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We propose a model for the study of ablation fronts encountered in inertial confinement fusion
flows. Following the ideas of physicists specially Sanz’s ones, we try to justify the modeling of
this problem by a Hele—Shaw equation posed in the complement of a bounded domain the
boundary of which is evolving with time. This equation is coupled with an advection equation for
the vorticity of the fluid. We propose a numerical strategy based on the fat boundary method to
discretize the system and we present some numerical results which show that the numerical
method is feasible to simulate ablative Raleigh—Taylor instabilities in the context of these
plasma flows.
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1. Introduction

In the framework of inertial confinement fusion (ICF) experiments, one problem
concerns the implosion of a capsule containing the deuterium tritium fuel, see Fig. 1.
A spherical shell which is initially cold is heated by a very intense thermal flux and
therefore a plasma is accelerated toward the center of the target.'” As a matter of
fact, there is a first shock and a reflective shock which travel through the capsule,
thus all the matter is driven with a macroscopic radial velocity u,,,..,. For modeling
this complex flow, it is natural to perform a change of the reference frame corre-
sponding to this macroscopic velocity. Since the velocity u,,,., depends on time, an
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Fig. 1. Inertial confinement fusion convergent geometry. A heat flux comes from the external boundary
T'., so that an ablation front I'; propagates toward the center of the shell. The front I'; may be considered as
a moving frontier. Notice the equivalence with Cartesian geometry.

acceleration force denoted in what follows by g is exerted on the shell. Moreover the
shell is highly heated and it is crucial to account for thermal conduction. Lastly, the
material velocity (in the moving reference frame) is small if compared to the speed of
sound, then the flow is a quasi-isobar one and we can model it by performing a
classical low Mach number approximation; that is, if T"and p denote the temperature
and the density, we may assume that the pressure p7T is approximatively constant.
After performing a good scaling, one may address the following quasi-isobar Euler
system with pT = 1:

atp+ V- (pU) =0,
p(0; +u-V)ju+ VP = pg, (1.1)
V-(u—nT"VT)=0.

Here P is the variation of pressure, u the velocity and the thermal conduction flux is
denoted by —nT"V T with n such that % <n< % (depending on the physical con-
ditions). We refer to the Appendix for a justification of this model. In the case n = 0
this system is a classical incompressible Euler model with variable density.?’ In the
case n > 0 which is our concern, it may be called a quasi-incompressible model.
From a physical point of view the shell is highly heated. Therefore a surface is
dynamically created where the temperature gradient is very sharp; by the way there
is also a very sharp gradient (in the opposite direction) of the density near
this surface. This phenomenon is called an ablation front. We refer to Ref. 19 for a
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comprehensive physical presentation of the topic: a schematic ablation front is
described in the zoom in Fig. 1 and also in the Appendix. Actually the numerical
treatment of ablation fronts is the source of some major difficulties. Due to the
acceleration which is equivalent to a gravity term, the instability of the surface is of
Rayleigh—Taylor type: it has been observed that the growth of the so-called ablation
Rayleigh— Taylor instability depends strongly on the thermal conduction phenom-
% (see also Refs. 21 and 27 for theoretical and numerical studies related to the
linear regime). From a theoretical point of view, the previous model (1.1) should be

enon

able to describe this complex flow where both small- and large-scale structures
develop. But up to our knowledge, it has never been performed with multi-dimensional
compressible numerical simulations.

The aims of this paper are firstly to derive a simplified model of Hele—Shaw type (1.4)
from the previous one using ideas of Ref. 27 (cf. also Refs. 2, 25 and 26), and secondly
to show the feasibility of a numerical simulation of the ablation Rayleigh— Taylor
instabilities based on this simpler model. Denoting §# = T, the last equation of (1.1)
leads to

u=0""Vo+u,,, (1.2)

where u,,, is the vorticity part of the velocity. If one neglects this vorticity part, then
the first equation in (1.1) leads to an nonlinear diffusion equation

%(#) +A0=0, z€Q. (1.3)
The boundary conditions are very important to get the correct physical context. For
Eq. (1.3) they are as follows: the simulation domain € is bounded by an inner
boundary I', and an external one I, described in Fig. 1; a nonhomogeneous Neumann
boundary condition is imposed on I',. On the inner part I', one assumes that the
temperature is lower than on the external region and one sets 6§ = 6.. The ablative
Hele—Shaw model is a further simplification of (1.3). It is based on the following
consideration where one compares 6. to a characteristic value 6, at the external part
of the simulation domain. If the temperature 6. is very small compared to 6, and
if the initial data 6™ is equal to 6, in a part of 2 adjacent to I'., then the solution 6(t)
of (1.3) may be approximated by the solution ©(t) of the following Hele—Shaw
problem (1.4):

{A@:O, z € Qt) CQ,

1.4
© =0, z € on the internal moving boundary T'¢(%). (14)

Here I'¢(¢) is a free boundary which moves with the time: its velocity depends on the
normal derivative of © (cf. Eq. (2.9)). Notice that our problem is posed in an external
domain (between I'; and I',) even though the classical Hele—Shaw equation'? is posed
in an inner one. For the ablative Hele—Shaw model (1.4), the front is the curve T'¢(t).
Our numerical simulations show that this approximation allows to perform numerical
solution without accounting the details of the compressible fluid dynamics. This is a



1574 H. Egly, B. Després € R. Sentis

major improvement in terms of simplicity of the numerical treatment. The price to
pay is to use a specific numerical method on domain with moving boundaries. Here,
we use the fat boundary method (FBM)*'*!>* with a modification suggested by
Maury??; it is well adapted to our problem where the deformation of the boundary is
important and has to be accurately described (see Sec. 4.1.1).

