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We propose a model for the study of ablation fronts encountered in inertial con¯nement fusion

°ows. Following the ideas of physicists specially Sanz's ones, we try to justify the modeling of

this problem by a Hele!Shaw equation posed in the complement of a bounded domain the

boundary of which is evolving with time. This equation is coupled with an advection equation for
the vorticity of the °uid. We propose a numerical strategy based on the fat boundary method to

discretize the system and we present some numerical results which show that the numerical

method is feasible to simulate ablative Raleigh!Taylor instabilities in the context of these

plasma °ows.

AMS Subject Classi¯cation: 22E46, 53C35, 57S20

1. Introduction

In the framework of inertial con¯nement fusion (ICF) experiments, one problem

concerns the implosion of a capsule containing the deuterium tritium fuel, see Fig. 1.

A spherical shell which is initially cold is heated by a very intense thermal °ux and

therefore a plasma is accelerated toward the center of the target.19 As a matter of

fact, there is a ¯rst shock and a re°ective shock which travel through the capsule,

thus all the matter is driven with a macroscopic radial velocity umacro. For modeling

this complex °ow, it is natural to perform a change of the reference frame corre-

sponding to this macroscopic velocity. Since the velocity umacro depends on time, an
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acceleration force denoted in what follows by g is exerted on the shell. Moreover the

shell is highly heated and it is crucial to account for thermal conduction. Lastly, the

material velocity (in the moving reference frame) is small if compared to the speed of

sound, then the °ow is a quasi-isobar one and we can model it by performing a

classical low Mach number approximation; that is, if T and ! denote the temperature

and the density, we may assume that the pressure !T is approximatively constant.

After performing a good scaling, one may address the following quasi-isobar Euler

system with !T ¼ 1:

@t!þr % ð!uÞ ¼ 0;

!ð@t þ u % rÞuþrP ¼ !g;

r % ðu! nT nrTÞ ¼ 0:

8

>

<

>

:

ð1:1Þ

Here P is the variation of pressure, u the velocity and the thermal conduction °ux is

denoted by !nT nrT with n such that 3
2 ( n ( 7

2 (depending on the physical con-

ditions). We refer to the Appendix for a justi¯cation of this model. In the case n ¼ 0

this system is a classical incompressible Euler model with variable density.20 In the

case n > 0 which is our concern, it may be called a quasi-incompressible model.

From a physical point of view the shell is highly heated. Therefore a surface is

dynamically created where the temperature gradient is very sharp; by the way there

is also a very sharp gradient (in the opposite direction) of the density near

this surface. This phenomenon is called an ablation front. We refer to Ref. 19 for a

Fig. 1. Inertial con¯nement fusion convergent geometry. A heat °ux comes from the external boundary

'e, so that an ablation front 'f propagates toward the center of the shell. The front 'f may be considered as

a moving frontier. Notice the equivalence with Cartesian geometry.
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comprehensive physical presentation of the topic: a schematic ablation front is

described in the zoom in Fig. 1 and also in the Appendix. Actually the numerical

treatment of ablation fronts is the source of some major di±culties. Due to the

acceleration which is equivalent to a gravity term, the instability of the surface is of

Rayleigh!Taylor type: it has been observed that the growth of the so-called ablation

Rayleigh!Taylor instability depends strongly on the thermal conduction phenom-

enon28 (see also Refs. 21 and 27 for theoretical and numerical studies related to the

linear regime). From a theoretical point of view, the previous model (1.1) should be

able to describe this complex °ow where both small- and large-scale structures

develop. But up to our knowledge, it has never been performed withmulti-dimensional

compressible numerical simulations.

Theaims of this paper are¯rstly toderive a simpli¯edmodel ofHele!Shawtype (1.4)

from the previous one using ideas of Ref. 27 (cf. also Refs. 2, 25 and 26), and secondly

to show the feasibility of a numerical simulation of the ablation Rayleigh!Taylor

instabilities based on this simpler model. Denoting & ¼ T n, the last equation of (1.1)

leads to

u ¼ &1=nr&þ uvort; ð1:2Þ

where uvort is the vorticity part of the velocity. If one neglects this vorticity part, then

the ¯rst equation in (1.1) leads to an nonlinear di®usion equation

@

@t

1

&1=n

% &

þ.& ¼ 0; x 2 /: ð1:3Þ

The boundary conditions are very important to get the correct physical context. For

Eq. (1.3) they are as follows: the simulation domain / is bounded by an inner

boundary 'c and an external one 'e described in Fig. 1; a nonhomogeneous Neumann

boundary condition is imposed on 'e. On the inner part 'c one assumes that the

temperature is lower than on the external region and one sets & ¼ &c. The ablative

Hele!Shaw model is a further simpli¯cation of (1.3). It is based on the following

consideration where one compares &c to a characteristic value &ref at the external part

of the simulation domain. If the temperature &c is very small compared to &ref and

if the initial data & ini is equal to &c in a part of / adjacent to 'c, then the solution &ðtÞ

of (1.3) may be approximated by the solution 3ðtÞ of the following Hele!Shaw

problem (1.4):

.3 ¼ 0; x 2 /ðtÞ * /;

3 ¼ 0; x 2 on the internal moving boundary 'fðtÞ:

'

ð1:4Þ

Here 'fðtÞ is a free boundary which moves with the time: its velocity depends on the

normal derivative of 3 (cf. Eq. (2.9)). Notice that our problem is posed in an external

domain (between 'f and 'e) even though the classical Hele!Shaw equation13 is posed

in an inner one. For the ablative Hele!Shaw model (1.4), the front is the curve 'fðtÞ.

Our numerical simulations show that this approximation allows to perform numerical

solution without accounting the details of the compressible °uid dynamics. This is a
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major improvement in terms of simplicity of the numerical treatment. The price to

pay is to use a speci¯c numerical method on domain with moving boundaries. Here,

we use the fat boundary method (FBM)4,14,15,23 with a modi¯cation suggested by

Maury22; it is well adapted to our problem where the deformation of the boundary is

important and has to be accurately described (see Sec. 4.1.1).

The outline of this paper is as follows. In Sec. 2 starting from the previous quasi-

isobar Euler system, we show how the thermo-di®usive part of this model may be

approximated by a Hele!Shaw model.16 Moreover we prove in a one-dimensional

framework that this approximation is justi¯ed from a mathematical point of view;

this fact is related to the modeling made by Kull and Anisimov.17 In Sec. 3 we

introduce afresh the vorticity part of the velocity and we make its coupling with the

Hele!Shaw equation; so we obtain the full ablative Hele!Shaw system. Then we

describe a numerical method issued from the FBM23 and further developed in Refs. 4,

14 and 15 to deal with the Hele!Shaw equation. Moreover, we show the feasibility on

some basic test problems. We also present numerical simulations for more complex

implosion test problems with feedback of the vorticity part of the velocity.

