Chapter 7

The finite element approximation

” Pure mathematicians sometimes are satisfied with showing
that the non-existence of a solution implies a logical contra-
diction, while engineers might consider a numerical result
as the only reasonable goal. Such one sided views seem to
reflect human limitations rather than objective values. In
itself mathematics is an indivisible organism uniting theo-
retical contemplation and active application.”

Richard Courant (1888-1972)

The aim of this chapter is to introduce the basic theory of finite element methods. Nowadays, finite el-
ement methods are widely used in almost every field of engineering analysis. The German mathematician
Richard Courant (1888-1972) shall probably be credited for formulating the essence of what is now called
a finite element [Courant, 1943]. The development of these methods became effective with the advent
of computers and is now recognized as one of the most powerful and versatile method for construction
approximations of the solutions of boundary-value problems. We will give here a brief overview of the
fundamental mathematical ideas that form the core of the method.
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In Chapter 4 we have seen the principle of the variational approximation of elliptic problems. The main
idea of the finite element method is to replace the Hilbert space V' in which the variational formulation
is posed by a finite dimensional subspace V}. We will first briefly return to the internal variational
approximation principle and present finite elements in one dimension.

7.1 General principle

We consider the variational abstract problem introduced in Chapter 4. More precisely, given a Hilbert
space V, a bilinear continuous and V-elliptic form a(-,-) defined on V' x V and a continuous linear form
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100 Chapter 7. The finite element approximation

I(+) defined on V', we consider the variational formulation of a problem:
(P): Findu €V such that a(u,v)=1(w), forallvelV,
and we already have stated that this problem has a unique solution using Lax-Milgram Theorem 4.1.

7.1.1 Internal approximation of a variational problem

The internal approximation of problem (P) consists then in replacing the Hilbert space V' by a finite
dimensional subspace, denoted V}, in which to find the solution uy. Here, h > 0 represents a parameter
related to the discretization of the domain (in space or time) and intended to vanish in the theoretical
results. We assume that for every v € V, there exists an element r,(v) € V}, such that

li —v||=0.
lim 7 (0) — o]

The bilinear form a(-,-) and the linear form [(-) are defined on Vj, x V}, and V}, respectively and the
problem (P) is replaced by the following discrete problem:
(Pr):  Find up € Vi, such that  a(up,vp) = U(vy),  for all v, € Vj,.

We introduce the keyword internal related to the approximation because we suppose here that V;, C V.
If N = dimV}, we consider a basis (¢;)i<i<ny of V. The decomposition of wy in the basis of Vj,
up, = ZZ]\L | Ui, leads to rewrite the problem (P,) in the following form:

N

> ujales, ) =1(e), VI<i<N. (7.1)
j=1

Introducing the stiffness matriz Ay, = (a;;) € RV of coefficients a;; = a(p;, ¢;), for all 1 < i,j < N,
the vector Uy, = (u;)1<i<n and the vector F, = (fi)1<i<n such that f; = l(¢;)1<i<n allow us to conclude
that we have the equivalence:

up, solution of (P,) <=  ApUp = F},.

Obviously, the V-ellipticity assumption on the bilinear form a implies the existence and the uniqueness
of the solution uy to the problem (Pp,). However, this assumption is too strong for our purposes. As we
are considering a finite dimensional space Vj, it is sufficient to consider that:

(a(vn,vn) = 0) = (v, = 0), Vo € Vi,

Since the bilinear form a is V-elliptic, then the matrix Aj is positive definite (cf. Proposition 4.2).

7.1.2 A priori error estimates

It is interesting to evaluate the error related to the replacement of V' by the finite dimensional subspace
Vj,. To this end, we assume that the problems (P) and (P},) are both well-posed, in particular that the
bilinear form af(-,-) is continuous (with a continuity constant M > 0) and that there exists a constant
ay, > 0 such that:

Yoy, € Vp, a(vn,vn) > anllvnll?,

and we denote by u and uy, the respective solutions of problems (P) and (Py,).
Proposition 7.1 Under the previous assumptions, we have the orthogonality identity:

Yoy, € V3, , a(u —up,vp) =0.
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Proof. Since V}, C V, we have trivially that a(u,v,) = l(vn) = a(up,vy), for all vy, € V. O
If the bilinear form a(-,-) is symmetric, continuous and V-elliptic on V' x V' of constant «, then it defines
an inner product and an energy norm associated to it as:

lulle = (a(u,u))'?, VueV,
equivalent to the norm of V:

Valully < Jlulle < Vel llully,  VueV.

The approximate solution uy, is thus the orthogonal projection for the inner product a(-, -), of the solution
u on the subspace V},.

A strong advantage of the internal variational approximation is that it provides an optimal estimate
of the error between the exact solution u of the problem (P) and the approximate solution wuy of the
problem (Py). The error ||u— up||y is comparable to the minimum of ||u — vy ||y when vy, covers Vj,. This
error estimate in norm || - ||y is given by Céa’s lemma (cf. Chapter 4) that we recall here.

Lemma 7.1 (Céa) Under the previous hypothesis, we have the following error estimates.
(i) If the bilinear form is not V -elliptic, we have:

a ; a(vp,w
|u—unlv < (1+HH> inf |lu—opllv, where |la|| = sup M
Wh /) on €V vnwneV, [[ORllv llwnllw

(ii) If the bilinear form a(-,-) is continuous and V -elliptic with a coercivity constant o, then we have:

M
- < 2 it u—unlv.
lu —unlly < o U;felvhHu vnllv

(iii) If in addition the bilinear form a(-,-) is symmetric the previous estimate becomes:
M .
lu—uplly < 4/— inf |ju—wvs|v.
a v eV

Proof. Let consider wy, € Vj,. From the orthogonality identity we deduce that
a(up — wp,vp) = a(u — wp,vp) ,Yop € Vp.

and taking into account the continuity of a, we write:

a(up — wp, Vp au — Wh, Vp,
anllun — wnlly < sup BT gy GO
wnevi  llvnllv wnevie  |lonllv
Similarly, we have
alu —up,u—up) = a(u — up,u —vp), Yo, € Vi,

and we conclude with the V-ellipticity and the continuity of a. If the form a is symmetric, we can improve the
estimate. Since uy is the orthogonal projection of v onto V}, with respect to the inner product induced by a, we
have the Pythagorean relation:

alu —up,u—up) = ||u—up|? < |ju— wh||§ =a(u — wp,u —wy), Ywp € Vi,
and we deduce that for all wy, € V},
allu — uh||%/ < alu—up,u—up) < alu—wp,u—wy) < Ml|u— wh||‘2/ .

and the results follows. O
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Corollary 7.1 Under the previous hypothesis, let (V) denotes a set of finite dimensional subspaces of
V' and let us assume that

VeV, it flo—ully =00,
h h

Then, if inf, ap, > 0, up, converges toward u in V.

The objective for the “ideal” approximation method is to define suitable approximation spaces V}, to
apply the Galerkin approach. To this end, we search for a compromise between the dimension N of V},
(and thus the dimension of the matrix A) and the accuracy of the numerical solution ;. We shall also
consider spaces V}, that allow to compute easily the quantities a(p;, ¢;) and [(y;). Finally, specific spaces
Vi, may result in sparse matrices A where the number of nonzero elements is small, or well-conditioned
matrices with a small condition number and thus easy to solve. In this spirit, the finite element method
tends to answer all these requirements. Before detailling the main concepts of the finite element methods,
we give a few words about Ritz and Petrov-Galerkin methods.

7.1.3 Ritz and Petrov-Galerkin methods
The Ritz method

We consider that the hypothesis of the Lax-Milgram theorem are satisfied and we recall that, if the
bilinear form af(-,-) defined on V' x V' is symmetric, solving the problem:

(P) findu eV, such that a(u,v) =1(v), forallveV
is indeed equivalent to solving the problem:

(P)  findu eV, such that J(u) = in‘f/ J(v), where J(v) = %a(v,v) —1(v).
ve

In the Ritz method, the space V is replaced by a finite dimensional subspace V};, C V such that
dim Vj = N and the approximate solution uy, shall solve:

(Pr)  find up, € Vi, such that J(up) = inf J(vp).

Uh e‘/h
Theorem 4.2 ensures the existence of a unique solution to this minimization problem as a consequence of

Lax-Milgram theorem.

Since the dimension of the space V}, is IV, there exists a basis (¢;)1<j<n of V3, and every uy, € V}, can
N

be decomposed as up = Zumj and we use the classical notation U = (uq,...,uy)" € RV,
j=1
We consider the one-to-one mapping & : Vj, — RY uy, — U and we pose J = J o ¢! such that for
every up € Vj, we have:

JWU) = J(up),
or, when replacing J(uy) by its value:
1 N N N
J(up) = 20 Zujgoj,Zujgpj —1 Zujcpj

j=1 Jj=1 Jj=1

(NN N

=3 Zzuiuja(%, ©5) — Zuil(SOi)
i=1 j=1 i=1

This leads to a matrix formulation of the minimization functional J(u):

1
J(uh):§UtAhU—Uch:j(U),
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where Ay, = (a;;) € RMN with a;; = a(i, ;) and Fj, = (f;) € RY is such that f; = [(¢;). Hence, solving
the minimization problem (Pp,) is equivalent to solving the following problem:
(Phr) find U € RN such that J(U) = ianN JV), where J(V)=4V'A,V -V F,.
ve

For obvious reasons, the stiffness matrix Ay is symmetric positive definite and thus the functional
J is quadratic on R¥. This is sufficient to ensure the existence and uniqueness of U € RN _solving the
minimization problem (Pp r). Furthermore, the solution U of the minimization problem (P, r) is also
the solution of the linear system A U = F},.

Remark 7.1 When the bilinear form a(-,-) is symmetric, the Galerkin and Ritz methods are strictly
equivalent.

The Petrov-Galerkin method

The principles of Petrov-Galerkin and Galerkin methods are very similar in the sense that they both
will attempt to solve the problem (P). However, in the Petrov-Galerkin approach, we consider two
finite-dimensional approximation subspaces V}, and W), in V' such that

dith :dimWh =N.

The approximate solution uy is searched in the space V}, but the test functions in the variational formu-
lation are now the shape functions of W},. For these reasons, V}, is called the approximation space and
Wi, is the space of test functions. The problem to solve is now the following;:

(Phpc) findup € Vi, such that  a(up,vy) =Uvy), for all vy, € Wy,

Suppose (¢;)1<j<n is a basis of V;, and (¢;)1<j<n a basis of W}, then every uy, € V}, can be decomposed
N

as up, = Z u;p; and we can rewrite the problem as follows:
j=1

N
find up, € Vi, such that ZUja(goj,@bi) =), i=1,...,N,
j=1
And the linear system to solve is AU = Fj, where Aj, = (a;5) € RN with a;j = a(pj, ;) and
F, = (fz) with f; = l(lbl), foralli=1,..., N.