The outline of this paper is as follows. In Sec. 2 starting from the previous quasi-
isobar Euler system, we show how the thermo-diffusive part of this model may be
approximated by a Hele—Shaw model.!® Moreover we prove in a one-dimensional
framework that this approximation is justified from a mathematical point of view;
this fact is related to the modeling made by Kull and Anisimov.'” In Sec. 3 we
introduce afresh the vorticity part of the velocity and we make its coupling with the
Hele—Shaw equation; so we obtain the full ablative Hele—Shaw system. Then we
describe a numerical method issued from the FBM?® and further developed in Refs. 4,
14 and 15 to deal with the Hele—Shaw equation. Moreover, we show the feasibility on
some basic test problems. We also present numerical simulations for more complex
implosion test problems with feedback of the vorticity part of the velocity.

2. From the Quasi-Isobar Model to the Hele-Shaw Model

According to (1.1), the velocity u is the sum of a thermal velocity and a vortex
velocity which is divergence-free, that is u = W + Uvore With

Wiperm = nT"VT and V- ug, =0. (2.1)

In what follows of this section one neglects the vorticity velocity u,,. Then, the
density equation (1.1) may be recast as

at%+v- (%nT"VT) =0,
that is Eq. (1.3).

Let us now denote 6, a characteristic value of the temperature (to nth power) in
the external part of the simulation domain. Lastly, notice that the ablation
phenomena is very sensitive to small perturbations, that is, the ablation front
propagation is unstable in nature. This is why we need to carefully describe the initial
conditions. At ¢ = 0, in the cold region, one assumes that p ~ p. is almost constant
and the temperature also 6 ~ .. Moreover, the cold temperature is much smaller
than the reference temperature, that is

0.
Ql‘ef

=e<x 1. (2.2)

Convenient boundary conditions must be imposed on both parts I', and I', of the
simulation domain; the normal external thermal flux is a data b° which depends
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slowly on time. Denoting

v=—_¢ [?’5} (2.3)

we have to address the equation
at(e_y) + A@ — 0,
6= 6., rel., (2.4)
0,0 = b°, rzell.

As usual, 0, denotes the normal derivative. For the sake of simplicity, we assume in
what follows that b° is constant with respect to the time.

2.1. The Hele—Shaw model
We now assume that (2.2) holds. Define
g(Y)==-Y"" for Y >0. (2.5)

Now it may be seen that a convenient time scaling is useful. So we perform in (2.4)
the change of variables

t'=te"0Ls", 0.(t', ) =

Thus, after dropping the prime in the time variable, (2.4) reads as

5V8tg(06) — Af. =0,
0. =¢, rely, (2.6)
0,0. = b, zell,

where b= 0°/0,. Assume that the initial data 6.(0) is greater than e. Then,
according to the classical theory of monotone operators (cf. Refs. 3, 6 and 8), we know
that the problem is well posed and that the solution is also greater than . Thus the
nonbounded function g(-) may be replaced by a bounded one. For example, we may
replace for convenience (2.5) by

g9(Y) =max(0,e " - Y™") for Y >0. (2.7)

The crucial conjecture that we will prove in dimension one is that when ¢ tends to
zero, this problem may be approximated by a simpler one.

Conjecture. For convenient initial data 6,(0,-) (in dimension one, we precise in
(2.19) what is a convenient initial data), the solution 6, () of (2.6) is approximated by
O(t) in D(t) and by 0 in the complementary of D(t). The function O is solution of the
Hele—Shaw equation

A® =0, z€D(3),

0=0, zeT1), (2.8)
0,0=0b, zel,.
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The domain D(t) is bounded on the one hand by the fixed external frontier I', and
on the other hand by the moving frontier I';(¢) whose displacement is described by

2'() = —VO(x(t)), z(t) € Iy(f). (2.9)

This is similar to say that the velocity of a point z of the boundary is parallel to the
outward normal n and its value is equal to —n - VO(z).

This conjecture is closely related to the result proven by Gil and Quiros” which is
of the same type. Denoting G.(Y) = Y for all Y > 0, they consider the problem

8tGE(uE) —Au. =0

on a domain 2 and they prove that when e tends to 0 the solution u.(t) may be
approximated by ©(t) which is a solution of a Hele—Shaw problem of the type of
Eq. (2.8). In this framework the graph of G. converges to the graph of the Heaviside
function H. In our case also one sees that when ¢ tends to 0,

e’g(Y) =max(0,1 —e"Y ") — H(Y) forall Y >0.

Of course the position of the free boundary I'; at the initial time is related to the
initial data of problem. Before proving the conjecture in dimension one, we have to
study the Kull functions which are particular solutions of (2.6) on the whole real line.

2.2. Kull’s functions

Let us first define an universal function K related to this problem in the one-
dimensional framework (cf. Ref. 17). It is the unique solution of the ordinary differ-
ential equation

1 2 1/v
K'(X)=1-K"(X), XEeR, with K(0) = ( i ”) .

2.10
1+v ( )

It is trivial that K(X) > 1 everywhere, that K(—oc) = 1 and that K is a convex
function since we have

K" =vK VK = (K- — g-@riby > g,

Since its third derivative is K" = v(—(v+ 1)K~ 2 + (2v + 1)K ~®+2)K’ the
normalization at X = 0 has been chosen such that K” reaches its maximum at
X =0.

Lemma 1. There exist two constants C; and p < 1 (depending on the value of v)
such that

KX)<X+C, X>0, (2.11)
K(X) > uX, (2.12)
K(X)=X(1+oX)) for X — 4oc. (2.13)
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Moreover, for all L, we get

cK <Q) —max(0,y) — 0, wuniformly for y < L. (2.14)
€

Proof. According to the definition (2.10) we get the first bound; the bound (2.12)
comes from the fact that K'(X) — u > 0, for X large enough. Relation (2.13) comes
from

1
(nX)v"

Ox[X — K(X)] <

Definition of Kull’s functions. By this universal function, the Kull’s functions are
defined by

k

E7/U7‘,1"0

— t
(2 1) = d((,,,w),
19

where the parameters are the scaling parameter € > 0, a positive velocity v and a shift
parameter z; € R.