2. From the Quasi-Isobar Model to the Hele{Shaw Model

According to (1.1), the velocity u is the sum of a thermal velocity and a vortex

velocity which is divergence-free, that is u ¼ utherm þ uvort with

utherm ¼ nT nrT and r % uvort ¼ 0: ð2:1Þ

In what follows of this section one neglects the vorticity velocity uvort: Then, the

density equation (1.1) may be recast as

@t

1

T
þr %

1

T
nT nrT

% &

¼ 0;

that is Eq. (1.3).

Let us now denote &ref a characteristic value of the temperature (to nth power) in

the external part of the simulation domain. Lastly, notice that the ablation

phenomena is very sensitive to small perturbations, that is, the ablation front

propagation is unstable in nature. This is why we need to carefully describe the initial

conditions. At t ¼ 0, in the cold region, one assumes that ! + !c is almost constant

and the temperature also & + &c. Moreover, the cold temperature is much smaller

than the reference temperature, that is

&c
&ref

¼ " , 1: ð2:2Þ

Convenient boundary conditions must be imposed on both parts 'c and 'e of the

simulation domain; the normal external thermal °ux is a data b0 which depends

1574 H. Egly, B. Despr*es & R. Sentis



slowly on time. Denoting

) ¼
1

n
2

2

7
;
2

3

( )

ð2:3Þ

we have to address the equation

@t &
!)ð Þ þ.& ¼ 0;

& ¼ &c; x 2 'c;

@n& ¼ b0; x 2 'e:

8

>

<

>

:

ð2:4Þ

As usual, @n denotes the normal derivative. For the sake of simplicity, we assume in

what follows that b0 is constant with respect to the time.

2.1. The Hele!Shaw model

We now assume that (2.2) holds. De¯ne

gðY Þ ¼ !Y !) for Y > 0: ð2:5Þ

Now it may be seen that a convenient time scaling is useful. So we perform in (2.4)

the change of variables

t 0 ¼ t")&1!)
ref ; &"ðt

0; xÞ ¼
&ðt; xÞ

&ref
:

Thus, after dropping the prime in the time variable, (2.4) reads as

")@tgð&"Þ !.&" ¼ 0;

&" ¼ "; x 2 'c;

@n&" ¼ b; x 2 'e;

8

<

:

ð2:6Þ

where b ¼ b0=&ref : Assume that the initial data &"ð0Þ is greater than ": Then,

according to the classical theory of monotone operators (cf. Refs. 3, 6 and 8), we know

that the problem is well posed and that the solution is also greater than ": Thus the

nonbounded function gð%Þ may be replaced by a bounded one. For example, we may

replace for convenience (2.5) by

gðY Þ ¼ maxð0; "!) ! Y !)Þ for Y > 0: ð2:7Þ

The crucial conjecture that we will prove in dimension one is that when " tends to

zero, this problem may be approximated by a simpler one.

Conjecture. For convenient initial data &"ð0; %Þ (in dimension one, we precise in

(2.19) what is a convenient initial data), the solution &"ðtÞ of (2.6) is approximated by

3ðtÞ in DðtÞ and by 0 in the complementary of DðtÞ. The function 3 is solution of the

Hele!Shaw equation

.3 ¼ 0; x 2 DðtÞ;

3 ¼ 0; x 2 'fðtÞ;

@n3 ¼ b; x 2 'e:

8

>

<

>

:

ð2:8Þ
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The domain DðtÞ is bounded on the one hand by the ¯xed external frontier 'e and

on the other hand by the moving frontier 'fðtÞ whose displacement is described by

x 0ðtÞ ¼ !r3ðxðtÞÞ; xðtÞ 2 'fðtÞ: ð2:9Þ

This is similar to say that the velocity of a point x of the boundary is parallel to the

outward normal n and its value is equal to !n % r3ðxÞ.

This conjecture is closely related to the result proven by Gil and Quiros9 which is

of the same type. Denoting G"ðY Þ ¼ Y " for all Y > 0; they consider the problem

@tG"ðu"Þ !.u" ¼ 0

on a domain / and they prove that when " tends to 0 the solution u"ðtÞ may be

approximated by 3ðtÞ which is a solution of a Hele!Shaw problem of the type of

Eq. (2.8). In this framework the graph of G" converges to the graph of the Heaviside

function H . In our case also one sees that when " tends to 0;

")gðY Þ ¼ maxð0; 1! ")Y !)Þ ! HðY Þ for all Y 0 0:

Of course the position of the free boundary 'f at the initial time is related to the

initial data of problem. Before proving the conjecture in dimension one, we have to

study the Kull functions which are particular solutions of (2.6) on the whole real line.

2.2. Kull's functions

Let us ¯rst de¯ne an universal function K related to this problem in the one-

dimensional framework (cf. Ref. 17). It is the unique solution of the ordinary di®er-

ential equation

K 0ðXÞ ¼ 1!K !)ðXÞ; X 2 R; with Kð0Þ ¼
1þ 2)

1þ )

% &

1=)

: ð2:10Þ

It is trivial that KðXÞ > 1 everywhere, that Kð!1Þ ¼ 1 and that K is a convex

function since we have

K 00 ¼ )K !ð)þ1ÞK 0 ¼ )ðK !ð)þ1Þ !K !ð2)þ1ÞÞ > 0:

Since its third derivative is K 000 ¼ )ð!ð) þ 1ÞK !ð)þ2Þ þ ð2) þ 1ÞK !ð2)þ2ÞÞK 0; the

normalization at X ¼ 0 has been chosen such that K 00 reaches its maximum at

X ¼ 0.

Lemma 1. There exist two constants C1 and * < 1 (depending on the value of ))

such that

KðXÞ ( X þ C1; X 0 0; ð2:11Þ

KðXÞ 0 *X ; ð2:12Þ

KðXÞ ¼ Xð1þ oðXÞÞ for X ! þ1: ð2:13Þ
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Moreover, for all L, we get

"K
y

"

% &

!maxð0; yÞ ! 0; uniformly for y ( L: ð2:14Þ

Proof. According to the de¯nition (2.10) we get the ¯rst bound; the bound (2.12)

comes from the fact that K 0ðXÞ ! * > 0; for X large enough. Relation (2.13) comes

from

@X ½X !KðXÞ3 (
1

ð*XÞ)
:

De¯nition of Kull's functions. By this universal function, the Kull's functions are

de¯ned by

k";v;x0ðx; tÞ ¼ "K v
x ! x0 þ vt

"

% &

;

where the parameters are the scaling parameter " > 0, a positive velocity v and a shift

parameter x0 2 R.

The interest of this family of functions relies on the fact that they are one-

dimensional traveling waves solutions to (2.6), indeed we have

")@tk";v;x0 ¼ v 2")K 0ðXÞ; @xxk";v;x0 ¼ v 2"!1K 00ðXÞ;

where X ¼ vðx ! x0 þ vtÞ=": Therefore, the function ~& de¯ned by

~&ðt; xÞ ¼ k";v;x0ðt; xÞ

satis¯es

!")@tð~&
!)
Þ ! @xx

~& ¼ v 2"!1 )K 0

K 1þ)
!K 00

( )

¼ v 2"!1½1!K !) !K 03 0 ¼ 0:

Moreover, we get the limits

lim
x!!1

~&ðt; xÞ ¼ "; lim
x!þ1

@x
~&ðt; xÞ ¼ v:

2.3. The conjecture in dimension one

Our aim is now to prove the conjecture in the restricted one-dimensional framework

where

/ ¼ 3!1;L3;

where L > 0 is a ¯xed boundary, thus problem (2.6) reads as

")
@

@t
gð&"Þ !

