flux v]'-Lk in term of the cell centered values v} for all k. For this task, we

go back to the notion of characteristic lines. Two cases occur. For instance if
the velocity direction a goes from €; into €25 then we shall take vl R uj

a a

n; n;
Qk Qk

v = v+ O(h) vl =] + O(h)

Figure 1.8: Upwinding at the boundaries

The same idea is used at boundaries. The small difference is for the incoming
boundary I';", because there is no neighbor. Instead the boundary source is used.
In this case we use the mean value u;, on the boundary

(n+1)At _
nAt fl"; u (87 X)dO’dS

= ) 1.22
Y At 1y ( )

Another case is when a - nj; = 0. The value of Ul does not matter, since it is
multiplied by the weight /;za - nj; = 0 in (1.21). Plugging all this (1.19-1.21)
we obtain

ptl g
Sj% + O(h2At)
+ Z (ljr a-nji) (v;’ + O(h)) + Z (ljx a-nji) (v + O(h))
k,an;;>0 k, an;,<0

+ (lj_ a-n;) v; " (lj a-ny) (vf +O(h)) = 0.
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The Finite Volume is defined by dropping all O(+) terms. It writes

g
+ Z (ljk a- ) uj + Z Lk a-njp) uy
k, an;,>0 k, an;,p<0

+ (ZJ_ a~nj) u;’"Jr (l;' a'nj) ul = 0.

An important property is the following.

Lemma 6 The scheme is conservative. That is the variation of the total mass
is due to what flows in and out at boundaries

st — S s
Rt ot (S ey |+ (S0 ey | <o

J J

The proof is a consequence of definition of the flux. Consider an interface 3 ;j:
What flows out of €2; is what flows in Q. With mathematical notations

o> Gramp)ul+Y. Y (ra-ng)up

J k,amn;p>0 J k,amn;,<0
_ n n
= > Upamp)uf+Y D (I any) ]
Jj k,an;p>0 k j,ang;<0
= E g (lir a- njg) uj + g E (i a- (—nyi)) uy = 0.
J k,an;p>0 J k,an;p>0

It ends the proof.

1.2 FYV for the diffusion equation

Let us consider the non stationary homogeneous diffusion in dimension d = 2
with Neumann boundary conditions

Ou—Au=0, t>0, x€Q,
Vu-n=0, t>0, xel, (1.24)
w(0,x) = ug(x) x € Q.

This problem has a unique solution, see [6, 11]. The uniqueness is evident
for smooth solutions.

Lemma 7 Consider two solutions uy and us with the same initial condition ug.
Then u; = usg.

Let u be a solution of (1.24). Set E(t) = & [,u?dz. One has E'(t) =

Jo udpudr = [, uAudz. Then we integrate by parts E'(t) = — [, Vu - Vudz +
JruVu-ndr = — [ |Vu|? dz. After integration in time, it yields the identity

/Q u(T,x)?dx + /O ' /Q \Vu(t,x)|? dedt = /Q uo(x)da.

Consider two solutions u; and wus with the same initial condition ug. So
u = u; — ug is a solution of the same equation with a zero initial condition.
Using the above identity, we obtain that «w = 0. It shows the uniqueness of the
solution of (1.24).
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1.2.1 Discretization in dimension d =1

In order to compare FV, FEM and FD on a simple problem, we consider the
diffusion equation in dimension d = 1 on the entire real line

Oy — Ogpu = 0, reR,t>0.

Finite Difference
Th explicit Finite Difference approximation is

n+1 n
u; T —ul u = 2u? +u”?
J J j+1 J j—1 .
— =0, Vj € 7Z. 1.25
At Az J (1.25)

As before At > 0 is the time step, and Ax > 0 is the uniform mesh size.

Finite Element Method

The Finite Element Method is based on weak formulations. We first consider
the equation —u”(z) = f. The weak formulation writes formally

/ u'(z)v (z)dx = /f(x)v(z)da:, for all v in a convenient space.
R
Take the P! hat function (1.5). The discrete weak formulation is

/Ru'Axgp;»d:c:/fgojdx.

Assume as before that ua, =), uip;. The the discrete system writes

S ([ cwewne)u= [ soan,

i

Set ¢;j = [ ¥i(x)@)(x)dx so that

Cij = 0 ) é ] - 2,
ci; =0 1> 5+2,
(G+HAz 4 -1 1
. J— — X —dr = ——
i+ /ij Az Azt Az’

/ﬂ“ -1 1 1

Cj1j = X ——dr = ———,

I -z Az Az Ax
(]+1)A1} 1 9

Cjj = —dr = —.

I /(jl)AI sz AJ;

Define for convenience f; = ﬁ f]R fej. One gets the scheme

Uj1 — 2uj + Uy ;
— = 1 V .
Az T J

For simplicity we use an explicit discretization of d;u. We obtain our FEM
scheme for the diffusion equation in dimension d =1

n+1 I ()
uj Ui w1 — 2uy + U

At Az
This scheme is the equal to the FD scheme (1.25).

=0, Vi (1.26)
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Finite Volume

Finally we turn to the Finite Volume discretization. The principle is identical
to what has been done for the transport equation in dimension one. So we
integrate the equation in a cell ]$j7%7xj+%[ and get

d Tl Tl
%/ " u(t,x)dm—/ = Ozzu(t, z)dx = 0.