The interest of this family of functions relies on the fact that they are one-
dimensional traveling waves solutions to (2.6), indeed we have

€' 0ke 4y = v’e’K'(X), Opoke 0y = v’e TK"(X),

where X = v(z — xy 4 vt)/e. Therefore, the function 8 defined by

e(tv .CL') = ks,v,zg(tv CL‘)
satisfies

vK'
Klvv

—e9,(07") — 9,0 = v2e ! [

K”} =2 1-K¥-K] =0

Moreover, we get the limits

lim 0(t,z)=¢, lim 9,0(t z) = .

IT——00 T—+00

2.3. The conjgecture in dimension one

Our aim is now to prove the conjecture in the restricted one-dimensional framework
where

Q =]—o0, L],
where L > 0 is a fixed boundary, thus problem (2.6) reads as

0 0?
eV 9(0) = 6. =0, (2.15)

0,0.l,—; =0 and lim 6.(z)=-¢. (2.16)

r——00
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If b > 0, then this problem is well posed in the following functional space (see below
the maximum principle):

L = {u=u(t,z), such that I\ > 0 with u > X\, and u— X € C°(0, T; W*}(Q))}.

Let us make a preliminary remark.

Remark. Notice that if the initial data 6.(0) is equal to e K (b(z — 23)/¢), then the
Kull’s function 0, = k. ; , solves Eq. (2.15) and we get

L —ay+ bt
— )

b,79

0.(t,—00) =e¢, 8£AnD:bK(b
Th}ls 58 does not satisfy the right boundary condition in z = L, but if ¢ — 0, we have
0,0.(L) — b. We now define the function © by
© = max(0, b(z — 5 + bt)). (2.17)

Then, for all ¢, we get according to (2.14)

”ée(tv ) - @(t7 ')HLOC(O,Jroo) — 0. (218)
One checks that © satisfies
0,0 =0, x(t) <z <L,

8,0(L, 1) = b,

where the front is at z;(t) = zy — bt, therefore we have 0,(z;(t)) = —b, which is
equivalent to (2.9).

The previous remark leads to assume that the initial data 6,,; of the system
(2.15)—(2.16) has to be close to a Kull’s function, more precisely it must satisfy

eK(bx —h by) < ,(z) < eK(bx - x‘)). (2.19)

3 9

for two constants y; < L and y > 0. We now state the result corresponding to the
conjecture in dimension one.

Theorem 2. Assume that (2.19) holds. Let 0. be the solution of system (2.15)—(2.16)
with initial data equal to 6y;; then, if € tends to 0, one has, for all t,

10-(2) = ©(®)l[ () — 0 (2.20)

Before the proof of this result, let us give two technical lemmas and define the
following distances: for all functions u, v belonging to L, set

d(u,v) = / |lg(u) — g(v)|dz possibly infinite,
Q

dt(u,v) = / max(0, g(u) — g(v))dz possibly infinite.
0
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Lemma 3. Let u and v be two functions of L satisfying (2.15). Define uy = uy_y and
Uy = V- Assume that 0,u(L,t) < 0,v(L,t) for all time t > 0. Then

d (u(t), v(t)) < d*(ug, vp). (2.21)

Assume that 0, u(L,t) = 0,v(L,t) for all time t > 0 and that d(ugy,vy) is finite.
Then

d(u(t), v(t)) < d(ug, vp)- (2.22)

Proof. The proof is standard in the context of nonlinear parabolic equation, except
for the boundary conditions. Here, ¢ is of course a fixed parameter. Let us consider
H, € C° a regularization of the Heaviside function H

( Ui
0 < -2
) x— 27
z n n
Hn($):<;’ —§§$§§;
Ui
— > 1.
k1, 2_:0

6”/9 H,(u—v)0;(g(u) — g(v))dz = /QHn(u — 0)0p(u — v)dx

_/QH;,(U —0)|V(u— v)|2ds
+ H,(u(L) — v(L))0,(u(L) — v(L)) < 0.
Therefore
[ o1t (u= gt = g(w))de < [ (90 = g(u)0r(Hy(u— 1)) ds
Q
and integrating over the time interval [0, | we get

/(Hn(u—v)(g( ) — t)dz < /H uy — ) (9(p) — g(vp)) da
+ [ [ (0w = gtoD iy )0y~ vy

Since v, (u —v) = —e V(w1 u — v, v), it is bounded in L'. Moreover
(9(u) — g(v))Hy(u— v) is bounded in L* uniformly with respect to 7; indeed g
being Lipschitz continuous, the function (g(u) — g(v))/(u — v) is bounded. Therefore,
since zH,(z) — 0 for almost all z as  — 0, the dominated convergence theorem
states that

/Ot/Q [(g(w) — g(v))H,(u — v)]0y(u — v)dzdt — 0 for n — 0.



1580 H. Egly, B. Després € R. Sentis

Finally

([ (B (= (o)~ o)) () ) = @ ()

n

is a decreasing function. It proves (2.21).

Assume now that d(u, vy) is finite, that is lim,__u(z) = lim,__ v(z) and that
O,u(L,t) = 0,v(L,t). Then d*(u,v) <d"(u,v) and d*(v,u) < d*(v,u) which
proves (2.22). a

Lemma 4. Let u,v € L satisfying Eq. (2.15). Assume that 0,u(L,t) < d,v(L,t) for
all time t > 0 and that u(0,-) < v(0,-). Then we get

u(t,-) < wv(t,-) for all 0 < t. (2.23)
Proof. Notice that d* (g, vy) = 0. So the result comes from the previous lemma. O

Proof of Theorem 2. We may assume for the sake of simplicity that z; = 0.
Consider the first Kull’s function

kl(tv .’17) = k&,b,£y<t7 '7:)7
thus k; satisfies 0,k; (¢, L) < b for all ¢t. Moreover define k, by
kQ(ta '7:) = E,vg,O(tv 33)

such that 0,k (t, L) = b. That is v, satisfies

L LN\ ™
b:ng’(v&.—):vg—UE(K<v6—>) :
5 £

(It has a unique solution since X — XK’(X) is an increasing function). According to
(2.12), we have v, < m, which solves

_ 1-v o I Y
b=m.—nm; ", wheren= ze .