@ 2

@x 2
&" ¼ 0; ð2:15Þ

@x&"jx¼L ¼ b and lim
x!!1

&"ðxÞ ¼ ": ð2:16Þ
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If b > 0, then this problem is well posed in the following functional space (see below

the maximum principle):

L ¼ fu ¼ uðt; xÞ; such that 9, > 0 with u 0 ,; and u ! , 2 C0ð0;T ;W 2;1ð/ÞÞg:

Let us make a preliminary remark.

Remark. Notice that if the initial data &"ð0Þ is equal to "Kðbðx ! x0Þ="Þ, then the

Kull's function ~&"¼ k";b;x0 solves Eq. (2.15) and we get

~&"ðt;!1Þ ¼ "; @x
~&"ðt;LÞ ¼ bK 0 b

L! x0 þ bt

"

% &

:

Thus ~&" does not satisfy the right boundary condition in x ¼ L, but if " ! 0, we have

@x
~&"ðLÞ ! b. We now de¯ne the function 3 by

3 ¼ maxð0; bðx ! x0 þ btÞÞ: ð2:17Þ

Then, for all t, we get according to (2.14)

jj ~&"ðt; %Þ !3ðt; %ÞjjL1ð0;þ1Þ ! 0: ð2:18Þ

One checks that 3 satis¯es

@xx3 ¼ 0; xf ðtÞ < x < L;

3ðxf ðtÞ; tÞ ¼ 0;

@x3ðL; tÞ ¼ b;

8

>

<

>

:

where the front is at xf ðtÞ ¼ x0 ! bt; therefore we have @tðxf ðtÞÞ ¼ !b; which is

equivalent to (2.9).

The previous remark leads to assume that the initial data &ini of the system

(2.15)!(2.16) has to be close to a Kull's function, more precisely it must satisfy

"K b
x ! x0

"
! by

% &

( &iniðxÞ ( "K b
x ! x0

"

% &

: ð2:19Þ

for two constants x0 < L and y > 0. We now state the result corresponding to the

conjecture in dimension one.

Theorem 2. Assume that (2.19) holds. Let &" be the solution of system (2.15)!(2.16)

with initial data equal to &ini; then, if " tends to 0, one has, for all t,

jj&"ðtÞ !3ðtÞjjL1ð/Þ ! 0: ð2:20Þ

Before the proof of this result, let us give two technical lemmas and de¯ne the

following distances: for all functions u; v belonging to L; set

dðu; vÞ ¼

Z

/

jgðuÞ ! gðvÞjdx possibly infinite;

dþðu; vÞ ¼

Z

/

maxð0; gðuÞ ! gðvÞÞdx possibly infinite:

1578 H. Egly, B. Despr*es & R. Sentis



Lemma 3. Let u and v be two functions of L satisfying (2.15). De¯ne u0 ¼ ujt¼0 and

v0 ¼ vjt¼0. Assume that @xuðL; tÞ ( @xvðL; tÞ for all time t 0 0. Then

dþðuðtÞ; vðtÞÞ ( dþðu0; v0Þ: ð2:21Þ

Assume that @xuðL; tÞ ¼ @xvðL; tÞ for all time t 0 0 and that dðu0; v0Þ is ¯nite.

Then

dðuðtÞ; vðtÞÞ ( dðu0; v0Þ: ð2:22Þ

Proof. The proof is standard in the context of nonlinear parabolic equation, except

for the boundary conditions. Here, " is of course a ¯xed parameter. Let us consider

H- 2 C0 a regularization of the Heaviside function H

H-ðxÞ ¼

0; x ( !
-

2
;

x

-
; !

-

2
( x (

-

2
;

1;
-

2
0 x:

8

>

>

>

>

>

<

>

>

>

>

>

:

Then

")
Z

/

H-ðu ! vÞ@tðgðuÞ ! gðvÞÞdx ¼

Z

/

H-ðu ! vÞ@xxðu ! vÞdx

¼ !

Z

/

H 0
-ðu ! vÞjrðu ! vÞj2dx

þ H-ðuðLÞ ! vðLÞÞ@xðuðLÞ ! vðLÞÞ ( 0:

Therefore
Z

/

@tðH-ðu ! vÞgðuÞ ! gðvÞÞdx (

Z

/

ðgðuÞ ! gðvÞÞ@tðH-ðu ! vÞÞdx

and integrating over the time interval ½0; t3 we get
Z

ðH-ðu ! vÞðgðuÞ ! gðvÞÞÞðtÞdx (

Z

H-ðu0 ! v0Þðgðu0Þ ! gðv0ÞÞdx

þ

Z Z

ðgðuÞ ! gðvÞÞH 0
-ðu ! vÞ@tðu ! vÞdxdt:

Since )@tðu ! vÞ ¼ !"!)ðu )þ1@xxu ! v )þ1@xxvÞ, it is bounded in L1: Moreover

ðgðuÞ ! gðvÞÞH 0
-ðu ! vÞ is bounded in L1 uniformly with respect to -; indeed g

being Lipschitz continuous, the function ðgðuÞ ! gðvÞÞ=ðu ! vÞ is bounded. Therefore,

since zH 0
-ðzÞ ! 0 for almost all z as - ! 0, the dominated convergence theorem

states that
Z t

0

Z

/

½ðgðuÞ ! gðvÞÞH 0
-ðu ! vÞ3@tðu ! vÞdxdt ! 0 for - ! 0:
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Finally

lim
-

Z

/

H-ðu ! vÞðgðuÞ ! gðvÞÞ
+ ,

ðtÞdx

% &

¼ dþðu; vÞ

is a decreasing function. It proves (2.21).

Assume now that dðu0; v0Þ is ¯nite, that is limx¼!1uðxÞ ¼ limx¼!1vðxÞ and that

@xuðL; tÞ ¼ @xvðL; tÞ. Then dþðu; vÞ ( dþðu; vÞ and dþðv; uÞ ( dþðv; uÞ which

proves (2.22).

Lemma 4. Let u; v 2 L satisfying Eq. (2.15). Assume that @xuðL; tÞ ( @xvðL; tÞ for

all time t 0 0 and that uð0; %Þ ( vð0; %Þ. Then we get

uðt; %Þ ( vðt; %Þ for all 0 < t: ð2:23Þ

Proof. Notice that dþðu0; v0Þ ¼ 0. So the result comes from the previous lemma.

Proof of Theorem 2. We may assume for the sake of simplicity that x0 ¼ 0:

Consider the ¯rst Kull's function

k1ðt; xÞ ¼ k";b;"yðt; xÞ;

thus k1 satis¯es @xk1ðt;LÞ < b for all t. Moreover de¯ne k2 by

k2ðt; xÞ ¼ k";v";0ðt; xÞ

such that @xk2ðt;LÞ ¼ b: That is v" satis¯es

b ¼ v"K
0 v"

L

"

% &

¼ v" ! v" K v"
L

"

% &% &

!)

