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Abstract

We address two difficult points in the simulation of blood flows in compliant vessels: the fluid and structure meshes

generation and the solution of the fluid–structure problem with large displacements. The proposed strategy allows to

perform realistic simulations on geometries coming from medical imaging.
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1. Introduction

The main objective of this article is to present a fea-

sible strategy to simulate blood flows in compliant large

vessels. Such simulations raise many difficulties. We spe-

cifically address two of them: first, the mesh generation

for the fluid and the wall and second, the efficient and

robust resolution of the nonlinear fluid–structure

problem.

A structural model for large arteries has to be

three-dimensional and has to handle large displace-

ments. Given that the wall of the blood vessels is thin,

it is convenient to use shell elements. For ‘‘realistic’’

simulations, a procedure that starts with medical images

and automatically generates a finite element mesh has to
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be designed. The most efficient and reliable procedures

able to achieve this goal produce tetrahedral meshes

and thus triangular meshes of the arteries surfaces. In

this context, it could be appropriate to use triangular

shell elements. Nevertheless, it is usually admitted that

quadrilateral shell elements are more reliable in general

situations. We therefore have to couple quadrilateral

meshes for the structure and tetrahedral meshes for the

fluid. A possible strategy could be to use a method—

for example interpolation or mortar element [5]—to

manage non-matching grids. But the practical imple-

mentation of such techniques on general 3D geometries

is rather involved. In the present work, we propose an

alternative which consists in converting pairs of triangles

of the tetrahedral mesh skin in order to produce a quad-

rilateral mesh. Of course, this procedure has to be car-

ried out very carefully to ensure the quality of the

resulting mesh. By the way, the method proposed in this

paper is a general way to generate a non-structured

quadrilateral mesh of a surface. As a result of this

approach, the vertices of the quadrilateral and the
ed.
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tetrahedral meshes can be matched, which makes the

message passing between the fluid and structure solvers

very simple.

Once suitable meshes have been generated, the fluid–

structure problem has to be tackled. To this purpose,

partitioned schemes are very convenient: they allow to

use the available software with minor changes, the most

adapted schemes for both fluid and structure solvers,

and they ensure that the fluid–structure solver will auto-

matically inherit future improvements in fluid or struc-

ture algorithms. For a presentation of partionned and

simultaneous procedures for fluid–structure problems

we refer to [36,40,2,3]. In the family of partitioned

schemes, loosely-coupled algorithms (see [15] and the

references therein) are very attractive since they typically

require one (or a few) resolution(s) of fluid and structure

at each time step. Such algorithms are very efficient in

aeroelasticity [15,26,34], but it has been observed in

many works [12,23,33] that strongly-coupled algorithms

seem to be mandatory in blood flows. Partitioned

strongly-coupled methods yield the resolution of a non-

linear problem on the fluid–structure interface [25],

which may be very time-consuming. In particular, classi-

cal fixed-point methods are too expensive, and some-

times not robust enough (even if acceleration

techniques improve their efficiency [29–31]). This fact,

which is now well-understood [10,25], is mainly due to

the added-mass effect (see for example [32] for a presen-

tation of this effect in various applications). We present

in this article a Jacobian-free Newton–Krylov method

based on the following basic idea: a simplified problem

which takes into account the added-mass effect can be

used to efficiently evaluate an approximate product

‘‘Jacobian times vector’’ in a Krylov method. The result-

ing algorithm appears to be efficient and robust in the

context of blood flows.

The article is organized as follows. We present in Sec-

tion 2 the basic equations of the problem. Section 3 is

devoted to the description of the mesh generation algo-

rithms. In Section 4, the shell model, the load computa-

tion and the time marching algorithms are detailed. The

inexact Newton method is described in Section 5 and

some numerical results are presented in Section 6.
2. General formulation of the fluid–structure problem