One may easily check that for € small enough the solution m, of this equation satisfies
m. < b+ 2nb'~7, thus we see that

b<w <b+2b (ﬁ> ev. (2.24)

One has 0;,; < eK(b2) < ky(0,-). Thus, since
k1(0,-) < 6:(0,-) < k2(0,-),
we may apply the maximum principle of Lemma 4:
ki(t,-) <0.(t,:) < ky(t,-), forall > 0. (2.25)
Therefore

10: = Oz~ <O = kill<(0) + [k — Kol L~ ()-
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Since K’ < 1, one checks that there exists a constant C' (depending only on L) such
that for all a real and y < L, one has

6‘K(a+wy) _K(LW@)' < Cmax(g, |[w — W), Vw, W>0.

9 9

According to (2.24), for € small enough, we have v, < V for a fixed V; then we see
that
K(bx+ bt) B K(bx+ v€t>‘
€ €

t t
K(bx+ﬂ6 ) —K(vElq_f—vE )‘+5vy
€ €

< 2¢(L+ Vt)max(e, |b— v.|) +evy = O(e").

ki — o) <
k1 — kol 1) < max &

+ maxe
<L

Moreover, as for (2.18), one sees that, for all ¢,

[ki (2, ) = O, )l L) < ofe). (2.26)

3. The Vorticity Equation and Further Simplifications

This section deals with the vorticity part of the model (1.1). Inserting the
decomposition (1.2) in the density equation d;p + u- Vp + pV - u = 0, we obtain the
equation 0,077 4+ u,. - VO” + AO = 0. The complete system writes

0077 4+, - VOV + A0 =0,
Ju+u-Vu+60"VP =g,
u=0"Vo+u,,,

V- u,, = 0.

(3.1)

The sources of this system are the acceleration g and the thermal flux at the external
boundary. The system has four independent unknowns 6, u, P and u,.;. The
pressure P may be understood as the Lagrange multiplier associated to the free
divergence constraint V - u,,,; = 0.

The principle of the method is to solve an advection equation for the quantity curl
u and couple it with the equation for the displacement of the front which has been
addressed in the previous section.

3.1. Accounting for the vorticity part of the velocity

According to the physics of shell implosion, the vorticity is created around the
ablation front and then convected outward by the ablated material. We propose here
an asymptotic model where the source terms of vorticity are located on the ablation
front I';.
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Depending on the physical dimensions of the problem, it is possible to simplify
further the velocity equation. From now on, our concern is on two-dimensional
problems. Since we are in R?, we introduce the scalar vorticity

w=VAu=0,u —d,u.

Moreover, we can state the following evolution equation

1 g

That is an evolution equation for the vorticity

w

8tv + V. (uthermV) = Sl + SQ + S3, V= ?, (32)

with

_onf

Si=VAE,

1 1 1 1
and
1 |ul? 1 ul|?
Sy = —V - (W V) — VA Gv%) = =V (V) = V- v%.

The effect of the acceleration g is only in S). It is possible to simplify further
the model using S, ~ S3 ~ 0 in order to study the influence of the acceleration
only. The natural boundary condition for the advection Eq. (3.2) is on I', where the
ablation material velocity W, is entering the domain. We have the Dirichlet
condition V| = 0.

There exist also simplified forms for S;. We detail just one of them that comes
from Ref. 7. The physical idea is that the support of the vorticity source terms is
located around the ablation front. In this case one can perform a boundary layer
analysis to estimate the source. Let us consider local coordinates (g, z), where ¢
represents the distance to the front I'; and z the curvilinear coordinates along I'y. The
classical Kull function 0.(q,2,t) = eK(V(z,1) 1) is a boundary layer solution of the
form 0. = €0(Z, 2, t), solution of £70,9(0.) — Af. = 0. The approximate source term

~

is then given by the distribution limit S; ~ 6, ylim,._ ji_ S1(6.)x dg that is at

the limit

00,+00[

S = (8- nL|rf)5rf(t)- (3.3)

Our final simulations will use this particular form of the source term. Using the same
kind of analysis, it is possible to propose also an approximation of the other source
terms. It has been showed in Ref. 7 that

Sy + S5 = —(vlog(aV) + a” V), V26r, (3.4)
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is a relevant approximation localized on the front I';(¢). Here V =0,0 > 0 and
v = 1/n. The variable z denotes the curvilinear abscissa along the front I';(¢) and
a > 0 is a constant with little influence since v is small. In the limit where v can be
considered as very small, then

SQ + 53 ~ —82 V26Ff(t) (35)

is relevant. We notice that frf( ) (Sy + S3)dz = 0 if the front I'¢(¢) is a closed curve.

3.2. The ablative Hele— Shaw model
Once V is computed with Eq. (3.8), then the turbulent part of the velocity flow is
easily computed using the representation

uvortZV/\Qoa SDGR

The potential ¢ satisfies the equation Ay = TV with Dirichlet boundary condition.
The impact of the velocity u,,; on the evolution of the ablation front is given by the
complete thermal evolution equation

5yatg('9) + Wyort VQ(G) - Age =0.

The front I'; being considered as a thermal level set of 6, we assume the complete
evolution of the front is given by

(t) = =VO + uyyy, () € I'i(1).