:

(It has a unique solution since X 7! XK 0ðXÞ is an increasing function). According to

(2.12), we have v" ( m" which solves

b ¼ m" ! -m 1!)
" ; where - ¼

*

L
"

% &

)

:

One may easily check that for " small enough the solutionm" of this equation satis¯es

m" ( bþ 2-b1!); thus we see that

b ( v" ( bþ 2b1!) *

L

% &

)

"): ð2:24Þ

One has &ini ( "Kðb %
"Þ ( k2ð0; %Þ. Thus, since

k1ð0; %Þ ( &"ð0; %Þ ( k2ð0; %Þ;

we may apply the maximum principle of Lemma 4:

k1ðt; %Þ ( &"ðt; %Þ ( k2ðt; %Þ; for all t > 0: ð2:25Þ

Therefore

jj&" !3jjL1ð/Þ ( jj3! k1jjL1ð/Þ þ jjk1 ! k2jjL1ð/Þ:
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Since K 0 < 1; one checks that there exists a constant C (depending only on L) such

that for all . real and y ( L; one has

" K
.þ wy

"

% &

!K
.þWy

"

% &-

-

-

-

-

-

-

-

( C maxð"; jw !W jÞ; 8w;W > 0:

According to (2.24), for " small enough, we have v" ( V for a ¯xed V ; then we see

that

jjk1 ! k2jjL1ð/Þ ( max
x(L

" K b
x þ bt

"

% &

!K b
x þ v"t

"

% &-

-

-

-

-

-

-

-

þ max
x(L

" K b
x þ v"t

"

% &

!K v"
x þ v"t

"

% &-

-

-

-

-

-

-

-

þ "vy

( 2cðLþ VtÞmax "; b! v"j jð Þ þ "vy ¼ Oð")Þ:

Moreover, as for (2.18), one sees that, for all t,

jjk1ðt; %Þ !3ðt; %ÞjjL1ð/Þ ( oð"Þ: ð2:26Þ

3. The Vorticity Equation and Further Simpli¯cations

This section deals with the vorticity part of the model (1.1). Inserting the

decomposition (1.2) in the density equation @t!þ u % r!þ !r % u ¼ 0, we obtain the

equation @t&
!) þ uvort % r&) þ.& ¼ 0. The complete system writes

@t&
!) þ uvort % r&) þ.& ¼ 0;

@tuþ u % ruþ &)rP ¼ g;

u ¼ &)r&þ uvort;

r % uvort ¼ 0:

8

>

>

>

<

>

>

>

:

ð3:1Þ

The sources of this system are the acceleration g and the thermal °ux at the external

boundary. The system has four independent unknowns &, u, P and uvort. The

pressure P may be understood as the Lagrange multiplier associated to the free

divergence constraint r % uvort ¼ 0.

The principle of the method is to solve an advection equation for the quantity curl

u and couple it with the equation for the displacement of the front which has been

addressed in the previous section.

3.1. Accounting for the vorticity part of the velocity

According to the physics of shell implosion, the vorticity is created around the

ablation front and then convected outward by the ablated material. We propose here

an asymptotic model where the source terms of vorticity are located on the ablation

front 'f .
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Depending on the physical dimensions of the problem, it is possible to simplify

further the velocity equation. From now on, our concern is on two-dimensional

problems. Since we are in R2; we introduce the scalar vorticity

! ¼ r ^ u ¼ @x1u2 ! @x2u1:

Moreover, we can state the following evolution equation

r ^
1

T
@tuþ u % ruð Þ

% &

¼ r ^
g

T
:

That is an evolution equation for the vorticity

@tV þr % ðuthermVÞ ¼ S1 þ S2 þ S3; V ¼
!

T
; ð3:2Þ

with

S1 ¼ r ^
g

T
;

S2 ¼ r ^
1

T

% &

@tuð Þ ! @t

1

T

% &

r ^ uð Þ ¼ r ^
1

T

% &

@tuð Þ ! !@t

1

T

and

S3 ¼ !r % ðuvortVÞ ! r ^
1

T
r

juj2

2

% &

¼ !r % ðuvortVÞ ! r? 1

T
% r

juj2

2
:

The e®ect of the acceleration g is only in S1. It is possible to simplify further

the model using S2 + S3 + 0 in order to study the in°uence of the acceleration

only. The natural boundary condition for the advection Eq. (3.2) is on 'c where the

ablation material velocity utherm is entering the domain. We have the Dirichlet

condition Vj'c
¼ 0.

There exist also simpli¯ed forms for S1. We detail just one of them that comes

from Ref. 7. The physical idea is that the support of the vorticity source terms is

located around the ablation front. In this case one can perform a boundary layer

analysis to estimate the source. Let us consider local coordinates ðq; zÞ, where q

represents the distance to the front 'f and z the curvilinear coordinates along 'f . The

classical Kull function &̂"ðq; z; tÞ ¼ "KðV ðz; tÞ q
"Þ is a boundary layer solution of the

form &̂" ¼ "&̂ðq" ; z; tÞ, solution of ")@tgð&"Þ !.&" ¼ 0. The approximate source term

is then given by the distribution limit S1 + 01ðtÞlim"!0

R

3!1;þ1½
S1ð&̂"Þ2 dq that is at

the limit

S1 ¼ ðg % n?j'f
Þ0'f ðtÞ: ð3:3Þ

Our ¯nal simulations will use this particular form of the source term. Using the same

kind of analysis, it is possible to propose also an approximation of the other source

terms. It has been showed in Ref. 7 that

S2 þ S3 ¼ !ð) logð.V Þ þ .)V )Þ@zV
20'f ðtÞ ð3:4Þ
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is a relevant approximation localized on the front 'fðtÞ. Here V ¼ @n3 > 0 and

) ¼ 1=n. The variable z denotes the curvilinear abscissa along the front 'fðtÞ and

. > 0 is a constant with little in°uence since ) is small. In the limit where ) can be

considered as very small, then

S2 þ S3 + !@zV
20'f ðtÞ ð3:5Þ

is relevant. We notice that
R

'f ðtÞ
ðS2 þ S3Þdz ¼ 0 if the front 'fðtÞ is a closed curve.

3.2. The ablative Hele!Shaw model

Once V is computed with Eq. (3.8), then the turbulent part of the velocity °ow is

easily computed using the representation

uvort ¼ r ^ ’; ’ 2 R:

The potential ’ satis¯es the equation .’ ¼ TV with Dirichlet boundary condition.