7.1.4 The finite element method

In the finite element method, the domain {2 is subdivided into a partition or a mesh T}, i.e., a (poten-
tially large) collection of geometrically simple elements, and the approximation space Vj, is composed of
piecewise polynomial functions on each element K of the partition 7. We will see in Chapter 9 how to
construct a partition 7T}, for a domain 2 of arbitrary geometric shape. The parameter h represents here
the grain of the discretization, i.e., the elementary size of the elements K in T} as defined by:

h = max diam(K) .
KeTy,

Typically, a basis of V}, will be composed of functions whose support is restricted on one or a few elements
of T}, and the polynomials are usually of low degree. Hence, when h — 0 the space V}, will better and
better approximate the space V' and the stiffness matrix A will be sparse, most of its coefficients being
ZEros.
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Finite elements vs. finite differences or finite volumes

The principle of finite difference or finite volume discretization methods is very similar. Both approaches
consider a partition of the domain into a numerous small pieces, although none of them consider a
variational formulation of the problem at hand. For instance, let consider the homogeneous Dirichlet
boundary-value problem in two dimensions:

—Au=f in Q
u=20 on 0f)
With the finite difference method, the domain €2 is covered by a regular uniform grid. At each internal

node x;; = (ih,jh), we search a discrete value w;; to approximate u(z; ;) and we assume for example
that the Laplacian operator is approximated using a 5 points scheme, thus leading to write:

Auij — i1 — Uig—1 — Uitl,j — Uil

h2

= f(zij).

In the finite volume method, the partition 7} of the domain €2 is arbitrary and unknowns are associated
with each element K € T}. Using Green’s identity, we can rewrite the previous equation as follows:

0
Y - / £, YKeT,
ok On  Jk
and we discretize the left-hand side term using a formula mixing the unknowns on K and on the neigh-
boring elements. Considering a square domain, we have:

Kij=[(—1/2)h, (i +1/2)h] x [(j = 1/2)h, (7 + 1/2)h],

and if wu; ; is the approximation of u on K;;, the flux integrated on the interface K;; N K1 ; is then
discretized by u;+1,; — ug,;. Repeating the procedure for the other fluxes and approximating the term
wa f by h%f(z; ;) yields the equation:

2
Auij — Uij1 — Uig—1 — Ui1,j — U1, = B°f(@ij) .

The resulting linear system is very similar to that obtained using a finite difference scheme.

Actually, the vast majority of finite difference methods can be deduced from finite element methods if
the problem at hand has a variational formulation. It is less obvious for finite volume methods. Moreover,
we have strong theoretical mathematical tools to study finite element methods. In addition, the latter
have several intrinsic advantages:

1. the versatility of the formulation on arbitrarily complex geometries, and the possibility to locally
refine the partition 7}, to approximate solutions with singularities,

2. the boundary conditions are naturally taken into account in the space V in the variational formu-
lation and in its internal approximation V},

3. the general framework of the variational approximations is convenient for the error analysis.

Other variational methods have been developed, like spectral methods, that are especially adapted to
the approximation of smooth solutions but are limited to simple geometries and methods using wavelets
basis.
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7.2 The one dimensional case

At first, we introduce the general principle of the Lagrange finite element method in one dimension of
space. Without loss of generality, we can restrict our study to the unit domain € =]0,1[. To set the
ideas, we will also consider the following boundary-value problem:

Given f € L*(Q) and c € L>®(R), find the function u solving:

—u’(z) + c(z)u(z) = f(z), 2 €0,1] (72)

u(0) = u(1) =0. '
Here, a mesh is simply a set of points (z;)o<j<n41 or intervals K; = [z}, ;1] such that 0 = z¢ <
1 < --- < xny41 = 1. The mesh is said to be uniform if the points (z;) are equidistributed along the

segment [0, 1], i.e. such that z; = jh, with h =1/(N +1), 0 < j < N + 1. More generally, we denote by
h = max |zj11 — x;| the size parameter.

7.2.1 Lagrange P, elements

The finite element methods for Lagrange P; elements involves the space of globally continuous affine
functions on each interval:

Vhl = {on ECO([Oal])v Uh|K]' €P;, 0<j <N},
and the subspace of Vhl:
Vol,h = {v, € Vi1, such that v;,(0) = vj,(1) = 0},

More generally, P; denotes the vector space of polynomials in one variable and of degree less than or
equal to k:

k
Py = ¢ p(z) = Zajxj a; € R
j=0

The finite element method consists in applying the internal variational approximation approach to the
spaces Vhl and Vblh. In this context, the functions of Vh1 can be represented using very simple shape
functions.

Lemma 7.2 The space Vh1 is a subspace of H'(Q) of dimension N + 2. FEvery function vy of Vh1 18
uniquely determined by its values at the mesh vertices (;)o<j<N+1°

N+1

on(z) = Y onlxy)ei(z), Ve elo1],
j=0

where (;)o<j<nN-+1 s the basis of the shape functions ¢; with compact support in each interval [xj_1, Tj41]
defined as:

% z € [vj_1, ;]
pj(x) = Tip1 — 2 such that @j(x;) = 0. (7.3)

" z € [j, Tjt1]
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¥o Pj PN+1

Zo Tj—1 Xy Tjt+1 ITN+1

Figure 7.1: Global shape functions for the space Vhl.

Proof. We know that piecewise C'* continuous functions belong to the space H*(£2). Hence, V}, is a subspace of
H'(9Q). Moreover, since we have ¢;(x;) = d;;, where d;; is the Kronecker symbol, the result follows. O

Remark 7.2 Notice that the functions (pj)o<j<n+1 can be expressed using only two functions:
wo(x) =1—=, wi(z) ==.

The basis functions are defined as the composition of a shape function of a reference finite element (i.e.
that depends only of the polynomial approzimation) and of an affine transformation (depending only on
the discretization) as, for all0 < j < N:

T—Tiq
w1 <]> s T € [asj_l,xj]
) , € [z, m54]

and on+1(x) = wy ((x —xzn)/h). This will be useful to compute the coefficients of the matriz in the linear
system to solve.

Corollary 7.2 The space Vblh is a subspace of H} () of dimension N and every function vy, of Volh 18
uniquely determined by its values at the mesh vertices (v;)1<j<n:

N
Uh(l') = Z’Uh(l‘j)(ﬂj($) ) Vo € [07 1] )
=1

Remark 7.3 Notice that functions vy, € Vh1 are not twice differentiable on € and thus it is meaningless
to attempt solving the problem (7.2) as the second derivative of any vy, € Vh1 is a sum of Dirac masses
at the mesh vertices. However, it is meaningful to solve a variational formulation of this problem with
functions vy, € Vh1 since only the first derivatives are involved.

The variational formulation of problem (7.2) consists in finding u € HZ(Q), such that:

'(x)0 = z)v(x) dx v ] .
/Qu(a:)v (at)dx—i—/ﬂc(x)u(:c)v(:c)da;—/Qf( Jo(z)dx, Yv € Hy(Q), (7.4)

and the variational formulation of the internal approximation consists in finding uj, € Vo5, such that:

/Qu’,L(x)v;L(:c) dm+/ﬂc(m)uh(m)vh(x) dac:/Qf(a:)vh(a:) dx , Vo, € Vop - (7.5)
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Introducing the notation up(x;)1<j<n for the approximate value of the exact solution at the mesh vertex
zj, leads to the approximate problem:
find up(x1),...,up(xN) such that for alli=1,...,N

N

Z (/Q o (x)p;(x) da —i—/QC(ij(x)%(x) dx) up(xj) = /Qf(x)cpz(x) dx .

j=1
And as expected, this formulation is equivalent to solving in RY the linear system:
AhUh = Fh

where Uy, = (up(z5))1<j<n, Fr = ([q f(@)pi() dx)1<z.<N and the matrix Ay is defined as:

= ([ i@ + [ doeiwipita)ds )

1<ij<N

Coefficients of the matrix A,

Actually, the matrix A; appears as the sum of the stiffness matriz Kj; defined by its coefficients
(kijh<ij<n:
Tk+1

N
by = [ Gh@)eia)do = @)pha) da
j /Qso @ ;Z:O/wk ¢li(z)¢

and the mass matriz M}, defined by its coefficients (m;;)1<i j<n:

Th+1

N
my = [ elap, @)oo do = > / oot .

Since the shape functions ¢; have a small support, most of the coefficients in A}, are zeros. More precisely,
for a given index ¢, there is only three consecutive values of j such that the coefficient a;; is potentially
not equal to zero. The structure of the matrice is then easy to deduce: Ay, is a tridiagonal matrix. The
coefficients of A;, are thus given by:

wi= [ G [ do e

i—1 Tj—1

Zj Zj

s = [ @@ [ e d
xTj_1 i1
;j+1 , , ]Ij+1

wr= [ @@ det [ @@ ds
Zj X

For the sake of simplicity, we consider here the function ¢ as being constant, c(z) = ¢y for all x € Q.

Hence, we write:
L T—Ti1 T—Tj-1
vj(z)pj_i(z)de = co/ w1 < h] > wo ( hj >
Tj—1

Ty
mjj ZCO/
.
1

-1
J L h
:Coh/ wl(@/)Wo(y)dy=00h/ (l—y)ydy=608,

0 0

where we posed y = (z — xj—1)/h. Finally, we find the coefficients of Ap:

1 h 2 2h 1 h
Qjj—1 = _E + COE Qg5 = E + C()? and ajj+1 = _E + Cog

)
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Remark 7.4 Instead of regarding the node contributions, we could have analyzed the elements. Consider
the element K; = [x;,xj41]; on this element there is only two non-zero shape functions:

_ Tj1 — X Tjp1 — T
¢j|Kj B . h
Lj+1 = Zj
/| ~1 -1
I xj+1—a:j h

§0j+1|Kj =

90;‘+1|Kj =

T — Ty _ T — Ty
Tj+1 — Ty h
1 1
Tj41 — Ty h

Then, we can arrange the elementary contributions of the element K; to the stiffness matriz and to the
mass matrix as 2 X 2 symmetric matrices EK; and EM;:

J J
EK; = <k1-1 km) and

with

k:j B Tj+1 , 2d
1 = (‘P;(ﬂf)) €T,

J

Tj+1 ]_ ]_
:A,iﬁm:h

J

and thus to conclude that:

EK; =

J J
k21 k22

k{2:k:§1:/
Tj+1 1

171 -1
h\—-1 1

Tj+1

J

J

(2) i () da,

and

EMj =C

h

6

J
J
Moo

J
Ko

21
1 2

-/

)

::]C.

Tj4+1 , 9
(%‘H(x)) dx
j
i ] 1
2=y
J
Tj+1

We will see that this point of view is more practical when dealing with the matrix assembly, especially in

higher dimensions.