Assuming this whole scenario is correct, the full ablative Hele—Shaw model reads as

follows:
-A® =0, z€ Dot »
0,0 =v, zel|, (3.6)
0= 0, T < Ff,
!I?(t) =—-VO + Wyort s I(t) < Ff(t)7 (37)
where u,,; = V A ¢ is defined by Ay = TV and
atv + V . (uthermv) = Sl? T e Q (38)

4. Numerical Approximation

To our knowledge the discretization of the Hele—Shaw equation was addressed for
the first time in Ref. 13. In what follows we describe a new numerical method for the
calculation of approximate solutions to the Hele—Shaw problem with feedback of
the vorticity. The main numerical problem encountered at the numerical level is the
discretization of the Hele—Shaw problem (4.1)—(4.2) without the vorticity

_A@ - 0, WS QhOt?
0,0=v, zel (4.1)
0= 0, T < Ff,
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where the moving boundary is t — T'¢(¢),
z(t) = =VO, z(t) € T'y(1), (4.2)

because the boundary I'; is a moving one. So we need to use a method for the coupling
of the Poisson equation (4.1) with the boundary condition on I';. Moreover we need a
correct level of accuracy: if not the displacement of the boundary might be of poor
accuracy. Up to our knowledge, one of the most efficient method for this task is the
FBM which has been proposed in dimension two by Maury* (see also Refs. 4, 14 and
15) [an alternative is the fictitious domain technique for which we refer the reader to
Ref. 10]. The originality in our paper is the adaptation of this method to the con-
vergent Hele—Shaw equation and the coupling with the vorticity equation. In a first
part we describe the adaptation of this method to our Hele—Shaw problem and some
numerical results to validate the approach. In a second part we describe the coupling
with the vorticity equation using a finite volume technique.

4.1. D:iscretization of the Hele— Shaw equation with
the fat boundary method

The moving boundary (4.2) at time ¢, = kAt is discretized with markers xg € R2.
The chain of markers

(x(f) 1. with periodic condition

is the discrete approximation of the moving boundary. In all our numerical investi-
gations, this chain is a closed loop. At #, = 0 the (1:2) are given. We now address the

F will be

harmonic equation (4.1) at time step ;. The displacement of points z,

described just afterward.
So Eq. (4.1) is discretized with the very classical finite difference method on a

Cartesian grid (equivalent to a Q' finite element method with mass lumping,”?* also
equal to a P! finite element method on a specific triangular grid)
01+ 091+ 0411+ 0,1 — 40, _ 0. (4.3)

Ax?
The difficulty is that the degrees of freedom of the boundary, that is the markers
are not on the nodes z; ; = (iAz, jAz) of the Cartesian mesh.
The numerical coupling of these two different discretization will be insured with
the FBM. Essentially the FBM allows to compute the normal derivative 0,0 with an
accuracy which is sufficient to move the markers at the end of the time step. In

k

Ty,

principle any discrete method can be used, provided enough accuracy is reached for
the displacement of the internal boundary. Our experience is that very good results
are obtained with this method.

4.1.1. Principle of the FBM

We describe the principle of the method adapted to the problem with a Neumann
condition. For the simplicity of the presentation we go back to the partial differential
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Fig. 2.  Geometry of the problem described in Eq. (4.4).

formulation of the problem. Let us consider that I'; is given. In the FBM the unknown
O of (4.1) is extended by continuity to zero in the interior domain delimited by T.
That is one first rewrites (4.1) as

—A© = (0,0)ér,, €,
9,0 = v, z el (4.4)
0 =0, zely,

where O, is the Dirac measure on the curve T'y. The Dirichlet boundary on I',
guarantees the well posedness of the problem. The geometry of the problem is
described in Fig. 2.

We replace the normal derivative by a fat boundary approximation'® 9,0 ~ ®(0)
where the operator ® is defined by

O + en(x)
R(z)In(1+¢/R(x))’

®(0)(x) = zely, (4.5)
where R(z) is the local curvature of I'y, n(z) is the normal and ¢ is the size of the fat
boundary. For small € this quantity is a good estimation of the normal derivative.
This method is related to the introduction of a crust domain around the boundary I'¢;
it is well adapted to our problem. Notice that this formula using a well chosen value of
e as proposed by Maury®* (see below) has the benefit to be simple and accurate.
Indeed, the approximation (4.5) is actually an identity for the solution ¢ of a Laplace
equation with radial symmetry

1
awgp+;(‘)r¢:0<:>raTgpzkeR@gazk(logr—logR), r> R,

where the parameters are £ and R > 0, the constant curvature of the boundary on
which the homogeneous Dirichlet condition is imposed. For such a solution one
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checks that
P(p(R)) = 0up(R)

is the exact Dirichlet to Neumann operator. In the case of a boundary with a non-

constant curvature, the procedure (4.5) incorporates an additional numerical error in
the algorithm but is a way to simplify the initial FBM.?* All our numerical tests show

that the method is accurate. So we obtain the system

—A® = Vér, z€Q,

0,0 = v, rzell,
(4.6)
0 =0, rel,,
V= @(@)7 WS Ff.
This system is solved by the iteration procedure p — oo
—AOP2 = Vrils x € ),
0,072 =y, rel,,
(4.7)
ortz =, rzel,,

Vrtl = g VP 4+ (1 — k)®(OP), zeTy.

At each iteration of this procedure, one has to assemble the right-hand side Vk+161"1_:

this is done with standard numerical integration techniques. The algorithm is con-

trolled by two parameters x and €.

e The parameter € measures the quality of the approximation of the Neumann data.

So small € are required for accuracy, but not too small so that the evaluation of the
Neumann data is accurate on a grid with characteristic length Az. This alternative
is visible in Ref. 15 where two different prescriptions of ¢ are proposed: one is
e ~ Ax? and is not possible in our case; the other one is € proportional to a typical
length of the problem. In our calculations ¢ is in the order of the cell size and we
take € =~ 3Ax. We observed that it is sufficient to get an accurate numerical
approximation on a Cartesian grid, at least the accuracy is sufficient for our
purposes. We refer to Fig. 3 for a detailed explanation of the numerical con-
struction of the operator (4.5): this is easily done because an accurate definition of
the radius of curvature of the normal is possible without difficulty from the
knowledge of the markers which define I’;.