3 -3
That is
it3

s u(t,x)de — Opu(t, ;1) + Opu(t,x;_1) = 0. (1.27)

[N

As before the mean value of « in the cell is noted
ff” u(nAt, z)dz ' '
i J
v = Az, = u(nAt,G;) + O(Ax?), Gj=—"7=2—"""2=,
(1.28)

and time derivative is approximated by the explicit forward difference (1.9).
The natural approximation of the space derivative d,u(t, z; +%) is

[

-3
N

U(’IlAt, Gj+1) — U(W,At, Gj)

8xu(nAt, xj+%) = + O(Gj+1 - Gj) (129)

Gj1—G;

Uj+1

Tﬁ% :
| ~— [ —— |

—G; Gjp1—x.
Tird Gj Gin i+3

Figure 1.9: Interpolation at z; 1 of the space derivative

It must be noted that if the mesh is uniform in the sense that

Gj+1—xj+%ijJr%—Gj<:>$j+%—xj+%=$j+l—x» 1y

then the interpolation error is second order

u(nAt, Gj41) — u(nAt, G;)
Gj1—G;

Opu(nit,x; 1) = +0((Gj1—G))?).

But on the general case only (1.29) is true.
Replacing the point-wise value by the mean value with (1.28), we obtain

G 7Y + O (max(Az;q1, Axj))

&Du(nAt,ijr%) = Co
J j
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After elimination of the time contribution and replacement of the spatial deriva-
tives in (1.27), one finds out

n+1 n n n n n
U — U V; — VU Ve — U
A,J R J J ]—120 Ax. Az AP
TITTAY Gj+17Gj+Gj*Gj_1 (max (Azj41, Az, At))

Finally we drop the right hand side and obtain the Finite Volume scheme
for the diffusion equation

n+1
P A S S S T e S R (1.30)
J At Gj+1 — Gj Gj — ijl

Proposition 1 Consider a regular grid: Ax; = Ax for all cell j. The the FV
scheme (1.30), the FEM scheme (1.26) and the FD scheme (1.25) are the same.

1.2.2 FYV discretization in dimension d =1

Let us come back to the diffusion equation (1.24) in dimension d = 2 with
a Neumann boundary condition. In dimension d > 3 the principles are the
same. We use the notations of section 1.1.3. Let h be a characteristic length
of the mesh, for example one can take the definition (1.17). The method of
integration is the same, but it will appear that the construction of the FV
scheme requires a compatibility assumption on the mesh. It makes the situation
different compared with the FV discretization of the transport equation.

After integration of the diffusion equation in the cell §2;, explicit discretiza-
tion of the time contribution and integration of the space derivatives in the cell,

we obtain .
ot — vy

stT = lip wi, = O(h*At) (1.31)
k

where by definition the mean value of the normal derivative is

. Js., Vu(nAt, z)do
w]k = z

I -nj; = Vu(nAt, x;i) - ni + O(h)

where the point x;j is the middle of the edge. At this stage one adopts
the philosophy of Finite Volume methods which is to construct an
approximate value of the flux [;; Wi Unfortunately it is more difficult
for a second order equation than for a first order equation. This will become
evident in the following.

In formula (1.31) the interpolation error is second order in the definition of
the mean normal derivative w}}. One has

u(nAt, Gy) = u(nAt,x;i) + Vu(nAt, x;;) - (G — x;i) + O(h?),
and

u(nAt, G;) = u(nAt, x;;) + Vu(nAt, xx) - (G — x;1) + O(h?).
By subtraction

u(nAt, Gi,) — u(nAt, G;) = Vu(nAt,x;i) - (Gg — G;) + O(h?).
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So from the point-wise values at Gy, and G, one can reconstruct the vector

u(nAt, Gi) — u(nAt, G;)
i

Vu(nAt,xjk) . fjk = + O(h) (1.32)

Here G G
ZE 2 with |f] = 1.
d;,

dj = |Gr — Gj| and fj;, =
If the middle of the edge is also the middle of the centers of mass

Gj-f—Gk

Xjk = 5

then it is possible to show that the error in (1.32) is O(h?) which is better than
O(h). The main problem is that we need to reconstruct the normal
derivative in the direction n;; which can be completely different from
the vector f;;. To continue the construction we are forced to make
some hypotheses.

Hypothesis 1 We assume that
fjk = Njg, v]v ka
which means that the line joining the centers of mass is orthogonal to the edge.

This is a very strong hypothesis on the structure of the mesh. We shall relax it
later on.

Figure 1.10: A mesh that does not satisfy hypothesis 1

So let us assume the mesh is such that the hypothesis 1 is true. Then

u(nAt, Gi) — u(nAt, Gj)
djk

and also
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It is now possible to eliminate w in (1.31). After dropping all the O(-) terms,
we get the definition of the Finite Volume scheme

u

) Jj o . up, —uj _ :
RN, Ek:z]k i =0, Vi (1.33)

One can notice that the Neumann boundary condition is automatically taken
into account in the scheme. This is because the sum is over all cells k£ around
the cell j.

1.2.3 Relaxing hypothesis 1
A simple method exist to relax this hypothesis. The idea is to remark that

vj', which is the mean value in cell j, is a second order approximation of the
point value of the function u(nAt, G;). But second order approximation is not
necessary. Which means that it is possible to replace v by u(nAt, x;) where
x; is a point in the cell (or at least O(h) close to cell). We set
wj = u(nAt, x;)
where x; is not precisely defined for the moment.
What are the consequences? First the (1.31) is replaced by

w? 't —

w
sj————L ="l wh, = O(R2AL) + O(h). (1.34)
k

J
At

for smooth solutions u. The O(h3) term comes from the approximation

UT.H_l — " uﬂH_l —wh

J J J J 3
S =3 O(h
which can be proved for smooth functions. So now we shall try to approximate
wj, by a combination of w? and wj. One has

u(nAt,xi) — u(nAt, x;) = Vu(nAt,x;1) - (xx — x;) + O(h?),

o
A — A ;
V(AL x) - £ = u(n t,Xk)d u(nAt,x;) Lo
ik

where now

djr = |x, —%;| and £, = X’“d_ X with [£,] = 1. (1.35)

The rest of the construction is the same. So the F'V scheme is formally the same,
except that the definition of d,i is based on (1.35). And of course hypothesis 1
needs to be replaced by hypothesis 2.