The impact of the velocity uvort on the evolution of the ablation front is given by the

complete thermal evolution equation

")@tgð&Þ þ uvort % rgð&Þ !.&" ¼ 0:

The front 'f being considered as a thermal level set of &, we assume the complete

evolution of the front is given by

_xðtÞ ¼ !r3þ uvort; xðtÞ 2 'fðtÞ:

Assuming this whole scenario is correct, the full ablative Hele!Shaw model reads as

follows:

!.3 ¼ 0; x 2 /hot;

@n3 ¼ v; x 2 'e;

3 ¼ 0; x 2 'f ;

8

<

:

ð3:6Þ

_xðtÞ ¼ !r3þ uvort; xðtÞ 2 'fðtÞ; ð3:7Þ

where uvort ¼ r ^ ’ is de¯ned by .’ ¼ TV and

@tV þr % ðuthermVÞ ¼ S1; x 2 /: ð3:8Þ

4. Numerical Approximation

To our knowledge the discretization of the Hele!Shaw equation was addressed for

the ¯rst time in Ref. 13. In what follows we describe a new numerical method for the

calculation of approximate solutions to the Hele!Shaw problem with feedback of

the vorticity. The main numerical problem encountered at the numerical level is the

discretization of the Hele!Shaw problem (4.1)!(4.2) without the vorticity

!.3 ¼ 0; x 2 /hot;

@n3 ¼ v; x 2 'e;

3 ¼ 0; x 2 'f ;

8

<

:

ð4:1Þ
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where the moving boundary is t 7! 'fðtÞ,

_xðtÞ ¼ !r3; xðtÞ 2 'fðtÞ; ð4:2Þ

because the boundary 'f is a moving one. So we need to use a method for the coupling

of the Poisson equation (4.1) with the boundary condition on 'f . Moreover we need a

correct level of accuracy: if not the displacement of the boundary might be of poor

accuracy. Up to our knowledge, one of the most e±cient method for this task is the

FBM which has been proposed in dimension two by Maury23 (see also Refs. 4, 14 and

15) [an alternative is the ¯ctitious domain technique for which we refer the reader to

Ref. 10]. The originality in our paper is the adaptation of this method to the con-

vergent Hele!Shaw equation and the coupling with the vorticity equation. In a ¯rst

part we describe the adaptation of this method to our Hele!Shaw problem and some

numerical results to validate the approach. In a second part we describe the coupling

with the vorticity equation using a ¯nite volume technique.

4.1. Discretization of the Hele!Shaw equation with

the fat boundary method

The moving boundary (4.2) at time tk ¼ k.t is discretized with markers x k
q 2 R2.

The chain of markers

x k
q

+ ,

q¼1;...;Q with periodic condition

is the discrete approximation of the moving boundary. In all our numerical investi-

gations, this chain is a closed loop. At t0 ¼ 0 the ðx 0
q Þ are given. We now address the

harmonic equation (4.1) at time step tk . The displacement of points x k
q will be

described just afterward.

So Eq. (4.1) is discretized with the very classical ¯nite di®erence method on a

Cartesian grid (equivalent to a Q1 ¯nite element method with mass lumping,5,24 also

equal to a P 1 ¯nite element method on a speci¯c triangular grid)

!
3iþ1;j þ3i!1;j þ3i;jþ1 þ3i;j!1 ! 43i;j

.x 2
¼ 0: ð4:3Þ

The di±culty is that the degrees of freedom of the boundary, that is the markers

x k
q ; are not on the nodes xi;j ¼ ði.x; j.xÞ of the Cartesian mesh.

The numerical coupling of these two di®erent discretization will be insured with

the FBM. Essentially the FBM allows to compute the normal derivative @n3 with an

accuracy which is su±cient to move the markers at the end of the time step. In

principle any discrete method can be used, provided enough accuracy is reached for

the displacement of the internal boundary. Our experience is that very good results

are obtained with this method.

4.1.1. Principle of the FBM

We describe the principle of the method adapted to the problem with a Neumann

condition. For the simplicity of the presentation we go back to the partial di®erential
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formulation of the problem. Let us consider that 'f is given. In the FBM the unknown

3 of (4.1) is extended by continuity to zero in the interior domain delimited by 'f .

That is one ¯rst rewrites (4.1) as

!.3 ¼ ð@n3Þ0'f
; x 2 /;

@n3 ¼ v; x 2 'e;

3 ¼ 0; x 2 'a;

8

<

:

ð4:4Þ

where 0'f
is the Dirac measure on the curve 'f . The Dirichlet boundary on 'a

guarantees the well posedness of the problem. The geometry of the problem is

described in Fig. 2.

We replace the normal derivative by a fat boundary approximation15 @n3 + Kð3Þ

where the operator K is de¯ned by

Kð3ÞðxÞ ¼
3ðx þ "nðxÞÞ

RðxÞ ln 1þ "=RðxÞð Þ
; x 2 'f ; ð4:5Þ

where RðxÞ is the local curvature of 'f , nðxÞ is the normal and " is the size of the fat

boundary. For small " this quantity is a good estimation of the normal derivative.

This method is related to the introduction of a crust domain around the boundary 'f ;

it is well adapted to our problem. Notice that this formula using a well chosen value of

" as proposed by Maury22 (see below) has the bene¯t to be simple and accurate.

Indeed, the approximation (4.5) is actually an identity for the solution ’ of a Laplace

equation with radial symmetry

@rr’þ
1

r
@r’ ¼ 0 , r@r’ ¼ k 2 R , ’ ¼ kðlog r ! logRÞ; r 0 R;

where the parameters are k and R > 0, the constant curvature of the boundary on

which the homogeneous Dirichlet condition is imposed. For such a solution one

Fig. 2. Geometry of the problem described in Eq. (4.4).
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checks that

Kð’ðRÞÞ ¼ @n’ðRÞ

is the exact Dirichlet to Neumann operator. In the case of a boundary with a non-

constant curvature, the procedure (4.5) incorporates an additional numerical error in

the algorithm but is a way to simplify the initial FBM.23 All our numerical tests show

that the method is accurate. So we obtain the system

!.3 ¼ V 0'f
; x 2 /;

@n3 ¼ v; x 2 'e;

3 ¼ 0; x 2 'a;

V ¼ Kð3Þ; x 2 'f :

8

>

>

>

>

<

>

>

>

>

:

ð4:6Þ

This system is solved by the iteration procedure p ! 1

!.3pþ2 ¼ V pþ10'f
; x 2 /;

@n3
pþ2 ¼ v; x 2 'e;

3pþ2 ¼ 0; x 2 'a;

V pþ1 ¼ 4V p þ ð1! 4ÞKð3pÞ; x 2 'f :

8

>

>

>

>

<

>

>

>

>

:

ð4:7Þ

At each iteration of this procedure, one has to assemble the right-hand side V kþ10'f
:

this is done with standard numerical integration techniques. The algorithm is con-

trolled by two parameters 4 and ".

. The parameter " measures the quality of the approximation of the Neumann data.

So small " are required for accuracy, but not too small so that the evaluation of the

Neumann data is accurate on a grid with characteristic length.x. This alternative

is visible in Ref. 15 where two di®erent prescriptions of " are proposed: one is

" + .x 2 and is not possible in our case; the other one is " proportional to a typical

length of the problem. In our calculations " is in the order of the cell size and we

take " + 3.x. We observed that it is su±cient to get an accurate numerical

approximation on a Cartesian grid, at least the accuracy is su±cient for our

purposes. We refer to Fig. 3 for a detailed explanation of the numerical con-

struction of the operator (4.5): this is easily done because an accurate de¯nition of

the radius of curvature of the normal is possible without di±culty from the

knowledge of the markers which de¯ne 'f .