Matrix assembly

The assembly of the matrix Ay, is easy and is obtained algorithmically using a loop over all mesh elements
K; and adding their contributions to the right coefficients of the global system. Assuming a(%,j) denotes

the coefficients a;; of Ay, a pseudo-code to perform this task would be:

for k=1, N+1 do
for i=1,2 do
for j=1,2 do

ig = k+i-2 // global indices

jg = k+j=2

A(ig,jg) = A(ig,jg) + a(i,j)

end loop j
end loop i
end loop k

// loop over all elements
// local loop

The numerical resolution of the linear system is by far the most computationally expensive part of the
method. We refer the reader to Chapter 5 for more details about the direct and indirect techniques to

solve this system.
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Coefficients of the right-hand side Fj,

Each component f; of the vector F}, € RY is obtained as:

fi= Z/IkH f(x)pi(z) dx

Usually, the function f is not known analytically. Hence, we decompose f in the basis of the shape
functions (¢;)i1<j<n:

N-1
x) = Z fipi(x)dx
j=1
and the problem is reduced to the evaluation of the integrals:
Th+1
/ i(z)pi(x),dx.
T

We use for instance the trapeze formula:

Th+4+1 x — X
/ O(x)dx = %(9(:@“) + 6(zk)) ,
Tk

that gives the exact result for polynomial of degree one and leads here f; = hf(x;); or the Simpson
formula:

Tht1 Tyl — X
[ e do = T ) + 40(og1s2) + OLa)
T

that gives the exact result for polynomials of degree lesser than or equal to 3, and leads here to

E(f(ﬂﬁj) +4f(wjp1/9) + f(zj11))-

fj:6

Neumann boundary-value problem

The finite element method can be applied to solve the Neumann boundary-value problem:
Given f € L3(Q), ¢ € L®(Q) such that c(z) > co > 0 almost everywhere in Q and «, 3 € R, find the
function u solving:

{ —u"(x) + c(z)u(z) = f(x), z € (7.6)

W'(0) =« u'(1) = 4.

in a very similar manner. Recall that this problem has a unique solution v € H'(Q) (cf. Chapter 4).
The variational formulation of the internal approximation consists here in finding uy € Vh1 such that

/ up, (x)vy,(x) do +/ c(x)up(z)op(x) de = / f(z)vp(x) de — avp(0) 4+ Bup(1), Yo, € ViH(Q). (7.7)
Q Q Q

The variational formulation consists in solving in RV*2 the linear system:
AhU n=Fp

with Uy, = (up(z;))o<j<n+1 and the stiffness matrix Ay, is defined as:

a= ([ + [ de@eaei)
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and Fj, = (f;)o<j<n+1 such that:
fi= [ Hepsae 1<i<N
fo= [ ra)eola)da o
o= /Qf(l‘)SON—H(fE) dr + 3.

7.2.2 Convergence of the Lagrange P, finite element method

Definition 7.1 (Interpolation) The linear mapping I, : H' () — V;} defined for every v € H ()

as:
N+1

(Mpo)(x) = Y v(z)pi(x), Vo e0,1],
=0
is called Py interpolation operator. Furthermore, for every v € H'(Q), the interpolation operator is such
that:
lim o = Iyo] i) = 0.

The Py interpolate of a function v is the unique piecewise affine function that coincide with v at the mesh
vertices ;. The convergence of the finite element method is related to a series of results that we give
here.

Suppose that the function v is sufficiently smooth, i.e. v € H2(£). Since the derivative of the affine
functions in V}, is constant on the intervals K; = [z, zj41], we have then:

(M) () = v(xjﬂ)h_ tei) ill/xj+l o'(t)dt, Vo€ [zj,mi4].

i
Since we assumed v € H2(Q) then v' € H'(Q) and thus v is a continuous function. Using Rolle’s theorem,
we deduce that there exists a point 0; € [z, xj41] such that:

1 [T+t
VO =y [ v ®d= M) @), Ve o).
z;
We will search for an estimate on [|v — II,v|| g1 (). To this end, we write:
2 ! 2 — [ 2
o= Mol = [ 1 =l = 3 [ W)= w6, ot (79
=1 7%

however, for all t € [z;,2;41] we have:

hence, using Cauchy-Schwarz’s identity, we write:
t
VO =0 O)F < [ W6
j

Tj+1
< [ WPl

J
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By integrating on the interval [z, z;1] yields:

Tj41 Tji+1 Tj+1
[ - vera < [e-ola( [P

J J J

. )2 Tjt1
< @i =) /] " (t)|? dt
xT

< 2 j
h2 [T+t
< wwpar
2 z;

And going back to equation (7.8), we have now:

h? N=Lorajig
oMol < 5 3 [ @l
j=1 "%

h2
By

This leads to enounce the following result, that we already partly proved.

Lemma 7.3 (Interpolation error) If v € H%(Q) then, there exists two constant Cy and Co indepen-
dent of h such that:

o= Mpvlli) < CLh?* [0 2@ and  [|v" — (Hav)[lr2) < Coh |V |lz2(q) -

And we can establish the convergence of the finite element method for the Dirichlet boundary-value
problem as follows.

Theorem 7.1 (Convergence) Suppose u € H}(Q) and uy, € Vo, are the solutions of (7.2) and (7.5),
respectively. Then, the Lagrange P1 finite element method converges, i.e. we have:

lim ||u —u =0.
Lim ] nllH1 ()
Furthermore, if u € H?(Q) then, there exists a constant C independent of h such that:

v —unllgi) < Chlfllz2@) -

Proof. Here, since the bilinear form a(-,-) is Vp p-elliptic, we can consider the ellipticity constant o = 1:

1

1
() = [ we) el de = [ ure)do = Julfye.
0 0

and regarding the continuity of a(-,-) we write:

IN

1/
(I W32y + exllullfzcey )

< (Ut e)llullmy 1ol »

la(u, v)]

A
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where we assumed that 0 < ¢; = sup,¢[ 1) ¢(z) < +oo. Thus, the continuity constant M is taken here as 1+ c;.
Using Céa’s lemma 7.1, we can easily conclude that:

lu—unlmi < Vi+a inf |u—on|mq)- (7.9)

Vh GVo,h
If we assume v € H?(), we can write, according to the previous lemma:

h2
2 2
llu = Mpullgy o) < 7\|UH||L2(Q)

h? h?
7““”%{2 < C?||f|\%2(g)~
Moreover, since II,u € V5, we have also:
it = ol < lu= Ty
and using the inequality (7.9), we can conclude. |

Lemma 7.4 There exists a constant C independent of h such that for all v € H*(Q):
ITholl g ) < Cllvlla @) and  |lv = a2y < Chlv'|l 120y -
Furthemore, for all v € H'(2), we have:

. / /
Lim fJo" = (1)’ 22(e) = 0

Proof. Given v € H(Q), we have:
Mhvllz2@) < sup [Mpv(x)] < sup |v(z)] < Cllvlla o) -
€ e

Moreover, since II;v is an affine function, we have by Cauchy-Schwarz’s identity:

/ﬂ”-f“ (o) ()2 dt = (v(wj+1)h—v(l“j)) - % </Ij+l V' (t) dt) < /IM o' (8)]* dt .

J J J

and we obtain the first identity by summation over j. Similarly, we write:

o(a) — Myv(a)] < 2 / T .

zj

We obtain the second identity by using Cauchy-Schwarz, by integrating with respect to x and then by summation
over j.
Since C°°(Q) is dense in H'(Q), for every v € H'(Q) there exists w € C°() such that

v — w2 < €, for e > 0.
Since II is a linear mapping verifying the first identity, we have then:
|(Pinv) — (M) [0y < Cl' — |20y < Ce.
From Lemma 7.3, we deduce that, for h sufficiently small:
v — (Mpw)||r20) < €.
We can the write, by adding the last identities:
[v" = (hv) 20y < V" —w'[[z2) + [w = [Thw) || 22(@) + [(Thv)" — (Mpw) || p20) < Ce,

and the result follows. O
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7.2.3 Lagrange P, elements

Before introducing the Lagrange P, finite element method, we like to describe the advantage of considering
higher-order polynomials on an example taken from [Solin, 2005].

Motivation for high-order elements

Consider the simple homogeneous Poisson boundary-value problem in one dimension of space:

—u"(x) = f(x), in Q=] —-1,1], . 2 T
{u(O) ‘ , with f(z) = - oos <7> .

The exact solution to this problem has the form:
T

u(x) = cos <?) :

The well-known variational formulation of this problem consists in: finding u € H} () such that:

/u/(x)v’(x) dx = / f(z)v(x)dx, Vv € H3 ()
Q Q

Suppose the domain is decomposed into two intervals [—1,0] and [0, 1] and let consider the finite element
space Volh generated by a single piecewise affine function vy, defined as:

vp(x) =

x+1, x € [-1,0]
11—z, x € ]0,1]

The exact solution u and the approximate solution wy are given Figure 7.2, left. The approximation error
in H' seminorm is:

1/2
lu —up|i2 = </Q [u' () — )y (z)? dx) ~ 0.683667 .

On the other hand, assume a single quadratic element covers the domain [—1,1]. A basis of the finite
element space V02h is composed of the function vy, (x) = 1 —22. The exact solution u and the approximate
solution uy are given Figure 7.2, right. The approximation error is then:

|u — uh(a:)|1,2 ~ 0.20275.

I —u 1F —u
[ — 1x [ — 1-x"2
:7x+1 :
08 08
0.6 | 0.6 |
04r 041
02F 02F
b ol
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 7.2: .Ezact solution u with piecewise affine approrimation uy (left-hand side) and with quadratic
approzimation uy, (right-hand side).
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This is a clear indication that high-order finite elements are better to approximate smooth functions.
Conversely, less regular functions can be approximated accurately using lower degree finite elements.
This will be emphasized by Theorem 7.2.

Lagrange P, elements

We return to problem (7.2) and we consider a set of points (z;)o<j<n41 or intervals K; = [z, 2j41]
forming a uniform mesh of 2. The finite element method for Lagrange P> elements involves the discrete
space:

Vf?:{vh GCO([()?l])? Uh’Kj ePy, 0< SN},

and its subspace:
Voz,h ={u, € th, such that v, (0) = v,(1) =0}.

These spaces are composed of continuous, piecewise parabolic functions (polynomials of degree less than
or equal to 2). The Py finite element method consists in applying the internal variational approximation
approach to these spaces.

Lemma 7.5 The space Vh2 is a subspace of H'(Q) of dimension 2N + 3. Every function vj, € Vh2 18
uniquely defined by its values at the mesh vertices (zj)o<j<n+1 and at the midpoints (vj41/2)o<j<N =

(z; + %)o<j<n:

N+1 N
vp(z) = Z n(@j)e;(x) + th Tiy1/2) Piv12(T), vz € [0,1].
j=0 Jj=0

where (¢;)o<j<nN+1 5 the basis of the shape functions ¢; defined as:

T — T ] L= Tjy1/2 .
Wj(x)—¢<hj> 0<j<N+1 and 80j+1/2(93)—¢<]+/> 0<j <N,

h
with
14+2)(1+22) —-1<z<0 9
_ 142 [z <1)2
plx)=< (1—-2)(1-22) 0<z<1 and P(x) = { 0 2] > 1/2
0 x| > 1,

Remark 7.5 Notice that we have:

ei(x;) =05 wi(jp12) =0
Cir12(x;) =0 @iy12(Tj1/2) = 6ij

Corollary 7.3 The space VOQh s a subspace of H&(Q) of dimension 2N + 1 and every function vy, € Vozh
is uniquely defined by its values at the mesh vertices (vj)1<j<n and at the midpoints (;41/2)o<j<N:

N

th zj)pi(x Z h(Tjr1/2) Pjg1/2(2), Vr € [0,1].

=0
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Ti1 Tjo1/2Tj  Tji1/2 Titl
Figure 7.3: Global shape functions for the space VhQ.

The variational formulation of the internal approximation of the Dirichlet boundary-value problem (7.2)
consists now in finding uy € Vogh, such that:

/Qu%(x)vﬁl(:n) dx + /Qc(:v)uh(:n)vh(a:) de = /Qf(;v)vh(:v) dz Yy, € VO2,h' (7.10)

Here, it is convenient to introduce the notation (xk/z)lng2N+1 for the mesh points and (gok/g)lngQNH
for the basis of V02h' Using these notations, we have:

2N+1

up(z) = Z Uh(xk/z)SOk/z(ﬂf)-

k=1
This formulation leads to solve in R?N*1 4 linear system:
ApUp = By,

where Uy = (up(71/2))1<k<2n+1 and it is easy to see that the matrix Ay of the linear system to solve is
now defined as:

Ap = (/Q P2 ()012() d$+/gc(l‘)80k/2(9€)80l/2($) dl‘) ,

1<k,I<2N+1

and the right-hand side term becomes:

Frp = (/Qf@?)@k/z(x) dx) Lkt

Since the shape functions ¢; have a small support, the matrix A, is mostly composed of zeros. However,
the main difference with the Lagrange IP; finite element method, the matrix Ay is no longer a tridiagonal
matrix.