The parameter 0 < x < 1 is a regularization parameter. For the initial FBM,?? it
has been demonstrated that an optimal value exists to guarantee the convergence
of the algorithm. The algorithm we use in this paper is slightly different but the
spirit of the method is the same. In practice, we observed that the rate of con-
vergence depends of course on the value of parameter x and has to be tuned
(according to the value chosen for €). For our computations we find a good com-
promise between robustness and accuracy and we take k ~ 0.1.



An Ablative Hele—Shaw Model for ICF Flows 1587

q+1

Fig. 3. Discretization on the front I';. The length [, is the half sum of the lengths of both sides, that is
l,=1/2d(z,y,x,) +1/2d(z,, 2,,). The normal n, is equal to the normal of the circle C, such that

Ty, Tgs Tyt € O It guarantees a good accuracy of the calculation of the normal at the front. The squares

are the degrees of freedom of the Poisson equation ©;;.

4.1.2. Practical solution of (4.1) with the FBM

We discretize the Poisson equation in (4.7) with a finite element method, using the
variational formulation

/V@p+2 -V, dr = / Vitly, do + / vp; do.
Iy

e

Here ¢, € Xj, is a test function. The space of shape functions is defined by
Xy, = {w, € COQ);u, = 0 on Tys wy| 7, € P(T))}-

There is no difficulty to discretize the boundary integral fr vy, do. Concerning the
integral on I'y we use the approximate formula '

Q
/r Vp“(pj do = Z Vf“apj(mq)lq,
f q=1

where z, denotes markers and [, denotes the average length of the front. The discrete
value of ¢, (:cq) is naturally defined by interpolation. The estimation of length [, is
explained in Fig. 3, together with the normal vector n,. The local radius of curvature
R, is defined in a consistent fashion.

Concerning the fourth equation of (4.7), the important feature is the discretization
of the function ® at the markers position. We use the approximation'®!%23

» B Or(z, +en,)

*O%(%) = Fna +7)

where ©7(z, + en,) is obtained by Q' interpolation from the grid values ©7 .
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So the discretization of each step of the iteration procedure (4.7) is well defined.
In practice we iterate p until practical convergence is reached. With this method we
are able to solve the Poisson equation in function of the markers at all time steps {,.
It defines a map

4.1.3. Displacement of the markers with Eq. (4.2)

This is the easy part of the algorithm. We use the first-order explicit Euler
approximation

phHl _ ok

%: ®(O(z})), (4.8)

where ®(O(z})) has been defined previously.

4.1.4. The Hele—Shaw problem with radial solution

Proofs of convergence for the FBM are technical and restricted to very particular
15:23 Instead we rely on specific test cases to evaluate the accuracy of the method
and to validate our choices.

In this first test case the external Neumann condition is modified such that

cases.

r
O(r,t) = vR. log | ————
(r.) g<\/r02—2vRCt>

is an analytic solution. At a certain time a numerical solution is plotted in Fig. 4. The

evolution in time of the radius of I'y; is compared with the analytic law r =
/¢ — 2vR, tin Fig. 5. The comparison is excellent and in favor of the use of the FBM
for the numerical approximation of the Hele—Shaw equation.

Next we increase the number of points to evaluate the stability and accuracy of
the method, see Fig. 5. The data are the same. It shows a correct behavior of the
overall algorithm.

N T N
Solution numerique ~ *

T . :
Solution analytique ------
0.8 ). ‘ |
i e o e ;
A .(, -

0.6
04

0.2

Fig. 4. On the left: © = T* at a certain time step. On the right: the markers at three different times.
Computed with 65 markers on a grid 65 x 65.
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0.42 T T T T T 0.42 T T
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solution analytique ------- solution analytique -------
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03| el ] 038 v
0.36 | e 1 0.36 | T
“\‘l;‘ ‘\\n
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x 0.34 e g E0'34 + Ay
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temps temps

Fig. 5. We compare the front position. On the left: the grid is 65 x 65 points with 65 markers. On the
right: the grid is 129 x 129 points with 129 markers. We observe stability and a practical convergence.

4.1.5. Dispersion relation

Then we turn to a more complex problem which has an important physical meaning
in the context of the evaluation of stability of ablation fronts for ICF.?! The problem
consists in a quantitative evaluation of an initial sinusoidal perturbation on the
evolution of the front. For example, the smoothing effect of the Hele—Shaw equation
for convergent front is visible in Fig. 6. That is, the sinusoidal perturbation is damped
as the front moves inward.

Let the integer [ € N be the number of sinusoidal oscillations along the curve, it is
called the mode of the perturbation; see Fig. 6 for the case [ = 24. We perform a
systematic study of the damping of the perturbation. The initial radius is R = 0.95.

0.8 -

0.6 -

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Fig. 6. Evolution of the front I';. The smoothing effect of the Hele—Shaw equation for convergent front is
visible for [ = 24.
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0.001 L . :
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Fig. 7. On the left: evolution in time of the amplitude of modes, ¢ — (t), log-scaled. On the right:

dispersion relation for 18 > [ > 3. We used to spatial relations of the form h = ﬁ

Denoting ¢;(t) the amplitude of the perturbation at time ¢, we check from the
numerical experiments as it is predicted by the theory that one has q(t) =
exp(—o(l)t). A typical result is depicted in Fig. 7, where we plot the evolution in time
of the amplitude of the perturbations (log-scaled). The stabilizing or smoothing effect
is more pronounced for higher modes. This is compatible with the linear theory. We
also plot the graph of the dispersion relation, which gives o(l) as a function of
18 > [ > 3. These results are qualitatively in good accordance with the results of
Masse.?! More precisely o(l) & ¢;1? for low I. On the other hand (1) &~ ¢, for higher
modes [ > 15. Once again this is compatible with Masse’s results. The effect of the
numerical diffusion is difficult to evaluate.

4.2. Coupling with the vorticity equation

To deal numerically with the full system (3.6)—(3.8), the strategy is the following.
At each time step {t;,

(i) we solve Eq. (3.6) with given markers z%,
(ii) we solve the advection Eq. (3.8) with a finite volume technique to get V and
by a standard technique u,,; which is related to the solution ¢ of equation
Ap = w,
(iii) we move the markers with velocity Werm + Uyor (as described above).