. The parameter 0 < 4 < 1 is a regularization parameter. For the initial FBM,23 it

has been demonstrated that an optimal value exists to guarantee the convergence

of the algorithm. The algorithm we use in this paper is slightly di®erent but the

spirit of the method is the same. In practice, we observed that the rate of con-

vergence depends of course on the value of parameter 4 and has to be tuned

(according to the value chosen for "). For our computations we ¯nd a good com-

promise between robustness and accuracy and we take 4 + 0:1.
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4.1.2. Practical solution of (4.1) with the FBM

We discretize the Poisson equation in (4.7) with a ¯nite element method, using the

variational formulation
Z

r3pþ2 % r’j dx ¼

Z

'f

V pþ1’j d5þ

Z

'e

v’j d5:

Here ’j 2 Xh is a test function. The space of shape functions is de¯ned by

Xh ¼ fuh 2 C0ð/Þ; uh ¼ 0 on 'a; uhjTi
2 P1ðTiÞg:

There is no di±culty to discretize the boundary integral
R

'e
v’j d5. Concerning the

integral on 'f we use the approximate formula

Z

'f

V pþ1’j d5 ¼
X

Q

q¼1

V pþ1
q ’jðxqÞlq;

where xq denotes markers and lq denotes the average length of the front. The discrete

value of ’j xq
+ ,

is naturally de¯ned by interpolation. The estimation of length lq is

explained in Fig. 3, together with the normal vector nq . The local radius of curvature

Rq is de¯ned in a consistent fashion.

Concerning the fourth equation of (4.7), the important feature is the discretization

of the function K at the markers position. We use the approximation14,15,23

Kð3pðxqÞÞ ¼
3pðxq þ "nqÞ

Rq lnð1þ
"
Rq
Þ
;

where 3pðxq þ "nqÞ is obtained by Q1 interpolation from the grid values 3p
i;j .

xq+1

xq−1xq

nq

Fig. 3. Discretization on the front 'f . The length lq is the half sum of the lengths of both sides, that is

lq ¼ 1=2 dðxq!1; xqÞ þ 1=2 dðxq ; xqþ1Þ. The normal nq is equal to the normal of the circle Cq such that

xq1; xq ; xqþ1 2 Cq . It guarantees a good accuracy of the calculation of the normal at the front. The squares

are the degrees of freedom of the Poisson equation 3ij .
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So the discretization of each step of the iteration procedure (4.7) is well de¯ned.

In practice we iterate p until practical convergence is reached. With this method we

are able to solve the Poisson equation in function of the markers at all time steps tk .

It de¯nes a map

'k ¼ ðx k
q Þ1(q(Q 7! 3 ¼ 3ðkÞ:

4.1.3. Displacement of the markers with Eq. (4.2)

This is the easy part of the algorithm. We use the ¯rst-order explicit Euler

approximation

x kþ1
q ! x k

q

.t
¼ Kð3ðx k

q ÞÞ; ð4:8Þ

where Kð3ðx k
q ÞÞ has been de¯ned previously.

4.1.4. The Hele!Shaw problem with radial solution

Proofs of convergence for the FBM are technical and restricted to very particular

cases.15,23 Instead we rely on speci¯c test cases to evaluate the accuracy of the method

and to validate our choices.

In this ¯rst test case the external Neumann condition is modi¯ed such that

3ðr; tÞ ¼ vRc log
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r 2
0 ! 2vRct

p

 !

is an analytic solution. At a certain time a numerical solution is plotted in Fig. 4. The

evolution in time of the radius of 'int is compared with the analytic law r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r 2
0 ! 2vRct

p

in Fig. 5. The comparison is excellent and in favor of the use of the FBM

for the numerical approximation of the Hele!Shaw equation.

Next we increase the number of points to evaluate the stability and accuracy of

the method, see Fig. 5. The data are the same. It shows a correct behavior of the

overall algorithm.

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

t=0

t=0.06

Solution numerique
Solution analytique

Fig. 4. On the left: 3 ¼ T k at a certain time step. On the right: the markers at three di®erent times.

Computed with 65 markers on a grid 65@ 65.
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4.1.5. Dispersion relation

Then we turn to a more complex problem which has an important physical meaning

in the context of the evaluation of stability of ablation fronts for ICF.21 The problem

consists in a quantitative evaluation of an initial sinusoidal perturbation on the

evolution of the front. For example, the smoothing e®ect of the Hele!Shaw equation

for convergent front is visible in Fig. 6. That is, the sinusoidal perturbation is damped

as the front moves inward.

Let the integer l 2 N be the number of sinusoidal oscillations along the curve, it is

called the mode of the perturbation; see Fig. 6 for the case l ¼ 24. We perform a

systematic study of the damping of the perturbation. The initial radius is R ¼ 0:95.

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

Fig. 6. Evolution of the front 'f . The smoothing e®ect of the Hele!Shaw equation for convergent front is

visible for l ¼ 24.
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Fig. 5. We compare the front position. On the left: the grid is 65@ 65 points with 65 markers. On the
right: the grid is 129@ 129 points with 129 markers. We observe stability and a practical convergence.
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Denoting alðtÞ the amplitude of the perturbation at time t, we check from the

numerical experiments as it is predicted by the theory that one has alðtÞ +

expð!5ðlÞtÞ: A typical result is depicted in Fig. 7, where we plot the evolution in time

of the amplitude of the perturbations (log-scaled). The stabilizing or smoothing e®ect

is more pronounced for higher modes. This is compatible with the linear theory. We

also plot the graph of the dispersion relation, which gives 5ðlÞ as a function of

18 > l > 3. These results are qualitatively in good accordance with the results of

Masse.21 More precisely 5ðlÞ + c1l
2 for low l. On the other hand 5ðlÞ + c2l for higher

modes l > 15. Once again this is compatible with Masse's results. The e®ect of the

numerical di®usion is di±cult to evaluate.

4.2. Coupling with the vorticity equation

To deal numerically with the full system (3.6)!(3.8), the strategy is the following.

At each time step tk ,

(i) we solve Eq. (3.6) with given markers x k
q ,

(ii) we solve the advection Eq. (3.8) with a ¯nite volume technique to get V and

by a standard technique uvort which is related to the solution ’ of equation

.’ ¼ !,

(iii) we move the markers with velocity utherm þ uvort (as described above).

We focus on the numerical method to solve Eq. (3.8).

4.2.1. Discretization of the vorticity equation (3.8)

It is based on a classical ¯nite volume scheme.11 We have observed that a ¯rst-order

approximation gives poor results, as it is often the case for convection-dominated

problems. So we have to use a second-order technique for the solution of the vorticity

0.001

0.01

0 5 10 15 20 25

b

a

mode 3
6
9

 12
 15
 18
 21
 24
 27
 30
 33
 36

10
1

10
1

c

d

p=7
p=9

Fig. 7. On the left: evolution in time of the amplitude of modes, t 7! alðtÞ, log-scaled. On the right:
dispersion relation for 18 > l > 3. We used to spatial relations of the form h ¼ 1

2 pþ1.