Coefficients of A,

The coefficients of the matrix A; can be coputed more easily by considering the following change of
variables, for ¢ € [—1, 1]:

Wt:mj_u—i——t, Vo € [2j,2540), 0<j<2N—1.

T =Tj41+ 5
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Hence, the shape functions can be reduced to only three basic shape functions (Figure 7.4):

w1t = wo(t) = —(t=1)(t+1)  wi(t) = t(t—;l) :

and their respective derivatives:

dw_1 2t —1 dwg dwq 2t+1
= — —(t) = -2t — ()= ———.
dt (t) 2 dt ®) dt ®) 2
This approach consists in considering all computations on an interval K; = [z, 2 2] on the reference
interval [—1,1]. Thus, we have:
dpj _ dwy, dt
de  dt dz’

where wy, € [—1,1]. In this case, the elementary contributions of the element K to the stiffness matrix
and to the mass matrix are given by the 3 x 3 matrices EK; and EMj:

[T -8 L[4 2 -1
EKj=o-|-8 16 -8 EMj=cogs (2 16 2
1 -8 7 -1 2 4
N
0.8:—
o6
0.4:—
02k
ok
L1 L L L L | L L L L | L L L L | L L L |
-1 -0.5 0 0.5 1

Figure 7.4: The three quadratic Lagrange Py shape functions on the reference interval [—1,1].

Matrix assembly

for k=1, N do // loop over all elements
for i=1,3 do // local loop

for j=1,3 do
ig = 2%¥k+i-3 // global indices
jg = 2%k+j-3

A(ig,jg) = A(ig,jg) + a(i,j)
end loop j
end loop i
end loop k
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Coefficients of the right-hand side Fj,

Usually, the function f is only known by its values at the mesh points (z;)o<j<2n and thus, we use the
decomposition of f in the basis of shape functions (¢;)o<j<an:

2N

f@) =Y fz)pj(z) de.

j=0
Each component f; of the right-hand side vector is obtained as:
N T2k
fi= Z/ f(@)pi(z) dz.
k—1" T2k—2
Using the previous decomposition of f, we obtain:
2N N oo
fi=> 1 <Z/ @j(x)pi(z) de) ;
j=0 k=1"%2k-2

and the problem is reduced to computing the inmtegrals:
T2k
/ j(x)pi(x) dx, .
T2k—2

It is easy to see that we obtain expressions very similar to that of the mass matrix. More precisely, the
element K; = [z, z;12] will contribute to only three components of indices i, i+! and i + 2 as:

fzk h 4 2 -1 fz
o =30 16 2 fir1 ]
fEs -1 2 4] \fir

where fik denotes the contribution of element k to the component 7.

7.2.4 Convergence of the Lagrange P, finite element method
We rely on Céa’s lemma that provides an estimate of the error:
o~ unllscay < (/o inf, v
U — upl| g1 — inf  Jlu—vpllgr),
nlla @) =\ = rllH1(Q)

for a continuous and V-elliptic bilinear form a(-,-) defined on V;! x V;!. Suppose now that f € H'(9),
then v € H3(Q) and if the function c is sufficiently smooth then:

lullzs)y < Cllflla @) -

In order to find an upper bound on the right-hand side of the previous estimate, we introduce a mapping
wy, € Vi), such that for all 1 <i < N, wy(x;) = u(z;) and such that wp|(, ,,,] is a polynomial of degree
two or less. To this end, on each interval [z;, x;+1], we consider the polynomial functions:

w;q(z) = %(ﬂc —z;)?, w;2(7) = wi1(z) + Bi(r — 24),
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where

1 Tit1 1 Ti+1
ci=y [ wwan gi=g [T e way @

@ [

By definition, we have:

/ = w) () dt =0, / = i) (0 dt = 0, / = wia) () dt = 0.
Hence, from this relation, we deduce that, for every 0 <i < N:
u(z;) — wiz(z:i) = w(@iv1) — wig(wiv1)
This allow us to define the polynomial function wy, on [0, 1] as follows:
wp(z) = wi2(z) + (u(z;) — wia(xs)), YVO<i<N,

and the previous relations show that wy, is defined and continuous on [0, 1], that wy(x;) = u(z;) for all
0 <i < N and that wy, is a polynomial of degree 2 on each [z;, z;1+1]. We conclude easily that:

M
lu—unllpi) < \/— nf flu—oulme S\ Hu—whHHl
« UheVO,h

Introducing the notation 7,u = u — wy, we can see from the previous identities that r,u € H? (©) and
Thl(e; 2i41] € Hi([wi,i41]). Furthermore, we have:

Ti41 Ti4+1
/ (rpu)’(t)dt =0, and / (rpu) (t)dt = 0.

To achieve the estimate of Rpu, we introduce a result known as Poincaré-Wirtinger inequality.

Lemma 7.6 (Poincaré-Wirtinger inequality) Given a bounded interval [a,b] of R, we pose

Wias = {u e H'(a,b]), /abu(t) it 0} |

Then, we have:

b b—a b
/au2(t)dt§ 5 /au/(t)dt, VueWygy-

Using this result and the previous identities, we deduce that rju € Wia, for all 0 < ¢ < N and thus:

Tit1]
Tit1 2 rTit
[ e ora < 5[ e oF @
h2 Tit1 :
S e ’ ///( )|2 dt
2 Ja,
Similarly, we can deduce that:
Tit1 h2 [T+l
[ marora < 5[ e oP a
ht '

Tit+1
’ ///( )‘2 dt

Ty

IN

4
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Adding these last two results yields:

2 _
Iy e = |

T

Ti+4+1 4

h
|(rnw)' ()] dt < Il g -

Finally, we can enounce the convergence result as follows.

Theorem 7.2 (Convergence) Suppose u € H}(Q) and uy, € V@, are the solutions of (7.2) and (7.10),
respectively. Then, the Lagrange Ps finite element method converges, i.e. we have:

Lim [lu = up |l () =0

Furthermore, if u € H3(Q) (i.e. f € HY(Q)), then there exists a constant C independent of h such that:

Ju—unllgiy < CR*{[u"] 2 -

Remark 7.6 The convergence rate of the Po finite element method is better than with the Py finite
element method. However, the data f must be sufficiently smooth, here f € H'.
7.2.5 Lagrange P, elements

This section generalizes the concepts introduced in the previous sections to the interpolation of continuous
and polynomials functions of degree k > 1. We consider a set of points (z;)o<j<n+1 or intervals K; =
[, z;41] forming a uniform mesh of © =]0, 1].

Lagrange finite element spaces

For a given integer k > 1, we define the space of globally continuous functions on [0, 1] whose restriction
on each interval K; = [z;,2;41] is a polynomial of degree k:

th:{vh S CO([Ovl])v Uh’Kj €lPp, 05y SN},
and the subspace of th :
Vi, = {vn € Vi, such that v,(0) = vy(1) =0} .

In each interval K, a function of th is uniquely determined by its values at k£ + 1 distinct points along
the segment. Hence, on each interval K, we introduce a set of nodes:

l l
=i+ (@ —ag) = a4 ohy, 0<I<k—1,

and Yyn11,0 = TN11.

Lemma 7.7 The space th is a subspace of H'(Q) of dimension k(N + 1) + 1. Every function vy, of V}f
is uniquely determined by its values at the mesh nodes (y;j1)o<j<no<i<k—1 and yni,0. Furthermore, the
shape functions are such that:

i) = Ojj0u -
The space V¥, is a subspace of HE () of dimension k(N +1) — 1.
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Convergence of the Lagrange P, finite element method

We can consider the internal approximation problem of finding u € Volfh such that:

/Qu’h(x)vg(a;) da:—i—/gc(ac)uh(a;)vh(x) dx = /Qf(x)vh(x) dx, Voo, € Volfh. (7.11)

Following the same analysis than for the Lagrange IPo element, we have the following convergence result.

Theorem 7.3 (Convergence) Suppose u € H}(Q) and uy, € Volfh are the solutions of (7.2) and (7.11),
respectively. Then, the Lagrange Py finite element method converges, i.e. we have:

Jim fJu = up|| 1) = 0-

Furthermore, if u € H*TY(Q) (i.e. f € H*"Y(RQ)), then there exists a constant C independent of h such
that:

[ — upll o) < CRY|Fllge-rq) -

Remark 7.7 1. The approzimate solution u; converges toward the exact solution u in H'(Q) when
h — 0. The Lagrange Py, method is of order k in h, if the function f is sufficiently smooth.

2. The matrixz assembly becomes more and more difficult as the value of k increases. Since the size of
the problem increases as well, this may result in additional difficulties in solving the resulting linear
system.

3. The computation of the components of the right-hand side vector Fy must be carried out with a
sufficiently accurate method.

7.3 Triangular finite elements in higher dimensions

We consider here a boundary-value problem posed in an open bounded domain 2 C R¢ (d = 2,3, in
general). For the sake of simplicity, we restrict our study to domains with piecewise polygonal (resp.
polyhedral when d = 3) boundaries, i.e. Q can be exactly covered by a finite union of polygons (resp.
polyhedra).

To set the ideas, we consider the homogeneous boundary-value problem (7.2) posed here in an open
bounded domain € of R?:

Given f € L*(Q) and ¢ € L*®(R), find u such that:

{ —Autcu=f, in (712)
u=0, on 02

We already know that this problem has a unique solution u € HE(Q).

7.3.1 Preliminary definitions

We proceed like in one dimension of space. The domain {2 is decomposed into a set of IV finite elements,
triangles (K)i1<j<n in dimension d = 2 and tetrahedra in dimension d = 3. These two types of elements
belong to the generic class of simplices.
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d-Simplices

Definition 7.2 A d-simplex K is the convex hull (envelope) of d + 1 points (a;)1<j<a+1 in RY, called
the vertices of K, that are not all lying in the same hyperplane. It is the smallest convex passing through
all these points.

Remark 7.8 Let consider d + 1 points (aj)i<j<d+1 in R and let denote (ai,j)1<i<d the coordinates of
vector (aj). These points are affinely independent, i.e. not lying in the same hyperplane, if the matriz

a1l a2 ... Q1d+1
a1 a2 ... Qa24d+1

M = :
adgl ad2 ... Qdd+1

1 1 - 1

is invertible. In such case, the simplex is not degenerated. Any d-simplex has the same number of faces
and vertices, each face being itself a d — 1-simplez.

Furthermore, a few geometric parameters characterize a simplex K:
(i) the diameter hi: the length of the largest element edge,

(ii) the roundness pg: the diameter of the largest inscribed ball,

h
(iii) the aspect ratio ox = ~K. a measure of the non-degeneracy of K.
PK

Barycentric coordinates

Any simplex K can be represented by the barycentric coordinates {\;}1<j<a+1 of its vertices. Barycentric
coordinates are a form of homogeneous coordinates.

Definition 7.3 For every 1 < j < d+1, the barycentric coordinate \; of a point x € R? is the first-degree
polynomzial:

Nj(x) =crz1+ -+ cqxg + Cay1
such that for all1 < i <d+1, Xj(a;) = 0y;.