Hypothesis 2 We assume that the vectors £, (1.85) are such that
fjp =m0, VK

It means that the line joining the points x; and x;, is orthogonal to the edge.
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° ® /o\ ° ool o
o\c/\o/ ° oo o $Ay2
° ° ° ° oo o Ay,
N

° ° ° ° oo ®

N

A$1 Al’g

Figure 1.11: Example of quadrangular mesh which satisfies the hypothesis 2.
For such a mesh, hypothesis 2 may result in a severe global structural constraint.

This hypothesis is more an equation about the points x;s that we need to
satisfy in order to construct our F'V scheme.

What is absolutely remarkable is that a simple local solution exists for a
triangular mesh in the case all angles are small that 7. This is what we describe
below.

Lemma 8 Consider a triangular mesh. Assume that the angles of all triangles

are less than 5. Define x; the center of the circumscribed circle for all cell j.
Then x; € ; for all cell j and xi —x; is parallel to n;y for all interface (j,k),

so that £, = nj, everywhere.

By construction the line that joins x; and x; cuts the edge in the middle.
So xj, — x; is always parallel to nj;. It remains to prove that the orientation is
the same, that is the normal n;; is oriented from x; towards x;.

Let us define A the set of all triangles with angles < 7 and B the set of
triangles with one angle equal to 7.

Note that B is also the set of all triangle-rectangles, and that for such trian-
gles the center of the circumscribed circle is the middle of the hypothenus, thus
is on the boundary of the triangle.

Consider a general open triangle 7 € A. It is possible to design a continuous
family of open triangles ¢t — 7 (¢) such that 7 (t) = T, 7 (t) = Tg is equilateral
triangle and 7 (t) € for all ¢ € [0,1]. Let x(¢) be the center of the circumscribed
circle of 7 (t). By construction x(t) is never on the boundary (if so 7 () € B for
some 0 < t <, which is not possible). Since x(1) is inside 7, then by continuity
x(t) € T for all 0 <t < 1. Then x7 € 7 for all triangle in A. It ends the proof
of the lemma.
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X

Xk

D

Figure 1.12: Centers of the circumscribed circles

It is possible to construct triangular meshes with all angles strictly less than
5. This is not completely evident at the practical level. We shall come back to
this issue later one. But nevertheless it insures that the construction of the FV
scheme (1.33) with the definition d;; (1.35) is correct.

1.3 Primal mesh-dual mesh

FV schemes can be used on various meshes. A important variant, with respect
to what we have presented so far, is to consider control volume around vertices of
the initial mesh. The initial mesh is the primal mesh. The idea is to define a dual
mesh from this first one. On Figure 1.13 is an example of such a construction.
In the example the grey cell around vertice r is a dual cell. By definition the
dual mesh covers the whole domain. Some extra definitions are needed near the
boundary I" nevertheless.

We leave to the reader the generalization on such meshes of the F'V schemes
previously discussed.

1.4 Elements of functional analysis

For any numerical method for the discretization of a partial differential equation,
a fundamental question is to prove that the error between the exact solution
and the numerical solution is small. For this task we define norms in convenient
Banach spaces.

Definition 2 A real Banach space V' is a real vectorial space, associated with
a norm u — ||u|| defined for all w € V.. The properties of a norm are
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Vertice r

Figure 1.13: A dual mesh. The grey region O, around the vertice r is a dual
cell. In this example the boundary of the dual cell joins the centers of mass and
the middle of the edges

o |ul| >0 for allueV,

o ||ul]| =0 if and only if u=0,

o || M|l = |\l |lu]| for all X € R,

o [u+v| <|ul|l+ |lv|| for all u,v € V.

We refer to [2] for a comprehensive presentation of functional analysis. In
particular the definition we use of the partial derivative of a measurable function
is the one of [2].

1.4.1 LP spaces
Let Q be an open subset of R,

Definition 3 Let p € [1,00].

e For1 < p < oo, the space LP is the set of all measurable functions such
that [, |u(x)|dx < oco. The LP norm is

o= ( [ |U(x)|dm>;.

o For p =00, L™ is the set of all measurable and bounded functions. The
L norm is

[ulloo = sup {A; mes (Ju(x)] > A) # 0} .
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The partial derivatives [2] of u are noted

oFrt-tka

(b ) _ U
... gl

Definition 4 The set of all measurable functions with all derivatives (the total
order of derivation less than q) in LP is referred to as WP, For 1 <p < oo a
norm in WP s

lallwar = Yoo k),

ki+--+ka<g, 0<k;

1.4.2 Inequalities

Let p € [1,00] and ¢ € [1,00] be two positive real numbers (possible infinite)

such that
1 1
4+ -=1
p q

We say p and q are conjugate numbers.

Lemma 9 (Holder inequality) Let u € LP and v € L? with p and q conjugate
numbers. Then

< lullp x [[ollq-

IREEEE

In case p = ¢ = 2, the Holder inequality is called the Cauchy-Schwarz
inequality.

1.4.3 Functions with bounded variation

Discontinuous functions have naturally bounded variations. For a vector ¢ =

(@1, ,p4) we note
ol = /T + 03

Co" = {p e ()", le(x)| < 1vx}

We define
the set of all C! vectorial functions with compact support, which are also
bounded by 1.