1590 H. Egly, B. Despr*es & R. Sentis



equation coupled with the Hele!Shaw equation. In our case it is based on the

standard second-order MUSCL procedure.18,29

More precisely, we de¯ne the degrees of freedom on the nodes of the Cartesian mesh

already used to discretize the Hele!Shaw problem. That is, we consider the scheme

.x
V kþ1

i;j ! V k
i;j

.t
þ u

therm
iþ 1

2;j
V H

iþ 1
2;j

! u
therm
i! 1

2;j
V H

i! 1
2;j

þ u
therm
i;jþ 1

2
V H

i;jþ 1
2
! u

therm
i;j! 1

2
V H

i;j! 1
2
¼ Si;j ;

ð4:9Þ

Fig. 8. The initial data is a front 'f discretize with 100 markers and with a mode 9. We plot the vorticity
at three di®erent times. Bottom ¯gures correspond to the same physical time.
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where u therm
%;% is the thermal velocity at the boundaries of the square centered around

the node ði; jÞ, V H

%;% is the °ux density and Si;j is the source term of the equation.

The thermal velocity which is a gradient is naturally discretized. One has the

natural approximation

u
therm
iþ 1

2;j
¼

n

n þ 1

ð3 k
iþ1;jÞ

nþ1
n ! ð3 k

i;jÞ
nþ1
n

.x
:

Similar formulas hold on the other interfaces ði ! 1
2 ; jÞ, ði; j þ

1
2Þ and ði; j ! 1

2Þ.

The °ux density V H

iþ 1
2;j

is evaluated explicitly by the standard minmod limiter

which reads, with * ¼ 0t=0x,

if u therm
iþ 1

2;j
> 0;

then V H

iþ 1
2;j

¼ V k
i;j þ

1

2
ð1! *u therm

iþ 1
2;j
ÞminmodðV k

iþ1;j ! V k
i;j ;V

k
i;j ! V k

i!1;jÞ
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Fig. 9. The ablation front at ¯ve di®erent times (top: t ¼ 10, 80 and 140, bottom: t ¼ 140, 180 and 220).
The gravity is g ¼ 1000. At t ¼ 0 the front is discretized with 100 markers with a mode 12. The results

show ¯rst the development of an instability ¯rst in a linear regime, and then in a nonlinear regime.
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and

if u therm
iþ 1

2;j
( 0;

then V H

iþ 1
2;j

¼ V k
iþ1;j þ

1

2
ð1! *u therm

iþ 1
2;j
ÞminmodðV k

i;j ! V k
iþ1;j ;V

k
iþ1;j ! V k

iþ2;jÞ:

The minmod function is given by minmod ¼ 1
2 ðsgnðaÞ þ sgnðbÞÞminðjaj; jbjÞ.

4.2.2. Some numerical results

We ¯rst do not introduce the action of the vorticity in the markers (4.8). It means that

the vorticity is computed in a passive way and has no in°uence on the Hele!Shaw

problem. A typical result is plotted in Fig. 8. We see that vorticity is generated at the

front. The front is a convergent one. The vorticity is going outward with velocityutherm.

Moreover, we address the full problem with the coupling of the vorticity on the

moving boundary. The nonzero source term S1 is given in formula (3.3) with an

acceleration jgj ¼ 1000. A typical result is displayed in Fig. 9 where the vorticity part
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Fig. 10. The ablation front at ¯ve di®erent times (top: t ¼ 10, 40 and 70, bottom: t ¼ 70, 90 and 105).
The gravity is g ¼ 5000. At t ¼ 0 the front is discretized with 100 markers with a mode 12. The results

show ¯rst the development of an instability ¯rst in a linear regime, and then in a nonlinear regime. The

dynamics is slightly more pronounced than with a lower acceleration (cf. Fig. 9).
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of the velocity ¯eld is computed using S2 ¼ S3 ¼ 0. It shows that the backward

coupling of the vorticity is such that the growth of the instability of the ablation front

is important.

In Fig. 10 we have performed a similar simulation with the same initial parameters

as for the simulation displayed in Fig. 9, but the acceleration is multiplied by a factor

5: jgj ¼ 5000. We observe a similar behavior, but the dynamics is more pronounced,

in particular one sees the development of large bubbles earlier; this is in agreement

with the physical interpretation of this phenomenon.

Our last simulations are made with the source term S2 þ S3 (see Eq. (3.4)). This

term is easy to discretize because the tangential derivative @z % has a natural and evident

de¯nition as shown in Fig. 3. Some results are displayed in Figs. 11 (jgj ¼ 200) and 12

(jgj ¼ 5000). We observe the same global behavior of the instability development as in
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Fig. 11. The ablation front at ¯ve di®erent times: t ¼ 10, 90, 170, 230 and 290, the source term is

S1 þ S2 þ S3 with g ¼ 200. At t ¼ 0 the front is discretized with 100 markers with a mode 12. The results

show ¯rst the development of an instability ¯rst in a linear regime, and then a strong development in a
nonlinear regime. By comparison with the previous results, an important di®erence is the presence of cusps

which are therefore associated with the source term S2 þ S3.
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Fig. 12. The ablation front at ¯ve di®erent times: t ¼ 10, 60, 110, 160 and 190. The gravity is g ¼ 0 that is

the source term is S2 þ S3. At t ¼ 0 the front is discretized with 100 markers with a mode 12. It con¯rms

that the cusps are due to the tangential derivative in S2 þ S3.
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previous simulation with only S1 but one sees that the occurring of so-called cusps

instead of bubbles.

5. Conclusion

We have proposed a simpli¯cation of the quasi-isobar compressible model in the

context of the simulation of the ablative Rayleigh!Taylor instabilities. The model is

a Hele!Shaw type equation supplemented by additional terms for the vorticity part

of the velocity ¯eld. We have explained that numerical methods are e±cient for the

discretization of these equations on a Cartesian grid in a two-dimensional framework.

In our case, we used a special version15 of the FBM.4,14,23

We have observed in the numerical results that the ablation front is stabilized by

the thermal conduction part of the model. But of course the vorticity part of the

velocity ¯eld may be a germ of instability. Depending on the nature of the coupling,

the instability may be smooth (mushrooms) or less smooth (cups).

These preliminary numerical results show the feasibility of a numerical method

based on the proposed Hele!Shaw model.