For each j, the d + 1 coefficients of the barycentric coordinate A; are the unknowns of a linear system of
d + 1 equations. All d + 1 systems share the same matrix M? and give a unique solution if the simplex
K is not degenerated.

Proposition 7.2 For every point x € R?, there exists a unique vector (Aj(x))1<j<ds1 such that the
following identites hold:
d+1 d+1

x:Zaj)\j(:n), and Z)\j(x) =1.
j=1
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Figure 7.5: Example (left) and counter-example (right) of conforming triangulation, in two dimensions.

Proof. For each point « = (;)1<i<q, the scalar values (\;(x))1<j<at1 are the solutions of a d+ 1 x d + 1 linear

system that admits M as asociated matrix. Hence, there is a unique solution to this system if the simplex K is non

degenerated. Each function )\, is an affine function and one can check easily that A;(a;) = d;; will be a solution of

this system. Since there is only one such affine function, it is then the barycentric coordinates function. O
Since the A; are affine functions of x, then we can write:

K={zecR' 0<)\(z)<1,1<j<d+1},

the faces of K are the intersections of K with the hyperplans A\j(z) = 0, 1 < j < d+ 1. We observe
also that the change from Cartesian coordinates to barycentric coordinates is an affine transformation.
Hence, a polynomial of total degree k in Cartesian coordinates can be expressed as a polynomial of total
degree k in barycentric coordinates, and conversely. For a first-degree polynomial p we have:

d+1

p(z) = plaj)X(z). (7.13)
j=1

Triangulations and meshes

Definition 7.4 A triangulation, also called a triangular mesh of Q is a set T}, of non degenerated d-
simplices (Kj)i1<j<n such that:

N
(i) K; CQ and Q = UK]-,
j=1

(it) the intersection K; N Kj of any two simplices is a m-simplex, 0 < m < d — 1, such that all its
vertices are also vertices of K; and K.

This definition states that the intersection of two triangles, if it is not empty, shall be reduced to either
a common vertex or an edge. Similarly, in three dimensions, the intersection of two tetrahedra can be
either empty, or reduced to a single common entity (vertex, edge or face). Such a mesh is often called a
conforming mesh (cf. Figure 7.5). The vertices or nodes of the mesh T}, are the vertices of the d-simplices
K that compose the mesh. Algorithms to construct such triangulations will be described in Chapter 9
and we refer the reader to [Frey-George, 2000] for more information on this topic.

We introduce two conditions on the geometry of a triangulation, with respect to the diameter and
the roundness of its elements.
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Definition 7.5 Suppose (Th,)n~0 s a sequence of meshes of Q. This sequence is said to be a sequence of
regular meshes, or a quasi-uniform sequence, if:

1. the sequence h = max hg tends toward 0,
KeTy,

2. there exists a constant C' > 1 such that:

h
Vh>0, VK eT,, — <C. (7.14)

PK

Remark 7.9 In dimension two, if K is a triangle, the condition 7.14 is equivalent to the existence of

an angle 0y > 0 such that
Vh >0, VKeT,, QKZQ(),

where Ok is the smallest vertex angle in triangle K.

A set of points of a simplex K has a specific role as defined hereafter.
Definition 7.6 For every k € N*, we call principal lattice of order k the set:

1 2

k—1
— e, — <7< . .
Bk Tk 7]-} ,fOTl_]_d+1} (715)

S = {meK, \i(z) € {0

For k = 1, the lattice is simply the set of vertices of K; for k = 2, the principal lattice is composed of
the vertices and of the midpoints of the edges (Figure 7.6). More generally, a lattice X is a finite set of

pOiIltS (o-j)lﬁjSNk .

Polynomial spaces

We introduce the set P of the polynomials p with scalar coefficients of R? in R of degree less than or
equal to k:

i i
Pr =< p(z) = E Qiy,.ig®y T i ER = (21,0 2q)
11500,8¢ >0
i1t iq<k

Hence, in two and three dimensions of space, we will simply denote:

Pr = qp(z,y) = Z aija'y’, i €R

0<itj<k
o
P = ¢ p(z,y,2) = Z agqir'y’ 2, ag €R
0<it+j+<k
q < q
21 2 23

Figure 7.6: Principal lattice of order 1,2 and 3 for a two-dimensional simplex.
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It is easy to verify that P, is a vector space of dimension:

k41 d=1
dim(Py) = zk:(d”‘l) <dzk> %(k+1)(k+2) d=2
- é(m Dk+2)(k+3) d=3

The notion of lattice ¥, of a simplex K allows to define a bijective mapping between a space of polynomials
P, and a set of points (0)1<j<n,. The set ¥, is said to be unisolvent for Pr. We will use this property
to define a finite element.

Lemma 7.8 Given a simplex K. For k > 1, we consider the lattice ¥j, of order k whose points are
denoted (0j)1<j<n,. Then, every polynomial p € Py is uniquely determined by its values at the points
(0j)1<j<n,- There exists a basis (;)i1<j<n, of Pk such that:

wi(oi) = dij, 1<4,j < Ng.

Proof. At first, we notice that the cardinal of ¥, and the dimension of the vector space PP}, coincide:

card(Xy) = dim(Py) = %
Indeed, we can write the elements of ¥; as follows:
d o d .,
X = Z? Zf@o,0§a1+~--+ad§k )

j=1

where the a; € N. We know that the mapping associating to every polynomial PP, its values on the lattice X, is a
linear mapping. Hence, it is sufficient to show that it is an injection to have the bijective property. We will prove
by recurrence on the dimension d that if p € Py is such that p(z) = 0 for all € ¥ the p = 0 on R?. At first,
notice that a polynomial of degree k that vanishes in k 4+ 1 points of R is identically null. Suppose this is also true
for the dimension d — 1. We use a recurrence on the degree k. For k = 1, an affine function that vanishes at the
vertices of a non-degenerated simplex K is identically null according to the relation (7.13). Suppose this property
is true for all polynoials of degree k — 1 and let consider a degree k polynomial p that vanishes on ¥;. We observe
that > contains the subset
;CZ{{L‘EZ]C7 )\0({,6):0} R

that corresponds to the principal lattice of order k of the d — 1-simplex of vertices (ay, .. .,aq). Since the restriction
of p to the hyperplane generated by (ai,...,aq) is a polynomial of degree k in d — 1 variables, then p = 0 on this
hyperplan, tnaks to the recurrence hypothesis. If we introduce a system of coordinates (z1,...,z4) such that the

hyperplane is now defined by x4 = 0, then
p(xg, B zd) = CCdQ(xla cee 71'd—1) s

where ¢ is a polynomial of degree d — 1 that vanishes on the set ¥, — X since 4 is non null on this set. The set
Y, — X is a principal lattice of order k£ — 1 and thus the recurrence hypothesis leads to conclude that ¢ = 0 and
consquently that p = 0. The results follows. O

In practice, we consider only polynomials of degree 1 or 2. Equation (7.13) provides the character-
ization of a polynomial of degree one. Given a d-simplex K of vertices (a;)i<j<d+1, we define the edge
midpoints (a;;/)1<j<j/<d+1 by their barycentric coordinates:

1 .
Ailagg) = Xjlagy) = 50 Nilagy) =0 1#5.75 .
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The principal lattice Y9 is exactly composed of the vertices and the edge midpoints and every polynomial
p € Py can be written as:

d+1
p(z) = Zp(aj)kj(x)(%\j(fﬂ) —D+ Y Aplag) (@) (x), (7.16)

1<5<j’<d+1

where the (\j(x))i1<j<d+1 are the barycentric coordinates of & € R¢.

7.3.2 Triangular Lagrange P, finite elements

Suppose the domain 2 is covered by a simplicial mesh T}. The finite element method for triangular
Lagrange P elements involves the discrete finite dimensional functional space:

V}f = {1) € CO(Q), Uh‘Kj S Pk, Kj S Th} s
and its subspace:
ngh:{thV;f, vh:00n89}.

Definition 7.7 A triangular Lagrange Py finite element is locally defined by a triad (K, Py, X)), where:

(i) K is a d-simplex associated with the mesh Tj,

(ii) Py is a vector space of polynomials of degree less than or equal to k on K,
(11i) Xy is the principal lattice of order k of the simplex K € T},.
Yk is called the set of nodes of the degrees of freedom of the finite element (K, Py, Xy).
We consider the set of points (a;)i1<i<n,,, of the principal lattices of order k of each of the simplices
K; € Ty, where Ng,r is the number of degrees of freedom of the Py finite element method. We call
degrees of freedom of a function vy, € th the set of the values of v at the so-called nodes (ai)ISiSNdof-
Remark 7.10 We observe that the nodes of the degrees of freedom coincide exactly with the vertices of

the simplices K; € Ty, when k = 1. The nodes of the degrees of freedom are composed by the mesh vertices
and the edge midpoints, when k = 2.

Lemma 7.9 The space th is a subspace of the space H'(Q) of finite dimension corresponding to the
number of degrees of freedom. Furthermore, there exists a basis (9;)1<j<Ng,; Of th defined by:

@Z(a])zélja 1§i7j§Nd0f7
such that every function vy € th can be uniquely written as
Naog

vp(z) = Z vn(a;)pi(z) .

i=1
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Proof. It is easy to see that the elements of V;* belong to H'(£2). The Lemma 7.8 allozs to conclude that each
function v;, € V}¥ is exactly known by assembling on each K; € T}, polynomials of degree k that coincide on the
degrees of dreedom of the d-faces. By assembling the basis of Py on each Kj;, the basis (p;)1<j<n,,, is defined. OJ

Corollary 7.4 The subspace Vokh s a subspace of H&(Q) of finite dimension corresponding to the number
of internal degrees of freedom, i.e.] not taking the nodes on 02 into account.

Definition 7.8 The triad (K, Py,Xy) is said to be unisolvent if and only if the mapping v € Py +—
(01(V)s -y PN, (V) € RNdos s an isomorphism.

The unisolvency property is equivalent to say that every function in the polynomial space P is entirely
determined by its node values.

7.3.3 Finite element approximation of a boundary-value problem

We return to the numerical approximation of the solution of the homogeneous Dirichlet boundary-value
problem (7.12). The variational formulation of the internal approximation reads:
find up, € Vokh such that

/(Vuh - Vup)(z) + / c(x)up(z)op(x) de = / f(z)vp(x) dx Yoy, € Vb’fh, (7.17)
Q Q Q

By decomposing uy, on the canonical basis (¢;)i<j<n,, ; and considering as test functions v, = g;, we

obtain:
Naog

> we) ([ (Ve Voo e+ [ dorpsorptodn) = [ rate)do.

=1

This formulation leads to solving a linbear system in RNdos:
ApUp = Fy,

where we have introduced the notations Uy, = (un(a;))1<j<ng,, and Fp = ([ feidz)i<i<n,,, and

M= ([(Fo- Toi@ dn+ [ clalosoipita) da

1<4,7<Nyoy

It is easy to see that the matrix Ay can be decomposed as a sum of a stiffness matrix Kj and a mass
matrix Mp. Actually, this result is independent of the dimension.

Coefficients of A,

Since the shape functions ¢; have a small support around a node a;, the intersection of the supports of
¢; and ¢; if often the emptyset and thus the resulting matrix Aj; will contains lot of zero coefficients. It
is a sparse matrix. The coefficients of A can be computed via an exact integration formula. Let denote
(Mi(x))1<i<d+1 the barycentric coordinates of the point z in a simplex K € T},. For every (a;)1<i<d+1 we

have:
a1+ .. -ad+1!d!