Definition 5 Consider u € L'. The (possibly infinite) number

iy = sup (= [ w60V (e

weCé’b
1s called the total variation of u.

Example 1 Consider the case, in dimension one, where @ = R is the entire
line. Let uy € WHi. Then |uy|gy = ||u§1)||1 = [ [/ (x)|dz.
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It comes from the integration by parts formula

- [l @ds = [ wi@pta)ds.

R

Then the supremum over all ¢ such that || < 1 everywhere yields

iy ([ w@ptis) = [ 1uilds =

Example 2 The unit square in R? is
S = {X: (xl,xg), 0< a1, < 1,}.

Consider the indicatriz function of the unit square: us(x) =1 if x € S; ua(x) =
0 elsewhere. Then |us|gy = 4.

One has
—/ u(x)V - p(x)dz = —/ V- p(x)dr = / o(x) - ngdx < 4.
Q xeS x€0S

The bound 4 is reached using a convenient sequence of functions ¢,. It shows
that |us|gy = 4, which is the length of the perimeter of S.

Lemma 10 Define BV, the set of all functions in L' with a bounded total
variation. The norm in BV is

lullsv = |ulBv + [|ul|1.

One has the strict inclusion
whl c BV.

It is an immediate consequence of the definition and examples.

1.4.4 Coarea formula

Let w > 0 be a mesurable non negative function. Let us define
Ey={xe€Q, ulx) >\ CQ.

The perimeter of F) is

[|IEX]| = sup (— V- gp(x)dm) .
weCy”® Ex

It is also equal to |1g|gy, where 1g is the indicatrix function of E. Note that
for any non negative function bounded,

) = [ 1, (0.

Lemma 11 Let u € BV be a non negative function, u > 0. Then

ey = [ 1Edx
0
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1.5 Exercices

Ex. 1 Take the transport equation dyu + a - Vu = 0. Consider that the
vector field a € C'1(Q) is not divergence free. Show that a possible FV scheme

writes

utt — u?

J n n __ A %
sz+ E MUy + E MUy = E MRy .
k+ k- k
where m;, = |(Ljx ;i - nji)| > 0.

Ex. 2 Show the previous scheme satisfies the maximum principle under
CFL.

Ex. 3 Consider the system

{ Op+ V.(pu) =0,
O(pe) + V.(puc) = 0.

The physical meaning is: p > 0 is a density, 0 < ¢ < 1 a mass fraction and u a
velocity. We take u € C1(2) for simplicity.

Show that ¢ satisfy the transport equation d;c + u - Ve = 0. Discretize
the both equations with a conservative FV scheme. Show that ¢ satisfies the
maximum principle under CFL.
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Chapter 2

Analysis of FV for
advection

FV schemes for advection and transport satisfy the maximum principle under
a condition on the time step. This time step restriction is the famous CFL
condition, coined after the seminal work of Courant, Friedrichs and Levy [9].
The maximum principle is a very strong property which insures the robustness
of the method. It explains the success of such methods for complicated problems
with non linear physics involved. In what follows we detail this issue for the
transport equation. Then we show that a consequence is the loss of consistency
in the FD sense, wich means that it is not possible to prove the convergence by
using the simple FD strategy. But we show that weak consistency is the rule
(that is consistency in the sense of distributions). Finally we give a proof of

convergence in L? for all 1 < p < oo with an order of convergence %

2.1 Maximum principle and CFL condition

We consider the problem

du+a-Vu=0, x€Q t>0,
u(0,x) = ug(x), x€Q, (2.1)
u(t,x) = uin(t,x), x € Tjp.

We do not assume that the velocity field a € C1(€) is constant: however is is

divergence free
V.-a=0.

We use the notations of section 1.1.3. Let us consider

= alx) myu

Qi =
J
Lk

This quantity is the mean value of the scalar product of a against the outgoing
normal. Assuming that a is the direction of some beam of light, then I;za;
is the total amount of light that impinges on the edge ¥;,. Let us define for
convenience

I (j) = {k such that a;; > 0} and I~ (j) = {k such that a;; < 0}

33
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We shall use two convention of notations. The first convention is to shorten
the notations using
k* instead of k € I*(j).
The second convention is to incorporate the boundary conditions on I'" in
the indices kT < k € I't(j).
We set
mjk = Lig laj| Yk, and m; =1 |aj_| )

With all these notations the standard FV scheme which generalizes (1.23) to
non constant velocity fields writes

ut —u

st T D Mk — Y mkuft —myug " =0, (2.2)

2.1.1 A practical remark about the calculation of aj;

In dimension d = 2 a simple method makes possible the calculation of aj; with
little cost.

+
A

Cell k
A

Figure 2.1: Orientation of the edge

Assume that a is the rotational of a scalar potential ¢ € C?(£2)
a=VAqg=(-0:,q,0:9)-
By construction V - a = 0y, (—05,q) + 0,(0z,¢) = 0. Then

1
Ak = 7 V Aq-njdo (njx = (a,8))
Jk JEj
1 1 1 0
:—/ (—Oppq 0+ 03,q B)do = —— Vg-tdo=—— —qda,
ljk Ejk: l]k Ejk l]k Ejk 8t
that is

q (Ajp-) —a(Aj+)
L '

[

By convention (Aj_k7 A;‘k) is oriented clockwise on the edge X, and A}; = A;j.
Note also the A7 = Ajk if the edge X;; is after X5 (clockwise).
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Lemma 12 By construction one has 3, ljkaj, + 1 a; = 0.