We focus on the numerical method to solve Eq. (3.8).

4.2.1. Discretization of the vorticity equation (3.8)

It is based on a classical finite volume scheme.'! We have observed that a first-order
approximation gives poor results, as it is often the case for convection-dominated
problems. So we have to use a second-order technique for the solution of the vorticity
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P

Fig. 8. The initial data is a front I'; discretize with 100 markers and with a mode 9. We plot the vorticity
at three different times. Bottom figures correspond to the same physical time.

equation coupled with the Hele—Shaw equation. In our case it is based on the
standard second-order MUSCL procedure.'®2?

More precisely, we define the degrees of freedom on the nodes of the Cartesian mesh
already used to discretize the Hele—Shaw problem. That is, we consider the scheme

k+1 k
i Vi therm~ yx therm- y % therm- yx therm+ yx _
Ar— ot Vi — WG Vit Wi Vi — Wi Vi = Sy

(4.9)
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where u’ therm §

is the thermal velocity at the boundaries of the square centered around
the node (1,7), V¥ is the flux density and ;; is the source term of the equation.
The thermal velocity which is a gradient is naturally discretized. One has the

natural approximation

therm n ((-)?'HJ) " (GIZJ) !
ity T 41 Az '

u

Similar formulas hold on the other interfaces (i — %), (i, +3) and (4,5 — 3).
The flux density V* iy is evaluated explicitly by the standard minmod limiter
which reads, with p = 6t/ o,

thcrm

1fu > 0,

1
then V* . =VF +2(1— uutherm)mmmod(VHlj ij, Vk —yk 1)

1+ ]_ %J 2 1+ 35,

0.8 |

0.6

047

02t

0.8

0.6

0.4

0.2

0 0.5

0 0.2 0.4 0.6 0.8 1 0.5 0.6 0.7 0.8 0.9 1

Fig. 9. The ablation front at five different times (top: ¢ = 10, 80 and 140, bottom: ¢ = 140, 180 and 220).
The gravity is ¢ = 1000. At ¢ = 0 the front is discretized with 100 markers with a mode 12. The results
show first the development of an instability first in a linear regime, and then in a nonlinear regime.
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and
. therm
if Ly <0,
* k 1 thermy__: k k k k
then VH»%J — VH-LJ' —+ 5 (1 — Mu’i-ﬁ-%,j )mland(Vi’j — Vz'+1,j7 VH-l,j — Vi+2,j)'

The minmod function is given by minmod = 1 (sgn(a) + sgn(b)) min(|al,|b]).

4.2.2. Some numerical results

We first do not introduce the action of the vorticity in the markers (4.8). It means that
the vorticity is computed in a passive way and has no influence on the Hele—Shaw
problem. A typical result is plotted in Fig. 8. We see that vorticity is generated at the
front. The front is a convergent one. The vorticity is going outward with velocity uthem,

Moreover, we address the full problem with the coupling of the vorticity on the
moving boundary. The nonzero source term S; is given in formula (3.3) with an
acceleration |g| = 1000. A typical result is displayed in Fig. 9 where the vorticity part

0.8

0.6

04|

0.2

0.8

0.6

0.4

0.2

0

0 0.2 0.4 0.6 0.8 1 0.5 0.6 0.7 0.8 0.9 1

Fig. 10. The ablation front at five different times (top: ¢ = 10, 40 and 70, bottom: ¢t = 70, 90 and 105).
The gravity is g = 5000. At ¢t = 0 the front is discretized with 100 markers with a mode 12. The results
show first the development of an instability first in a linear regime, and then in a nonlinear regime. The
dynamics is slightly more pronounced than with a lower acceleration (cf. Fig. 9).
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of the velocity field is computed using S, = S3 = 0. It shows that the backward
coupling of the vorticity is such that the growth of the instability of the ablation front
is important.

In Fig. 10 we have performed a similar simulation with the same initial parameters
as for the simulation displayed in Fig. 9, but the acceleration is multiplied by a factor
5: |g| = 5000. We observe a similar behavior, but the dynamics is more pronounced,
in particular one sees the development of large bubbles earlier; this is in agreement
with the physical interpretation of this phenomenon.

Our last simulations are made with the source term S, + S; (see Eq. (3.4)). This
term is easy to discretize because the tangential derivative 0,- has a natural and evident
definition as shown in Fig. 3. Some results are displayed in Figs. 11 (|g| = 200) and 12
(|g| = 5000). We observe the same global behavior of the instability development as in

0.8

0.6 |

0.4}

0.2

0 L L L L 0 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 11. The ablation front at five different times: ¢t = 10, 90, 170, 230 and 290, the source term is
S1 + Sy + S3 with g = 200. At ¢ = 0 the front is discretized with 100 markers with a mode 12. The results
show first the development of an instability first in a linear regime, and then a strong development in a
nonlinear regime. By comparison with the previous results, an important difference is the presence of cusps
which are therefore associated with the source term Sy + S;.

0.8

0.6

0.4r1

0.2

0 L L L L 0 Il L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 12. The ablation front at five different times: ¢ = 10, 60, 110, 160 and 190. The gravity is ¢ = 0 that is
the source term is Sy + S3. At t = 0 the front is discretized with 100 markers with a mode 12. It confirms
that the cusps are due to the tangential derivative in S, + S;.



An Ablative Hele—Shaw Model for ICF Flows 1595

previous simulation with only S; but one sees that the occurring of so-called cusps
instead of bubbles.

5. Conclusion

We have proposed a simplification of the quasi-isobar compressible model in the
context of the simulation of the ablative Rayleigh—Taylor instabilities. The model is
a Hele—Shaw type equation supplemented by additional terms for the vorticity part
of the velocity field. We have explained that numerical methods are efficient for the
discretization of these equations on a Cartesian grid in a two-dimensional framework.
In our case, we used a special version'® of the FBM.*!%23

We have observed in the numerical results that the ablation front is stabilized by
the thermal conduction part of the model. But of course the vorticity part of the
velocity field may be a germ of instability. Depending on the nature of the coupling,
the instability may be smooth (mushrooms) or less smooth (cups).