> ajd)l

1<j<d+1

/ AL(Z)% .. gy ()% dz = |K]|
K
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ap
a;

Figure 7.7: Nodes of the degrees of freedom on a finite element (K,Pq,Y5).

where | K| = mes(K') denotes the "volume” of the simplex K. The integrals of the right-hand side term
F}, are approximated using quadrature formulas in each simplex K € T}. For instance the generalization
of the trapeze formula for a simplex K is:

d+1

. |K]|
/K%( Jdo =~ d+1z%

where (a;)<;+; represent the vertices of K. These formulas are exact for affine functions. For instance,
considering a triangle K € R? of vertices (a;)1<;<3 and denoting by (@ij)1<ij<3 the midpoints of the
edges a;a; (cf. Figure 7.7), the following quadrature formula is exact for ¢, € Po:

|K]|
/ S%(l“)%? Z or(aij)
K 1<i,j<3

where |K| represents the area of simplex K, while the following formula is exact for ¢ € Ps:

60
1<i<3 1<i<j<3

/K%(»’U)M“'K' > ewlai) +8 D> wnlaig) + 27pk(ao) |

where the point ag = ﬁ > 1<i<ds1 @i denotes here the barycenter of K.

Remark 7.11 As we mentioned in one dimension of space, the analysis can be simplified by considering
an affine transformation allowing to consider any d-simplex K € T}, as the image of a reference element
K. Hence, all computations can be performed on this reference simplex.

7.3.4 The reference finite element

By convention, the vertices of the reference simplex K are given by the origin ap = (0,...,0) and the
points a; = (0,...,1,...,0), for which all coordinates are equal to zero except the d" coordinate that
is equal to one. For a non-degenerated simplex K, we denote by Fx : R — R? the unique affine
transformation that maps a; on a; for all ¢ = 0,...,d. Hence, we write;

Fg(x) =ap+ Bk =,
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as

ay
K a9

Figure 7.8: Affine transformation of the reference linear triangle in two dimensions.

where Bk is a d X d matrix such that the column ¢ is given by the coordinates of a; — ag. Since the
simplex K is non-degenerated, By is invertible and Fx is a one-to-one mapping that maps K on K and
we have:

|det(Bk)|

d! )

We use the notation * in the reference element. Moreover, to simplify, we denote ¢ any quantity
obtained by transporting a quantity ¢ using the transformation Fx. Hence, we denote:

|K| = |det(Bg)| | K] =

i =F'(z) = Be'(z —ap) &z = Fg(d).
For every function v defined on K, we define v defined on K as:
0(2) =v(z) & 0 =vo Fx = v(Fk()),
and we remove the ° notation when dealing with Fiz!, for every function ¢ defined on K , We write:
v(z) = 0o Fit(z) = 0(Fi' (2)).

Similarly, if ¢ is a linear form acting on the functions defined on K, we define the transported linear
form 1 acting on the functions defined on K as:

~

Y(0) = Y(v).
Notice that the barycentric coordinates are preserved by the affine trasnformation F:
Xi(2) = Ni(2) .

This leads to conclude that the principal lattice of order k of the simplex K is the image by Fx of the
principal lattice of order k of K denoted by Ek Finally, we observe that the space of polynoials of degree
k is left invariant by the transformation Fl.

Proposition 7.3 We denote by || - || the Euclidean norm of R and its subordinate norm. Hence, we
have: h L K|
hi - _
1Bkl < ==, IBE'l < -5, |det(Bg)| = = -
P PK ‘K’
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Proof. by definition,

||BKH = sup ”BKUH _ ||BKU||
verd |V loll=pe PR

)

and the sup is attained. Let v € R¢ be a vector of norm pg that correspond to the sup. Hence, there exists two

points ¢ and Z on the boundary of the inscribed sphere of K such that v = 4y — 2. Thus,
Brv=Bg(j— %) =Fk(§) — F(2) =y — 2

where y, z are tzo points in K. Hence,
[Brvll = [ly — 2| < hk -

The second inequality is deduced from the first by interchanging the roles of K and K. The third equality is
obtained by noticing that |det(Bg)| is the Jacobian of Fx. Hence,

|K|:/ dx=[|det(BK)|di=|det(BK)|\f<|.
K K

(]
As a consequence, we deduce that there exists two constants C7 and Csq, independent of K such that:

Copfe < |det(Br)| < Cyhf .

Transformation of the derivatives

We have the following identities:
[vllze ) = /K!v($)|pdﬂf = /K!v(l’%(i"))lpIdeﬁ(BK)ldﬂ2

:d!\K|/ 6(2) | d
I

)

thus yielding the identity:
ooy = CHEIYP 18]l o) (7.18)

with C' = (d!)'/?. Moreover, we observe that if v(x) = #(&), i.e. if = v o Fi, then we have:
Vi(3) = Bk Vo(z),
and we obtain the identity:
g = [ V@2 de = [ 1(Bk)=1Vo@) | [det(Br)| di

)

K
:ng!2|/A||V®(:%)||2d:%
Pk JK

and then:
hi X
”U’Hl(K) < CWPK‘U’Hl([?)7 (7.19)
where C' depends only on the dimension d. By interchanging the role of K and K , we obtain similarly:

‘K’1/2
PK

We give the following generalization result.



130 Chapter 7. The finite element approximation

Theorem 7.4 If v € H™(K), then © € H™(K) and there exists a constant C1, independent of K, such
that:
Vv e H"(K), |0

|Hm(f{) = ClHBKHm‘det(BK)|_1/2\U’HW(K)- (7.21)

If o € H™(K), then v € H™(K) and there exists a constant Cs, independent of K, such that:

Voe H™K),  |vlgmu) < Col| B ™ ldet(Br) V18] ym ) - (7.22)

Proof. Result admitted here. |

Remark 7.12 Now, we are able to construct finite elements from a unisolvent triad (I?,Jgk,ik) by
defining directly the finite element (K, Py, Xk) as the transport of these quantities by the transformation
Fy. It is easy to see that the new finite element is unisolvent.

7.3.5 Convergence of the finite element method
We introduce a preliminary result.

Proposition 7.4 Let consider (T},)p>0 a sequence of reqular triangulations of Q@ C RY (d < 3). Then,
for every v € H*Y(Q), the interpolate ryv is defined and there exists a constant C, independent of h
such that:

o = raollge) < CR* ||vllgreiq) -
The following result states the convergence of the P finite element method.

Theorem 7.5 Let consider (Ty)n>0 a sequence of reqular triangulations of Q C R? (d < 3) where all
elements in all triangulations are affine equivalent to a same reference element (K Py, Zk) of class C°
for a given k > 1 such that P, C P c Hl(K) Then, the Py finite element method converges, i.e.
the approzimate solution uy of the problem (7.17) converges toward the solution u of problem (7.12) in
HY(Q):

}llli)% Hu - UhHHl(Q) =0.

Furthermore, if u € H*1(Q), then there exists a constant C independent of h such that:

[ = unll i) < C R [lull greq

Proof. To show the convergence, we use Theorem (4.11) where we consider V = C°(Q) € H**(Q) dense in
H(Q). The estimate in the previous proposition allows to verify the assumption of Theorem (4.11). Then, we use
Céa’s lemma to write:

HU—Uh||H1(Q) <C inf_ Hu—vhHHl(Q) < CHU—ThuHHl(Q),
UhEVDkyh

if ru € H1(Q). The previous proposition allows to conclude. O

Remark 7.13 This result involves the exact solution uy of the internal approximation problem in Vokh.
This requires computing all integrals in Ay, and Fy, exactly. Since numerical integration formulas are used
in practice, this result may not be valid. Nonetheless, if these integration formulas are exact or at least
very accurate, the order of convergence of the Lagrange finite element method is preserved,
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The Theorem 7.5 shows that the regularity of the exact solution has a direct impact on the order
of convergence of the finite element approximation. Hence, it is often important to have an a priori
knowledge of its regularity. The following result gives an indication for a convex domain.

Theorem 7.6 Let  be a convex polygon and let f € R2. Then, the solution u of the homogeneous
Dirichlet problem:
find u such that:

/Vu.Vv:/fv, Vo € Hi (),
Q Q

is in H*(Q) and we have the following estimate:

vie LXQ),  llulluzo) < Iflce)-

7.3.6 Numerical resolution of the linear system

We remind here that the finite element approximation of the boundary-value problem (7.12) implies the
numerical solving of a linear system in RVdes:

AUy, = (Kp+ My)Up = Fy,

where Uy, = (un(a;))1<j<ng,, and Fy = (o feidz)i1<j<ng,,- The generic term of the stiffness matrix Kj
is of the form:
kij = algj i), 1<4,j < Naos .

where a(-,-) is the bilinear form defined on the functional space H} and (¢;)i1<j<n,, ; 1s the canonical
basis of the approximation space. We have mentioned already that the stiffness matrix K} inherits of
the properties of the bilinear form a. More precisely, if a is V-elliptic, then K}, is positive definite and
if a is symmetric then K}, is symmetric. We have also indicated that the matrix Ay is a sparse matrix,
i.e. it contains a large number of zeroes, as well as the matrices K and Mj. Hence, iterative methods
are preferred to solve this linear system (cf. Chapter 5).

Let denote 0 < A1(Kp) < -+ < An,,, (Kp) the eigenvalues of Kj, and 0 < A\ (Mp) < -+ < Ang,, (Mp)
the eigenvalues of M. We introduce the notations:

A]Vdof (Kh)

_ )\Ndof (Mh)
M(Kp)

K(Kp) = and  K(Mp) = WIARE

and we have the following result.

Proposition 7.5 Suppose (T},)n~0 is a quasi-uniform sequence. Then, there ezists two constants Cp > 0,
Cy > 0 and a constant C3 > 0 such that:

Cl S h2K(Kh) S CQ, and H(Mh) S C3.

We observe that the mass matrix M}, is always well-conditioned since its condition number x(Mj}) is
independent of the mesh size h, under the condition that the refinement is quasi-uniform. On the other
hand, the stiffness matrix Kj becomes ill-conditioned, i.e. k(K}p) > 1, when the mesh size h is small.

Remark 7.14 We have shown that the approximation error between the exact solution u and the Galerkin
finite element solution uyp, is bounded by above by a constant times the “distance” between he spaces V
and Vy. The smaller the distance, the better the approximation error will be. Is seems then natural to
increase the dimension of the approximation space Vi in order to improve the accuracy of the solution.
To this end, we can either:
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1. increase the number of elements and thus increase the global number of degrees of freedom while
preserving the local reference element. This strategy is known as h-refinement,

2. increase the degree of the polynomials and thus modifying the local reference element while preserving
the total number of elements. Obviously, this choice can be only be applied if the exact solution u
1s suffciently smooth. This strategy is known as p-refinement.

We will discuss these adaptation options and others in the chapter 9.

7.4 The finite element method for the Stokes problem

To illustrate the application of the finite element method to solve a system of partial differential equations,
we consider the Stokes problem in two dimensions of space.

We consider the flow of a fluid inside a bounded domain © C R? and subjected to an external force
field f. The flow is considered as stationary and inertial forces are supposed negligible here, hence the
Stokes equations introduced in Chapter 4 describe this viscous flow problem:

Find (u,p) in appropriate Hilbert spaces such that:

—vAu+Vp=f in
divu =g in (7.23)
u=0 on 0f2
where the unknowns u and p represent the velocity and the pressure of the fluid, respectively and v > 0

is the wiscosity. Usually, in the applications, the flow is incompressible and the function g is equal to
Zero.