It is sufficient to consider the case where lj_ = 0. One has

zk:ljkajk _ zk:lﬂf (q (Ajr-) _—q (Ajk+>> _ Z (Ajje — Ajps) =0

Li -

because the contour is closed. Another proof comes from the free-divergence
condition
Zl]‘k;ajk;:/ a-n; da:/ V-adr=0.
A 9 Q;
Lemma 13 One has Y+ mjx = 3, — mjk +m; .

This is immediate from the definition of m;; and lemma 12.

2.1.2 The maximum principle

The exact solution of the transport equation satisfies a maximum principle. This
is an immediate consequence of the representation formulas (1.14-1.15). For the
discrete solution (2.2) one has

n At n | At n o At
R (R W R S
J L+ J k+ J
Lemma 14 Assume the CFL condition
At
—> mp <1, Vj. (2.4)
Sj P

Then the FV scheme (2.2) satisfies the mazimum principle under the form
min  minwuf, minwu," ) < 4" < max [ maxul, maxu; " ) . (2.5)
2 p J k 1

Set m = min (ming uf, min; w; ") the minimum over all cells and incoming
boundary conditions at the previous time step. We want to prove that m < u;-“H
for all cell j. Let us assume for simplicity that the cell is in the interior of the

domain, that is m; = 0. One has

At At
J k+

All coefficients, that is 1 — ?—f S+ My and the 2837 myy., are non negative

5j
and their sum is equal to one. So U?H — m is a mean of the previous values

of the discrete solutions and of the incoming boundary condition. Therefore
n+1

m < u;" for all cell j. The proof generalizes without difficulty to boundary

cells such that m; > 0. A similar inequality is proved for the upper bound. It
ends the proof.
More generally let us consider a continuous and convex function u — (u)
such that
@ (Qur + (1 = O)uz) < O (u1) + (1 = 0)¢ (u2)

for all u; and ug and for all € [0,1].
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Lemma 15 Assume the CFL condition (2.4). Then one has the inequality
Z 55 (u;-H'l) < Z 55 (u?) +At Z am; ¢ (uj_") — At Z m}'(p (u?) , (2.6)
J J J J

where mj =mjy, for k € IT(j) (that is for an outgoing edge).

Any convex function satisfies the inequality ¢ (D> 6;u;) < > 6;0 (u;) provided
>~ 6;u; is a convex combination, that is 6; > 0 for all ¢ and >_6; = 1. For any
cell in the domain the domain the equality (2.3) is a convex combination (all
coefficients are non negative and their sum is equal to 1). Therefore

® (u}”‘l <1 - — Zm]k> ijkgo uy)

J ket ] ket

Then we sum over all cells
At At m;
> (™) Z pl) =22 e (W) + 303 = e ().
J j ikt J

One has

At At At mT
Y @) =Y Y S () + Y e ()
J okt J J ky,ajr>0 j J
and
A A At m>
SN S ) = 3 N S )+ 3 2 (7).
J k- j ok, a;jL<0 j

One has the equality

Z Z At m]k Z Z At mjk U}Z’)

j k,ajr>0 Jj k,a;jr<0

since these quantities concern the edges only in the interior of the domain. The
rest of the proof is evident.

Lemma 16 The FV scheme (2.2) is stable in all LP under the same CFL (2.4).
That is

[lu n+1||er(Q < ||unHI£p(Q) + AtHu_’"Hip(Ff), 1<p<oo, (2.7)

and
[ | poo () < maxk ([ || poe () ™" || oo 0-)) - (2.8)

First we consider the case 1 < p < co. We apply the previous inequality with
o(u) = |ulP. Tt yields (2.7). For the case p = oo we apply the maximum principle
(2.5).
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The inequality of lemma 15 offers the possibility of a different proof of the
maximum principle. Assume the numerical solution is known at time step n.
We also know the boundary condition of course. We set

m = min | minu}, minw; "
k ot
and
M = max (max up, max ul_’n> .
k !
We want to prove that, under CFL,

m < u;-”rl <M, Vj.

p(u)
o (u) o1 (u)
m M Y
u;b aII(,i u?,in

Figure 2.2: ¢p_ and ¢4

We first design a function

(u) = m—u for u <m,
== 0 for m < .

Then ¢_ is continuous and convex. So we apply the inequality (15). By con-
struction the right hand side vanishes. Therefore

> sie- (ujth) <o,

J

But ¢_ is a non negative function. So ¢_ (u;”‘l) = 0 for all j, which turns into
m < u}”l for all j. For the other inequality, namely u;”l < M, we design a

second continuous, non negative and convex function

(u) = 0 for u < M,
PHUW=Y w— M for M < u.

Using a similar argument, we obtain the claim: the maximum principle holds
under CFL.
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2.1.3 Geometrical analysis of the CFL condition

In this section, we analyze the geometrical meaning of the CFL condition. This
inequality is mainly a restriction on the time step At, that is At must be smaller
than a certain given quantity

Sj

At < —1
Dkt Mk

vJ, (2.9)

which depends on the geometry of the mesh. This inequality needs to be satisfied
for all j to guaranty the stability in practice. In order to simplify the analysis
we take a constant, that is

a € R? is independent of x € ). (2.10)

Figure 2.3: Apparent length of the cell

The apparent length [; of a cell §2; is the transverse length of the cell, visible
from an observatory in the direction of a.