Appendix A. Justi¯cation of the Quasi-Isobar Model

The starting point is the compressible Euler model

@t!þr % ð!uÞ ¼ 0;

@t!uþr % ð!uA uÞ þ rp ¼ 0;

@tð!eÞ þ r % ð!ueþ puÞ ! r % ð4nT nrTÞ ¼ 0;

8

>

<

>

:

ðA:1Þ

written in the domain / described in Fig. 1, corresponding to a spherical shell. The

total energy e is given by e ¼ E þ 1
2juj

2, where E is the internal energy; T denotes the

temperature and p ¼ ð1 ! 1Þ!E ¼ !T the pressure; so E ¼ CvT . The two ¯rst

equations are related to the evolution of the density ! and the velocity u, the third

one is the total energy balance with a nonlinear heat °ux, it reads also

@tð!EÞ þ r % ð!uEÞ þ pr % u!r % ð4nT nrTÞ ¼ 0:

The energy equation has to be supplemented by a boundary condition on the external

boundary 'e which is a nonhomogeneous Neumann condition (related to the heating

of the spherical shell by a thermal °ux) and by a Dirichlet condition on the inner

boundary 'c. On the external boundary 'e; since the velocity is outward, there is no

boundary condition for the equations of the density and momentum. The boundary

conditions for these equations on the inner boundary 'c are addressed below.

A.1. Change of referential

We make some remarks that are at the basis of the modeling.

Remark A.1. In the experiments we have in mind, the material is initially cold and

dense and is ablated by the thermal °ux at a surface denoted by 'fðtÞ called \ablation
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front"; this surface is moving and propagates inward. In the neighborhood of 'f , the

density varies with a sharp gradient from the cold region where ! ’ !c (with !c
constant) to the hot region where ! , !c; and there the temperature varies from

T ’ Tc to the hot level T D Tc. This is represented in Fig. A.2 which is a cut along

the radial direction. The subscript :c refers to the cold region.

Remark A.2. As shown in Fig. 1, it may be assumed that the geometry is locally

planar, at least for the sake of simplicity to perform the following change of

referential. One must account for the fact that a ¯rst shock have traveled through the

ablative matter and a re°ective shock travels from the inner boundary 'c toward the

external one. Then the ablative matter is driven with a macroscopic velocity umacro;

this velocity has a direction normal to the boundaries 'c; which is oriented inward

and its modulus is a given function which is assumed to depend smoothly on the time

variable. We will now state the system in the referential, which moves with this

velocity and we de¯ne x 0 by

x 0 ¼ x !

Z t

0

umacroð6Þd6:

Now denoting by the primes (% 0) the quantities evaluated in the moving referential

u
0ðt; x 0Þ ¼ uðt; xÞ ! umacro; ! 0ðt; x 0Þ ¼ !ðt; xÞ; T 0ðt; x 0Þ ¼ Tðt; xÞ:

One gets after well-known manipulations

@t!
0 þr 0 % ð! 0u 0Þ ¼ 0;

@t!
0
u

0 þr 0 % ð! 0
u

0 A u
0Þ þ r 0p 0 ¼ ! 0

g;

@tð!
0E 0Þ þ r % ð! 0u 0E 0Þ þ p 0r % u 0 !r 0ð4nT 0nrT 0Þ ¼ 0;

8

>

<

>

:

ðA:2Þ

where we have introduced the acceleration g ¼ @
@t umacro.

A.2. The quasi-isobar model

Since the material speed is assumed to be small compared to the speed of sound, we

may now perform a low Mach number approximation. Recall that the pressure is

proportional to the product of the density and the temperature. Heuristically, the low

Mach number approximation may be viewed as follows; see Ref. 1 or Ref. 12 for a

more rigorous analysis.

Dropping the primes and using the Lagrangian derivative Dt ¼ @t þ u % r, system

(A.2) reads as

Dt!þ !r % u ¼ 0;

!Dtuþrp ¼ !g;

1

1 ! 1
Dtpþ

1

1 ! 1
pr % u!r % ð4nT nrTÞ ¼ 0:

8

>

>

>

<

>

>

>

:

ðA:3Þ
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Introduce now a characteristic length l H and characteristic values !H and T H of

the density and of the temperature in the hot region, see Fig. A.1 and set

uH ¼ T H1=2; tH ¼
l H

uH
; pH ¼ !HT H; gH ¼

T H

l H
:

Then we de¯ne dimensionless variables KH ¼ K=KH for all variables and we obtain

DtH!H þ !HrH % uH ¼ 0;

!HDtHuH þ
1

M 2
rHpH ¼ !HgH;

1

1 ! 1
DtHpH þ

1

1 ! 1
pHr % uH !Hr % ðnT n

HrTHÞ ¼ 0:

8

>

>

>

>

>

<

>

>

>

>

>

:

ðA:4Þ

The dimensionless numbers are

. the Mach number M 2 ¼ !HjuHj2=pH;

. H ¼ 4nðT HÞnþ1=ðpHuHÞ ¼ 4nðT HÞnþ1=ð!HT H 3=2Þ measures the velocity of the

particles in the hot region.

The Froude number 1=gH is a measure of the acceleration of the particles coming

through the internal boundary 'c into the cold region.

Next we perform an asymptotic expansion of all variables with respect to the

square of the Mach number

!H ¼ !
ð0Þ
H

þM 2!
ð2Þ
H

þ % % % ;

uH ¼ u
ð0Þ
H

þM 2
u

ð2Þ
H

þ % % % ;

pH ¼ p
ð0Þ
H

þM 2p
ð2Þ
H

þ % % % ;

TH ¼ !
ð0Þ
H

þM 2T
ð2Þ
H

þ % % % :

8

>

>

>

>

>

<

>

>

>

>

>

:

t

t

c
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Ablation front velocity
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( )

Fig. A.1. A zoom near the ablation front 'f which propagates toward the left of the domain.
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Inserting this expansion into (A.4) one gets

DtH!
ð0Þ
H

þ !
ð0Þ
H
rH % u

ð0Þ
H

¼ 0;

!
ð0Þ
H
DtHu

ð0Þ
H

þrHp
ð2Þ
H

¼ !
ð0Þ
H
gH;

1

1 ! 1
DtHp

ð0Þ
H

þ
1

1 ! 1
p
ð0Þ
H
r % u

ð0Þ
H

!Hr % ðnðT
ð0Þ
H

ÞnrT
ð0Þ
H

Þ ¼ 0:

8

>

>

>

>

<

>

>

>

>

:

ðA:5Þ

One also has p
ð0Þ
H

¼ !
ð0Þ
H
T

ð0Þ
H

andrp
ð0Þ
H

¼ 0. Sincerp
ð0Þ
H

¼ 0, the value of p
ð0Þ
H

is set by

the boundary condition or by any global condition that we do not want to discuss. It

is therefore reasonable to assume that p
ð0Þ
H

is a constant also in time. That is

DtHp
H

ð0Þ ¼ 0. One can assume that this constant is equal to 1 without restriction. We

now set

P ¼ p
ð2Þ
H
; ! ¼ !

ð0Þ
H
; T ¼ T

ð0Þ
H

; u ¼ u
ð0Þ
H
:

The quasi-isobar pressure law in dimensionless variable reads as !T ¼ 1: We may

choose !H such that H ¼ 1=ð1 ! 1Þ, then we get the system stated in Sec. 1.

To have a schematic representation of picture of the ablative front, see Fig. A.2

where there is a cut of the map of the quantities !;T along the radial direction; one

shows a singular surface where both the density and the temperature have very

strong gradients.
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