7.4.1 Mixed formulation

We have already seen the mixed formulation of this problem in Chapter 4. We introduce the functional
space:

13(Q) = {g € L¥(9). /qumz()},

and the mixed formulation reads:

Given f € L*(Q) and g € L3(R), find u € H}(Q)? and p € L3(QY) such that:

a(u,v) +b(v,p) = f(v),  Vve Hy(Q)?, (7.24)
b(u,q) = g(a),  VqeL§Q) '

where we posed a(u,v) = V/ Vu : Vv, b(v,p) = /pleU flv / fv and g(q /gq. The

Q Q
functional spaces H{(€2)? and L?(2)? are endowed with the canonical norms:

1/2 1/2
bl = | S 2o |+ Wl = [ 30 WAl |
i=1,2 =12

for u = (Ui)1§i§2 S H&(Q)Q and f (fz)1<2<2 S L

Q).
Remark 7.15 If f € C°(Q)? and g € C°Q), if Q is of class C? and if the solution (u,p) of the
problem (7.24) is such that u € C%(Q)? and p € C1(2), then (u,p) is the classical solution of the Stokes
problem.
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The formulation above is the not the only weak formulation possible for the Stokes problem. An alternate
view consists in including the divergence constraint (for instance the incompressibility constraint divu =
0) directly in the space of test functions. To this end, we introduce the space:

Vo ={ve H}(Q)?, dive =0}.
Since the divergence operator is surjective, there exists a function u, € H&(Q)2 such that for every
g € L3(%2), we have:
divug =g, and  Jugllmip < clgllrz@),
where ¢ > 0 is a constant (see [Brezis, 2005] for more details). Introducing the change of variables
v = u — ugy leads to the condition divu' = 0 and to consider the following weak formulation:

find v € Vi such that:
a(u',v) = (f,v) — alug,v), Yv e V. (7.25)

This weak formulation is called a constrained formulation, since the restriction on the test functions to
be in the space Vj leads to discard the term b(v,p) that vanishes here.

Proposition 7.6 The problem (7.25) is a well-posed problem.

Proof. It is a direct application of Lax-Milgam theorem. O Although this new formulation has some
theoretical advantages, many practical drawbacks prevent its application for solving a discrete problem.
It is indeed difficult to construct divergence-free finite elements. The reader interested is referred to the
book [Brezzi-Fortin, 1991] for more details on this topic.

7.4.2 Numerical approximation

We will now investigate the condition required for the approximation spaces in velocity and pressure to
define a well-posed discrete problem.

Let consider X}, a subspace of the space H} (€)% and M), a subspace of the space LZ(£2). We introduce
the discrete Stokes problem:
Find up, € Xy, and py, € My, such that:

l//Vuh:Vvh—/phdivvhz/f'vh7 Yop € Xy,
Q Q Q

(7.26)
/thiVUh_/QQh7 Van € My, .
Q Q

We introduce the space
KeT(Bh) = {Uh c Xh, / qhdivvh = 0, th c Mh},
Q

and we enounce the fundamental compatibility result.

Theorem 7.7 The discrete problem (7.26) is a well-posed problem if and only if the spaces Xy and My,
satisfy the following compatibility condition:
/ qn, div vy,
Q

36y >0, inf  sup > By . (7.27)
€My v eX,, |anllL2@)llvnll m )
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Furthermore, under this condition, we have the following estimates:

lu—unlo) < e inf |u—vnllg (o )+ eam nf Hp anllz2(e) (7.28)
h

lp = pallz2) < esn Hlf HU—UhHHl )+ an mf Hp_QhHL2 (7.29)

where the constants (c;p)1<i<a are given by Theorem 4.12.

Proof. We know that the bilinear form a(-,-) is V-elliptic on H}(Q)? x H}(Q)? and the result is then a direct
consequence of Theorem 4.12. O

The following result provides a practical method for checking whether the compatibility condition is
satisfied or not.

Lemma 7.10 (Fortin) Let consider the spaces X = H}(Q)? and M = LZ(Q2) and let b € L(X,M).
Suppose there exists 3 > 0 such that:

b
inf sup ﬂ > 0.
9eM yex [[v]|x [lqllas
Then, there exists By, > 0 such that:

b
inf sup —(Uh’qh) > Br,

€My vy, ex), [[0nllx,[lgnll v,

if and only if there exists v, > 0 such that for every v € X, there exists a restriction operator rp, €
L(X,Xp), i.e. mp(v) € Xy, such that:

Van € Mp,  b(v,qn) = b(rn(v),qn)  and — [lra(v)llx < nllvllx-

Proof. If the criterion is satisfied, for every q, € M} we write

b
p@mw_mp<w an)
wexn |lonllx 7 wex [ra(v)llx

> b b(v, qn)
Yh veX || HX
B

> —lanllar -
Yh

Conversely, if the discrete condition is satisfied, then the operator By, : X}, — M), defined by b(vy, gn) = (Brvn, qn)
defines an isomorphism (admitted here). Hence, for every v € X, there exists a unique vy, = rp(v) such that

Yan € My, b(rn(v), qn) = b(v,qn) .

The mapping v — 75, (v) is linear and we have:

nmmusammmw

1 sup b(ra(v), qn)

B anertn  Nanllas
1 b(v, qn)

ﬂ ap €My, HQhH]\/I

IN

IN

Th
—lvllx -

s

IN
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The operator 7, has the desired properties. O
This proof provides a technique to verify the discrete compatibility condition; it consists in construct-
ing the operator rp using the solution of the system:

b(rh<’l)), qh) = b(“? qh) 5 vq}l € Mh s

and to check if it is bounded in the space X. This is clearly is non-trivial task. On the other hand, it
is possible to construct a simpler operator for specific approximation spaces and finite elements and to
check if the compatibility condition is satisfied.

It is easy to construct an internal variational approximation of the Stokes problem, as we have already
seen:
find up, € Xy, and py, € My, such that:

{ a(un, vn) +b(vn,pr) = fop), Yo, € X,

7.30
b(un, qn) = 9(an) , Yy, € My, (7.30)

If we denote by n,, (resp. n,) the dimension of the space X}, (resp. Mj}), we introduce the basis (¢;)1<j<n.
of X}, and the basis (¢)1<j<n, of M}, defined using the basis shape functions of the finite elements and
we decompose uy, and py, on these basis:

up = im(aj)@j(w) ,and  pu(@) =) pula))iy(@).
j=1 Jj=1

We obtain the following linear system to solve:

(i %) (8) - () ™

where Uy, = (un(aj))1<j<n, and P, = (pn(a))1<j<n, and the matrices Ay = (a;;) € R™"™ and By, =
(bg;) € R™ ™ are given by:

ij = V/ Vi : Vp;dz, and bri = —/ ¥; div o dx .
Q Q

The vectors Fy, = (fj)1<j<n, and Gj, = (gr)1<k<n, are defined as:

fz‘Z/f'SOidx, and ng/gwkdﬂc.
Q Q

Lemma 7.11 The vector 1 € R™ is always contained in the kernel Ker(Bj). The discrete pressure py,
is defined up to an additive constant.

Proof. Let r, € M), and w;, € X},. By definition,

Wh . B;LRh == BhWh . Rh = / Th divwh dr .
Q

Since r, = 1 is in M}, and since
Ywy, € Xy, , divwhdx:/ wp, -nds=0.
Q o0

we conclude that R, =1 € Ker(Bj}). O

Finding a pair of approximation spaces (X, M},) for the Stokes problem has been an active research
field in numerical analysis. We present here a few examples of such pairs.
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The P, /P; finite element

This seems the obvious first choice for implementing the finite element method for the Stokes problem.
We consider the unit domain Q =]0, 1[?> and we suppose a regular Cartesian mesh is defined on Q (Figure
7.9). We introduce the approximation spaces:

Xh:{uh S 00(9)2, VKETh, uh|K E[P’%, uh|3Q :0},

My, = {pn € L3(Q)NC*(Q), VK € Ty, pnlx € P1}.

For a given element K € T}, we denote (a;x)i<i<3 its vertices. Then, we have:

VthXh, /phdivvh = Z (divvh)K/ Ph
Q K

KETh

3
= Z(divvh ‘32 n(ajx),

KeTy,

Now, let us consider the pressure field py defined on the triangulation T} by its values 0, —1, 1 at the
three vertices of every triangle K € Ty. In this case, we have

3
> palajx) =0,
j=1

and it is easy to see that:

Yo, € X, , /phdiV’l)h:O.
Q

This is clearly in contradiction with the requirement of the inf-sup condition. Hence, the P;/P; finite
element shall be discarded for solving the Stokes problem.

When the dimension of Ker(BY) is strictly larger than one, the finite element method is unstable. In
such case, solving the linear system using an iterative method will result in oscillations in the pressure
values. On the other hand, if dim(Ker(B})) = 1, the discrete pressure can be uniquely determined by
fixing its value at a mesh node or by setting its average value on the domain €.

1 1 0 1 1
0 1 -1 0 1
-1 0 1 1 0
1 I 0 I 1
0 1 -1 0 1

Figure 7.9: A reqular Cartesian mesh of the unit domain Q =]0,1[%> and the unstable pressure mode for
the Py /Py finite element.
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The P, /Py finite element

This finite element presents the a prior: advantage of being very simple to implement. Given a triangu-
lation of the domain €2, we define a piecewise continuous approximation of the velocity and a piecewise
constant (and thus discontinuous) approximation for the pressure. Since the velocity is piecewise affine,
its divergence is piecewise constant and thus by testing the divergence using constant functions, the
divergence of the discrete field is strongly forced to be null. Hence, this finite element allows to obtain
exactly a divergence free velocity field. Nonetheless, the P /Py finite element does not fulfill the in f-sup
condition and Fortin’s criterion.

Again, we provide a counter-example in two dimensions. Suppose the tiangulation T} of the simply
connected polygonal domain ) contains ¢ triangles, v; internal vertices and v, boundary vertices. We
shall have 2v; degrees of freedom for the space X}, as the velocity must vanish on the boundary and ¢
degrees of freedom for the pressure leading to ¢ — 1 independent divergence-free constraints. The Euler
formulas for a simple polygon indicate that:

t=2v; +vp — 2 R
from which we deduce that:
(t—1)>2(v; —1).
We observed that dim(Mp,) = ¢ — 1 and that dim(X}) = 2v;. The rank theorem allows to write:
dim(Ker(B})) = dim(My) — dim(Im(B})) > (t — 1) — dim(X3)
=@t—-1)—2v;,=v,—3

This last relation indicates that there is at least v, — 3 spurious pressure modes. In other words, the
space My, is too rich to impose the Byuy, = 0 constraint. A function uj € X, is thus overconstrained and

a locking phenomenon occurs. In general, up = 0 is the only discrete divergence-free function of X such
that Brup = 0; 7.e. By, is not surjective.