Lemma 17 Assume the cell j is convex. Then the stability inequality (2.9)

may be rewritten as
At < 2L
|all;

(2.11)

For example consider the pentagonal convex cell Q; with vertices ABCDE in
the figure 2.3. We construct a bigger cell ©;; with vertices ABCFG, where
the lines AG and C'F are parallel to the vector a. Since 2; is convex and a is
constant, the outgoing edges k € I (j) (i.e. AB and BC on the figure) form a
connected broken line. Similarly the incoming2 edges k € I~ (j) (i.e. CD, DE
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and E'A on the figure) form a connected broken line. For the bigger cell Q;,
the outgoing edges k € I (j’) are the same as for 2, that is

It () =1"(j").

Z mjr = Z mir = Z mik = \a|lj.

kelt(5) kelt(j5') kel=(5")
The edges AG and C'F being parallel to a, they do not contribute. Therefore
(2.9) is equivalent to the claim.

Example 3 If the cell is non convex, then

> my > lall

keIt (j)

and the time step restriction is more restrictive than in (2.11).

For a given convex cell (2; we define r; the biggest radius of all interior
circles and rj+ the smallest radius of all exterior circles. Notice that

diam(Q;) = 2rj+.

Lemma 18 Assume the cell j is convex. Then the stability inequality (2.9) is
true as soon as

At < m(ry) .
- 2|a|r}'

(2.12)

By definition s; > 7(r;)?* and I; < 27“;’. Therefore (2.11) is a consequence of

(2.12). It ends the proof.

Definition 6 We define the quality factor (or aspect ratio) of the mesh

-
Q = max i_ >1,
J Tj

and the characteristic length of the mesh

h= max (diam(€2;)) .

Note that the definition of h is an alternative to a similar definition already
encountered in (1.17). With this definition, the time restriction (2.12) is true

as soon as 02\ A
t
| =<1
2] ( T ) h —

In practice, our interest is to have the greatest time step as possible. Since
h is proportional the maximal length in the mesh, it is related to the total
number of cells in the mesh. We consider it is somehow a given quantity. On
the contrary @) is not given, in the sense that it is related to the shape of cells
which we consider is a freedom in the definition of the cells. This inequality
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shows the interest to have the smallest () as possible for time step requirements,
that is to have the best aspect ratio.

At this point it is necessary to make the following remark whose importance
will appear later: the quality factor is also an important quantity to
bound in order to establish a convergence result. Consider for exemple a
sequence of mesh n = 0,1,2,---. Each mesh has its own characteristic length h,,
and its own quality factor @,,. We make the assumption that the characteristic
length tends to zero

h, > 0asn— oo

which means that the cells are smaller and smaller. So what about the quality
factor?

Definition 7 A sequence of mesh is regular if Q. is bounded uniformly with
respect to the characteristic length h

1<@Qn<C, Vn

With a little abuse of language, we shall say that a given mesh is reqular if its
quality factor Q is bounded uniformely with respect to the important variables
of the analysis.

Proves of convergence will be given for such regular meshes.

2.2 Default of consistency

It is well known that a linear scheme which is stable and consistent is convergent.
Unfortunately F'V schemes are not consistent in the Finite Difference sense. This
is the consistency default of FV schemes. We will show that FV schemes are
nevertheless convergent.

2.2.1 What is consistency in the FD sense?

Consider the FD scheme (1.4) for advection in dimension d = 1

n+1 n n n
J J J j—1 _

N (2.13)
ug = up(jAx).

u

The initial condition is x +— ug(z). We can also write

"t = (I 4+ AtAag)u™, where u” = (u € R”

n

J )j €z
is the vector of unknowns, I is the identity operator in R” and Aa, : R%Z — RZ
is the operator defined by

no_n
Uy —Ujq

Ax

To show the convergence we wish to compare the numerical solution u™ with
the exact solution v™ at grid points

Apgzu = (w;) with w; = —a

vi = u (nAt, jAr) = ug (jAz — a nAt).
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Let us define the error

Lemma 19 The error satisfies the iterative process

1 n
e"tl —e
J— n n
OT = AAIC +r s
e’ =0,
‘ ) U;H_l — vy v — v
where r’" = (r;‘) is the truncation error: r;? = +a
At Az

This is evident. One makes the difference between (2.13) and the definition of
the truncation error.

To go further in the analysis, let us assume that the initial data wug is suffi-
ciently smooth, ug € W2 (R) for example. In this case the solution u is also
twice differentiable, all second derivatives in time and space being bounded.
Then one has the following Taylor expansions

1
v}’“ = v} + Atdyu (nAt, jAx) + (A (|07 u| ) aj, }a?’ < 3

and

vi_y = v} — Azdyu (nAt, jAz) + (A2?||02ul|) B |ﬁj”‘ <

J Jo

N

Plugging in r}" we obtain
i = Oy (nAt, jAz) + (At||0pul| o) af + adzu (nAt, jAz) 4+ a (Ax||8§u||oo) By
Noticing that [|0?ul|e = a?||0%ug||eo and [|0%u|| s = ||0%u0||o0, We obtain

i = a (Aza} + aAtp]) [10%0]| 0o -

Making no restriction, we assume stability of the scheme which is insured for
At < %. It implies
17|00 < aAz||021g]|so- (2.14)
Since the residual tends to zero with Az, then we say the scheme is consistent
in L.
Under CFL, one also has the stability estimate ||I + AtAaz||co < 1 which is
another way of writing the inequality (2.7) in L*®

la" o = (I + AtAas) u"loo < ' oos  Va™

Lemma 20 Consider a smooth initial condition ug € W% (R). Assume the
CFL condition is true. Let T > 0 be some given time. Then for all time
t, = nAt < T, one has the error estimate

le oo < 103uolloc (aT Ac). (2.15)
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One says the scheme is first order because of the first order dependence with
respect to Azx.
The proof is immediate. One has e"™! = (I + AtAa,)e™ + Atr™. So

e oo < 11T+ AtAa) € oo + Atllr™ o,

that is with the stability estimate [le" || < [l€" (o0 + At||r"]| o0, and therefore,
since €¥ = 0, [[e"]|o < At EZ;S |77]|co- Using (2.14) the claim is proved.