These preliminary numerical results show the feasibility of a numerical method
based on the proposed Hele—Shaw model.

Appendix A. Justification of the Quasi-Isobar Model

The starting point is the compressible Euler model

dip+ V- (pu) =0,
o,pu+ V- (pu®u)+ Vp=0, (A.1)
0i(pe) + V- (pue+pu) — V- (knT"VT) =0,

written in the domain €2 described in Fig. 1, corresponding to a spherical shell. The
total energy eis given by e = € + %|u| 2 where £ is the internal energy; T denotes the
temperature and p = (y—1)p€ = pT the pressure; so &€= C,T. The two first
equations are related to the evolution of the density p and the velocity u, the third
one is the total energy balance with a nonlinear heat flux, it reads also

0i(pE) + V- (pu€) +pV-u—-V - (knT"VT) = 0.

The energy equation has to be supplemented by a boundary condition on the external
boundary I', which is a nonhomogeneous Neumann condition (related to the heating
of the spherical shell by a thermal flux) and by a Dirichlet condition on the inner
boundary I'.. On the external boundary I',, since the velocity is outward, there is no
boundary condition for the equations of the density and momentum. The boundary
conditions for these equations on the inner boundary I', are addressed below.

A.1. Change of referential
We make some remarks that are at the basis of the modeling.

Remark A.1. In the experiments we have in mind, the material is initially cold and
dense and is ablated by the thermal flux at a surface denoted by I';(#) called “ablation
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front”; this surface is moving and propagates inward. In the neighborhood of I'y, the
density varies with a sharp gradient from the cold region where p ~ p. (with p,
constant) to the hot region where p < p.; and there the temperature varies from
T ~ T, to the hot level T'>> T.. This is represented in Fig. A.2 which is a cut along
the radial direction. The subscript .. refers to the cold region.

Remark A.2. As shown in Fig. 1, it may be assumed that the geometry is locally
planar, at least for the sake of simplicity to perform the following change of
referential. One must account for the fact that a first shock have traveled through the
ablative matter and a reflective shock travels from the inner boundary I', toward the
external one. Then the ablative matter is driven with a macroscopic velocity W, ,cr0;
this velocity has a direction normal to the boundaries I'., which is oriented inward
and its modulus is a given function which is assumed to depend smoothly on the time
variable. We will now state the system in the referential, which moves with this
velocity and we define z’ by

t
T = x—/ Upacro (T) dT.
0

Now denoting by the primes (-’) the quantities evaluated in the moving referential
u'(t,z') =u(t,z) — Unaeo, P (6 2") =p(t,x), T'(t,z')= T(t ).
One gets after well-known manipulations

o' + V' (p'a') =0,
Op'u’ + V' (pu' @u’) + V'p' = p'g, (A.2)
0i(p'EY+V - (p'a'E) +p'V-u' =V (knT'""VT") =0,

where we have introduced the acceleration g = %umwo.

A.2. The quasi-isobar model

Since the material speed is assumed to be small compared to the speed of sound, we
may now perform a low Mach number approximation. Recall that the pressure is
proportional to the product of the density and the temperature. Heuristically, the low
Mach number approximation may be viewed as follows; see Ref. 1 or Ref. 12 for a
more rigorous analysis.

Dropping the primes and using the Lagrangian derivative D, = 0, + u - V, system
(A.2) reads as

Dip+ pV -u=0,
pDya+ Vp = pg,
1

ﬁDtp-f—#pv u— V- (knT"VT) = 0.
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Fig. A.1. A zoom near the ablation front I'; which propagates toward the left of the domain.

Introduce now a characteristic length [* and characteristic values p* and T* of
the density and of the temperature in the hot region, see Fig. A.1 and set

* T*
u* = T*I/Z, = p* — p*T*, g* — Z_*

u*’
Then we define dimensionless variables ®, = ®/®* for all variables and we obtain

(Dt*p* + px Vi -u, =0,

1
p*Dt*U-* + Wv*p* = Px8Bx;s (A.4)

1
. Dypyt L p,Vou, — HV - (nTIVT,) = 0.
y—1 y—1

\

The dimensionless numbers are

e the Mach number M? = p*|u*|?/p*;
o H=rn(T*)"1/(p*u*) = kn(T*)" /(p* T*3/?) measures the velocity of the
particles in the hot region.

The Froude number 1/g¢, is a measure of the acceleration of the particles coming
through the internal boundary I', into the cold region.

Next we perform an asymptotic expansion of all variables with respect to the
square of the Mach number
( 0 2
pe=pY + M2+
u, = u&o) +M2u&2) + .-

0 2

pe=pY + M+

(T =p + 2T 4

Y
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Fig. A.2. Radial cut, shape of density and thermal fields. The velocity of the front is ff(t) < 0.

Inserting this expansion into (A.4) one gets

Do+ o0, ul =0,

pOD, 1 4+ V,p® = o0, "
1
rDt*p&O) +%pi">v A - gV (T v 1) = 0.

One also has p&o) = p&o) Tio) and Vps,o) = (. Since Vp&o) = 0, the value of p&o) is set by
the boundary condition or by any global condition that we do not want to discuss. It
is therefore reasonable to assume that p&o) is a constant also in time. That is
D,, pZ‘O) = 0. One can assume that this constant is equal to 1 without restriction. We

now set
P=py, p=p0, T=1, u=u?.

The quasi-isobar pressure law in dimensionless variable reads as p7'=1. We may
choose p* such that H = v/(y — 1), then we get the system stated in Sec. 1.

To have a schematic representation of picture of the ablative front, see Fig. A.2
where there is a cut of the map of the quantities p, T" along the radial direction; one
shows a singular surface where both the density and the temperature have very
strong gradients.
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