The P;-bubble/P; (mini) finite element

We have seen that with the Py /P; finite element, the dimension of the space of the degrees of freedom
of the velocity is not large enough. To overcome this problem, it seems natural to attempt enriching the
velocity space rather than impoverishing the pressure space. However, it is not necessary to consider a
space of polynomials of degree two for approximating the velocity. Crouzeix and Raviart suggested (in
1973) to add one extra degree of freedom to the barycenter of every simplex of the triangulation T}, of
the domain . Hence, we define in two dimensions:

P = (Pl (K) ©® Span{bK, K e Th})2 ,

with the bubble function bx defined in two dimensions as:

3 d+1
b = 27H i, and generalized in any dimension as  bg = (d + 1)dJrl H i,
i=1 i=1

where (\;)1<i<3 denote the barycentric coordinates on K. The degrees of freedom associated with P; are
defined as:

Y ={v—v(a), 1§i§3}U{U'—>/U'nZ’dO‘}.

Then, we consider the approximation spaces:
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Figure 7.10: The P1-bubble/Py (mini) element for velocity (left) and pressure (right) approrimation.

Xy, = {v, € C°(0)?, VK €Ty, vnlkx € P1, uplog =0},

My, = {pn € L) N C%(Q), VK € Ty, pulx € P1}.
(7.32)
It is easy to see that X, C (H}(2))2.
Before giving a compatibility result for this finite element, we need to introduce an interpolation
operator rj,. Since v € H{(£2)?) is not necessarily continuous, its Lagrange interpolate might not be
defined. Therefore, in each triangle, we define 7}, as:

Th('l)) = Ch(v) + ag by,

where Cj,(v) = (Ch(v1), Ch(ve)) is the Clément interpolate defined hereafter and a € R? is chosen so as

to satisfy the equation:
/ (rn(v) —v) = 0.
K

ax = (/KbK)_l/Kw—ch(v)).

For every v € X}, and q, € My, we write:

/qhdlvv—rh /thrh — )
Q

since Vgqy, is piecewise constant on every K € T},.

To this end, we define:

/thrh —'U)—O

Definition 7.9 Let T} be a triangulation of 1, 'y, be the set of the internal vertices of Ty,. We introduce
Oy, the space of continuous piecewise linear functions on Ty which are zero on the boundary and we

denote () er,, the basis of P1 finite elements with homogeneous boundary conditions. We introduce the
operator Cy, € L(H}(2),04,), proposed by Clément in 1975, and defined as follows:

Ch(v) = Z (,L‘L‘/ “) Py

Y€l
where the set w., is defined as the union of all triangles K € Ty, for which v is a vertex.

In this definition, the nodal value v(7) is replaced in the definition of the interpolant r; by the local
average value around 7. The Clément operator can be applied to any function in L?(2). We have the
following result.

Lemma 7.12 If the family of triangulations (Th)p~0 s quasi-uniform, then the operator C}, satisfies the
local estimates:
voe HNQ), o= Ch(0)liegy < Chic [0l

(wi) »
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Vv € Hy(9), ICh(0) | (1) < C vl wg) s

where wg s the union of all triangles sharing at least one of the vertices of K.

Theorem 7.8 If the family of triangulations (Th)n>0 is quasi-uniform, the approximation spaces X, and
My, are uniformely compatible with respect to h, i.e. there exists a constant By, independent f h, satisfying
the condition (7.27).

Proof. Let consider v € H}(Q)2. We construct the operator ry,(v) € X}, such that

Yq, € My, , / gn div(rp(v)) = | qndiv(v).
Q Q

Since M), C H'(Q), the previous identity is equivalent to writing:

Yan € My, Z/Th(v)'v%z Z/U'th~
K K

KeTy, KeTh

Since Vg, € P4, the previous identity leads to conclude that:

VK €Ty, /rh(v):/v.
K K

Since the operator rp, is composed of two terms, we analyze them separately. Regarding the Clément interpolate
C},, we invoke the previous estimate:

Vv € Hy (), ICh(V) |5 (1) < ClvlE (Wi -

For the term a by, we write:
laxbr|m (k) < Clak],

with the constant C' independent of hx and K. Then, we write

lak| = (/KbK>1|/K(UCh(U))|

1
<Ci— / v—Cp(v
il [
<Ko = Cn(o) |2y -
We use the estimate [|[v — Cy(v)||z2(x) < Chk |v|g1(wy) > to obtain:
IaK| < C|U|H1(w;<)7

and finally:
Irn ()l (x) < Clvlmtwg)

By taking the square of this expression and summing over all K € T}, we conclude that:
Irn ()l @) < Cllvllae) -
The final result is obtained by invoking Fortin’s lemma. |

Proposition 7.7 Suppose the solution (u,p) of the problem (7.24) is sifficiently smoth, i.e. u € H*(Q)%N
HE(Q)? and p € HY(Q)NL3(Q). Then, the solution (up,pp) of the problem (7.26) with the spaces defined
by (7.52) is such that:

v —unll gy + 1P — pullre@) < Ch(lullgz@) + 1Pl (@) - (7.33)
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7.4.3 Numerical resolution

We have seen that the discrete problem (7.30) leads to solve the linear system (7.31). We assume here
the natural hypothesis that the bilinear form a(-, cdot) is V-elliptic on X with a constant « and that the
form b(-,-) satisfies on x, x M}, a inf-sup condition uniformely in h, and we denote the constant 3.
The resolution of the linear system using a direct method is likely to be costly because of the number
of degrees of freedom and thus the size of the linear system. Direct methods are appropriate up to
Naos = 10%. For this reason, iterative methods are favored. However, the matrix of the system (7.31)
is neither positive nor definite. It is indeed an indefinite matrix (but symmetric) with that zero block
on the diagonal. It will have positive and also negative eigenvalues. It is possible to make it positive by
solving the system:
t
{mu+mp_ﬂ (734)

-B,U = -G},
However, the new matrix corresponding to this system is still indefinite and is no longer symmetric. We

know from Chapter 5 that gradient methods are not efficient on this type of matrix. We present two
commonly used methods for solving such mixed problems.

Resolution of the saddle point by penalization

The following method is gaining popularity for solving the Stokes problem (and saddle point problems
in general) because of its versatility and facility to be implemented. It consists in replacing the problem
(7.31) by the following problem:

; (7.35)

AU + By P. = F,
—BLU; + &S, P. = -Gy,

where the matrix S € R™™ is such that:

(ShP, Q) = (ph,qn)m

where (-, ) and (-, -) s denote the standard Euclidean scalar product in R™ and the inner product in M,
respectively. In the system (7.35), € is a penalization coefficient sufficiently small.

The main idea is simple. Suppose Aj is a positive definite symmetric matrix, the system (7.31) is
then equivalent to:

1
e [ - _
BuVi=Gn {Q(Ahvh’ Vi) = (F Vh)}

If S}, is any positive definite matrix in R"»"»  the previous expression can be replaced by:

) 1 |
inf {Q(Ath, Vi) + %(Sh Y(ByVi, — Gh, BpVi, — Gy) — (Fp, Vh)} ,
h

or equivalently, by writing P. = (1/)S, '(By V), — Gp):

{M%+%ﬂ—ﬂ (736)

BhUg — Gh = EShP€ ’

By replacing the quantity P. in the first equation, we obtain the linear system:

1 1
<Ah + EB;LS}ZIB’L) U. = Fy, + EB;’LS;lGh . (7.37)
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If the matrix S, ! is a sparse matrix, this provides an efficient technique to solve our problem. This system
can be solved by an iterative technique like the conjugate gradient, since the matrix is now positive definite
and symmetric. Notice however that the term 1/eB} S b ! B), has a strong negative impact on the condition
number of the linear system (7.4.3).

We now investigate the effect of changing the constrained problem to a penalized problem. We have
the following error estimate.

Proposition 7.8 Let consider € > 0 and let (U, P) and (U, P:) denote the solutions of system (7.34)
and (7.36), respectively. Then, we have the error estimate:

aB|U = Ue||x + af?||P — P.||am < Ce||P||ar - (7.38)

Proof. By difference, we obtain the system:

Ap(U—-U.)+ B} (P—P.)=0
—Bh(U — UE) — €ShP5 =0 .

We introduce on R+ the norm || - ||, defined by:

YU € R"™ | lU|l« = sup 0, v) .
verm [Vlx

The continuity and the V-ellipticity of the bilinear form a implies that:
VU eR™, AUl < [afIUlx,  and VU eR™, ofU]x < [[AWU].
The matrix By € R"»:"» satisfies the inf-sup condition:
| (BLP,U)
min  max > 3,
1Pl 70 Ul x#0 (| Pllas [|U] x

or equivalently:
VPeR"™,  B|P|u < [|BLPllx-

The continuity of the form b implies that:
VPEeR™,  ||ByPllx < b [IPlla-

Using these inequalities leads to write the first equation of the system as:

||P_PEHM

IN

1
BIIBZ(P—PE)H*

1 c
BHAh(U - U)|l« < EHU —Udllx -

By multiplying the first equation by (U — U.) and using the V-ellipticity of the form a we obtain for the second
equation:

allU = Uk < (AU = U.),U = Ue) = (B(P- = P),U = U.) = (P- = P,By(U — U)) = —¢(P. — P, S, P.)
= —&(P. — P,Sp(P- — P)) —e(P. — P,S,P)
< —e(P. = P,SpP)
< ellPe = Plla [|Pllas -
The error estimate is obtained by combining the two previous inequalities. (|

Remark 7.16 Notice that discretizing a penalized problem is not necessarily equivalent to penalize a
discrete problem [Brezzi-Fortin, 1991]. The penalty method is considered in this last case as a procedural
(algorithmic) technique, since a choice of spaces Xy C X and My C M has been done. On the other
hand, discetizing the penalized problem consists in choosing Qp = BpVy, that is in general a poor choice.
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Uzawa’s operator

To conclude this section, we introduce an iterative, although very efficient, algorithm to solve such
problem when th operator A; associated with the bilinear form a is invertible. We know since Chapter
4 that the Stokes equations are equivalent to solving a problem of energy minimization. More precisely,
the resolution of the linear system (7.31) is equivalent to the following minimization:

1
J(Uh) = min J(Vh) with J(Vh) = f(Ath, Vh) — (Fh, Vh) . (7.39)
Vi, EKerBy, 2
In the optimization terminology, the pressure is the Lagrange multiplier that imposes the constraint
divu = g when the energy is minimized.

First, we eliminate the variable Uj, from the linear system (7.31), if the matrix Ay, is invertible, thus

leading to:
Up = A, (F — B},P)

and then by replacing U}, in the second equation BpU; = G}, we obtain the system:
ByA; ' Bl P, = ByA R, - G, (7.40)
We consider the Uzawa matric U = BhA,ZlBh.

Proposition 7.9 If matrix Ay, is positive definite, this matriz is also positive definite.

Proof. One has:
(Bud;, ' B,P.P) = (4;'B,P.ByP) > o B,P|.

It is positive definite if KerBj, = {0}. O
Hence, problem (7.40) is more easy to solve than the original problem (7.31) as efficient methods exist for
positive definite systems. Unfortunately, even if the matrix Ay, is a sparse matrix (i.e. contains lot of zero
values), its inverse A,:l is likely to be a full matrix. The resolution of (7.40) must be performed using an
iterative method since inverting the matrix A,:l is extremely computationally costly. The convergence
rate of iterative methods is strongly related to the condition number of the matrix.

Proposition 7.10 If the matriz U is symmetric, we have the estimate:

C
KU) < k().
Remark 7.17 If the family of mesh (Th)n>0 is quasi-uniform, the condition number x(Sy) is a constant
independent of h. Hence, the previous estimate shows that the conditioning of Uzawa’s operator is of order
one (if a and (B are of order one, which is a reasonable hypothesis). The iterative techniques converge
fast without any preconditioning.