Definition 8 Consistency. In dimension d, we say that a scheme is consis-
tent in the Finite Difference setting if there exist points attached to the cells
(denoted x; € Q in the following) such that the truncation error tends to zero
in L uniformly with the mesh size (provided the exact solution is sufficiently
differentiable).

In practice it is sufficient to satisfy an inequality like
[ |ee < C(--)Az?

where p > 0 and C(---) is independent of of the mesh size h = Az for the
scheme to be consistent. The constant C(---) depends on the derivatives of w.

Fractionnal orders of convergence are common for an initial data for which
only the first derivative is bounded. In this direction we quote the result of
lemma 21. The method of the proof of lemma 21 has it own interest. In consists
in the application of lemma 20 together with a regularization of the initial data.

Definition 9 Regularization. Let p € C}(R) be a non negative function such

that
/ o(z)dz = 1.
R

For a given function w € W1 (R) we regularize w by convolution and define a

new function we
1 _
wiw) =1 [ (*7) utan (216)

3

Lemma 21 One has the inequalities

1 (2)]d=
lelloo < lolloor oo < lolloos [ lloo < ffnw’nw (2.17)
and
e — wlloo < & / (=) 21250 oo, (2.18)

This is completely standard [2]. From the definition of w® one has the inequality

wr@l= (2 o222 ay)

ﬁin”ce Lo (%) dy = [p(z)dz = 1, then it proves immediatly ||w®||o <
W so-
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One also has the equality

w(z) = —E% ¢ (I;y> w(y)dy = é/ﬂf ($;y> w'(y)dy

from which shows [|w. oo < [|w']]co-
Then one considers the equality

1 ]
w () = —7/ ¢’ ( )w’(y)dy
(3 R g
which turns into

o= (5 [ o (S22 wla) Il = HEE g

It remains to prove (2.18). One has by construction

we) =) = 2 [ o (T2 (i) - wie)dy

3 3

therefore

uete) -~ w@) < (2 [ (Z22) o= vldn ) 'l = [ ookl

The proof is finished.

Lemma 22 Consider a smooth initial condition ug € WH(R). Assume the
CFL condition is true. Let T > 0 be some given time. Then for all time
t, = nAt < T, one has the error estimate

4
e loo < %H@xuollmm.

Let us define the regularization of the initial data

wele) =1 [ o (72wl

The numerical solution issued from this regularized initial data is u

n+1 n

u —Uu . n
< At < = AAquga
2 .

ul ;= up e (JAZ).

One has the triangular inequality
le"[loo = llv" = u"[loc < U™ = 0L loo + ([0 = ullloc + [JuZ — [l (2:19)

Here v = (uc(nAt, jAz)); 5. Our task is to bound each of the right hand side
terms.

The stability of the scheme shows that ||u? — u™||oc < || —u%| s < ||uo.e —
uo|leo- By commutation of regularization and advection, one has that [[v™ —
V2|oo < |Juo,e —uo||oo- Using (2.17) one gets ||ug,. —uolloo < € [ 0(2)]2|dz |t |00
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Using (2.15) for the regularized solution for which the second derivative may be
bounded using (2.17), one gets

o2 — u2lloe = e2lloe < LEENEE (0T na)

Plugging these inequalities in (2.19) we find that

el < <2€/ (2)|2]dz + f'“” TAx) AT

The optimal value of € is the one that gives the smallest result, namely ¢ =

aTAz [ |p |dz
(W) Flnally

2
el <2 (2078 [ 1/l [ lekdz) il
Take for simplicity ¢ with compact support
p(z) =1—|z] for |z| <1, and ¢(z) =0 for |z| > 1.

Then [ |¢'(2)|dz x [¢(z)|z|dz = %. The rest of the proof is evident.

2.2.2 Consistency of FV

Let us analyze the consistency of the general Finite Volume scheme for advection
(2.2) or (2.3) for general meshes. It is sufficient to consider a cell interior to the
domain of computation. The truncation error of the scheme is by definition

n+l

U n
n
ry = - 4+ — g m]kv - — g mjkfuk
J k+
v;L'H
S/ M Z g (0 — 7).
S5
where v}, v;-”l and the vp's are a priori some point-wise representation of the

exact solution

v = u(nAt, x;).

The point x; can be chosen to be equal to the center of mass G, but it is much
better to relax this restriction. Let us assume that ug is in W2°°. Then one
has the Taylor expansions

VI =0 + Qu(nAt,x;) At + O(A) =

J

vi —a- Vu(nAt,x;)At + O(At?)

and
v = v + Vu(nAt,x;) - (xx — x;5) + O(h?)

where the characteristics length of the mesh is such that

sup |x; — x| < Ch with C independent of h.
kel(4)
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Here k € I(j) = IT(j) NI~ (j) describes the set of all neighbors of cell ;. So

J

1
rj = —aVu(nAt,x;)At—— > likanp Vu(nAt,x;)-(xx — x;)+O(At)+0(h),
-

that is
i = (Mf,a) - Vu(nAt, x;) + O(At) + O(h). (2.20)

where the matrix is M, = —I + é > k- Ljpnjr ® (X — x;). So in order for r}

to be small like O(At) + O(h)) then we need the vector M%;a to be equal to
Z€ro.

Definition 10 Strong consistency We say that the F'V scheme is strongly
consistent iff there exists points (x;) which solve the equation M,y = 0, that is

> liknge ® (x — x;) = 551, V5. (2.21)
—
If moreover x; € STJ then we say that it is a local solution.

Notice that the sum is taken over all k~, which still shows a dependency with
respect to a. This definition of strong consistency will be weakened later one.

2.2.3 Strong consistency in 1D

Let us consider the advection equation d;u + ad,u = 0 in dimension d = 1. Let
us assume that a > 0. The numbering of the cells is logical, from the left to the
right. So by construction I~ (j) = {j — 1}. So the consistency equation (2.21)
simplifies into

Tj—Tj—1 = ij.

If a < 0 the consistency equation (2.21) writes
Tj41 — X5 = A,Tj.

Lemma 23 In dimension d = 1, there exists one and only one local solution of
(2.21). The solution is

{ ifa>0 thenxj:mﬂé V7,

ifa<0 thenx; = T o1 V3.

As a consequence the FV scheme for transport is strongly consistent in di-
mension one and is therefore convergent with optimal rates. Set

h = sup Az joo.
J

The projection of the exact solution on the mesh is

n_ 1 /w”% (nAt, z)d (2.22)
ol = u(nAt, x)dx. .
J Al‘j T

N

i—
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Lemma 24 Consider the FV scheme (1.11) for advection in dimension d =1,
with the projection wise initial condition u® = v°. Assume the initial condition
is smooth ug € W2, Assume the CFL condition holds. Then

Ju" = 0"l < @luplloo +aTluflloc) b nAL<T.  (223)

If the initial condition is less reqular ug € W, then one has

4
[u™ — v™]|oo < 2||uglloch + ﬁﬂug”Oo x VaTh, nAt < T. (2.24)
The proof is fundamentaly the same than the one of lemma 20. But we need to
evaluate the interpolation error between the projection v™ of the exact solution
and w™ which is the pointwise value of the exact solution. This is the reason of
the extra term 2|lug|loch in (2.23). Note that this term does not depend upton
the time variable T
Assuming a > 0 the pointwise value of the exact solution is defined by
wi = u(nAt,z;,1). (2.25)
We also define z™ which is the numerical solution issued from the pointwise
initial condition. One has the triangular inequality

[0 = 0™[loo < [Ju" = 2"[|oo + [|2" — 0" [l + [0" = 0" [|oo- (2.26)

Since the scheme is stable [[u" — 2"[|oc < [[u™ — 2000 = [[v° — W°]|0o. Tt is
evident using a Taylor expansion that the projection-wise and the pointwise
initial condition are O(h), that is [|[v° — w°||s < hl|up|leo- Similarly a Taylor
expansion shows that ||[v" — w"||ec < hl|t/ (AL, ) |leo = hljuf]co-

Finally the last term |2 — w"||» is bounded using the consistency of the
scheme that we have established for the pointwise definition v™. Let us recall
the main ingredient of the proof. Define the truncation error

1)77+1 — " o — w_l
n __ _J J J J
Ty = +a .
At AZL']‘

Then standard Taylor expansions based on (2.25) show that
I lloo < all[ugloo-

This inequality is the generalization of (2.14). So [|z2" — W™ |00 < ||ug]|co(aTh).
Plugging in (2.26) it ends the proof of (2.23).

If the initial considition is less regular, namely vy € W1, it does not affect
the interpolation error which is still bounded by 2||u{||coh. The term ||2" —w" ||
is bounded using the regularization technique (2.16) used in the proof of lemma
21. The proof is completed.

2.2.4 Strong consistency in 2D

Surprisingly the situation is much more complicated in dimension greater than
because strong consistency does not hold in the general case. We begin with an
example which shows that strong consistency is true for cartesian grids.
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Example 4 Consider a cartesian mesh in dimension d = 2. Assume that x; =
G, for all cell j. Then the consistency requirement (2.21) is true for all a.

It comes from s; = Az?, lj;, = Az and x; — x; = Az nj. In the sum (2.21)
only two edges contribute. The proof is ended.

However it is not possible to find, in the general case, some points (x;) such
that (2.21) is true. Indeed let us consider that x; € R? is the unknown in (2.21).
The system (2.21) is a linear system of d? scalar equations. So the number of
independent unknowns per cell is d, while the number of equations d2. This is
incompatible.

Example 5 Consider the triangular cells of figure 2.4. There is no solution for
the strong consistency requirement (2.21).

Consider the figure 2.4. Only the cell k is in I~ (j). Therefore the sum in
(2.21) reduces to a single contribution /;;n;x ® (x — x;). This matrix is of rank
one whatever are x; and xj. Therefore it cannot be equal to I.

Cell j

Cell k

Figure 2.4: Exemple

It means that the strong form of the consistency equation (2.21)
has no solution in the general case, that is for general meshes in
dimension greater than one.

In order to make progress in the study of consistency, one can study the
weaker equation M; & =0, which writes also

ljk a- nNjg ) S5
x; =5 (k2 Wk Ny W, (2.27)
’ kz,: <ZT ljra-mjr 2Lk a-mgy,

Indeed if (2.27) is true, then the truncation error (2.20) is O(At) + O(h). To
solve (2.27) a possibility is to consider the xjs are given, so it determines the
point x; as an average value of the x;s plus a geometric correction. In some
sense this equation propagates the definition of x; from cell to cell. It is quite
difficult to study the solutions of this equation in the general case. Even the
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fact that the solution is local x; € €2; is not evident. However we refer to [4]
for some results concerning the consistency analysis based (2.27). The example
6, inspired from [4], shows that the solution of (2.27) may diverge: the distance
between x; and the cell may go to infinity.

Figure 2.5: The equation (2.27) 