Let X(t) be a time-dependent domain of R3 occupied

by a continuum medium. It is assumed that, for all time

t, XðtÞ ¼ XFðtÞ [ XSðtÞ and XF(t) \ XS(t) = ;, where

XF(t) is occupied by a fluid and XS(t) is occupied by

an elastic solid. We denote by RðtÞ ¼ XFðtÞ \ XSðtÞ the

fluid–structure interface. The domain X(t) is the current

configuration of the system. Let X̂ be a reference config-

uration. We define the deformation û of the continuum

medium:
û : X̂ � ½0; T 	 ! XðtÞ

ðx̂; tÞ ! x ¼ ûðx̂; tÞ;

the deformation gradient:

F̂ðx̂; tÞ ¼ $x̂ûðx̂; tÞ;

and its determinant Ĵðx̂; tÞ ¼ det F̂ðx̂; tÞ. The curve

t ! ûðx̂; tÞ corresponds to the trajectory of the material

particle x̂. We define the displacement

d̂ðx̂; tÞ ¼ ûðx̂; tÞ � x̂:

The velocity of a particule x̂, defined as oû

ot ðx̂; tÞ, will be
denoted ûs in the structure and û in the fluid. On a point

x in the fluid, u(x, t) denotes the quantity ûðx̂; tÞ, where
x ¼ ûðx̂; tÞ.

Following the Arbitrary Lagrangian Eulerian (ALE)

approach, we introduce another mapping which does

not coincide in general with the material trajectories.

We define the fluid domain deformation:

Â : X̂F � ½0; T 	 ! XFðtÞ

ðx̂; tÞ ! x ¼ Âðx̂; tÞ:

We define the fluid domain velocity by

ŵðx̂; tÞ ¼ oÂ

ot
ðx̂; tÞ:

Let x ¼ Âðx̂; tÞ, we define the ALE derivative:

oq
ot

����
x̂

ðx; tÞ ¼ d

dt
qðÂðx̂; tÞ; tÞ ¼ oq

ot
ðx; tÞ þ oAi

ot
ðx̂; tÞ oq

oxi
ðx; tÞ

¼ oq
ot

ðx; tÞ þ w 
 $qðx; tÞ:

The displacement of the fluid domain is denoted by d̂F,

namely d̂Fðx̂; tÞ ¼ Âðx̂; tÞ � x̂. The mapping Â is typi-

cally such that it coincides with û on the fluid–structure

interface, it satisfies w Æ n = 0 on the artificial boundaries

and it is ‘‘arbitrary’’ anywhere else in X̂F.

We denote by rF the Cauchy stress tensor in the fluid,

by rS the Cauchy stress tensor in the structure, and by

P̂ ¼ Ĵ r̂SF̂
�T

the first Piola–Kirchhoff tensor.

The load induced by the fluid on the structure is given

by

f̂ R ¼ Ĵ r̂FF̂
�T
n̂S: ð1Þ

The fluid–structure problem reads:

ðFÞ
qf

ou
ot

��
x̂
þ qfðu� wÞ 
 $u� divrF ¼ 0 in XFðtÞ;

uðx; tÞ ¼ ûsðû�1
t ðxÞ; tÞ on RðtÞ:

(

ðSÞ
Ĵ q̂s

oûs
ot � divx̂ P̂ ¼ 0 in X̂S;

P̂ 
 ns ¼ Ĵ r̂FF̂
�T
n̂s on R̂:

(
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ðDÞ The domain velocity in X̂F satisfies :

ŵ ¼ Tr�1ðûsjR̂Þ:

(
where Tr�1 denotes an arbitrary extension in the fluid

domain. Notice that d̂R ¼ d̂FjR ¼ d̂jR, where d̂R denotes

the displacement of the fluid–structure interface.

This problem can also be written in a variational

form:

ðFÞ

Find uðtÞ defined on XFðtÞ such that :

ujRðtÞ ¼ ûsjbR and d
dt

R
XFðtÞ qfu 
 v

þ
R

XFðtÞ div ½qfu� ðu� wÞ	 
 v
þ
R

XFðtÞ rF : $v ¼ 0;

for all admissible test functions v:

8>>>>>>><>>>>>>>:

ðSÞ
Find ûsðtÞ defined on bXS such that :RbXS

q̂S
bJ oûs

ot 
 v̂þ
RbXS

bP : $x̂v̂ ¼
RbR bJ r̂FF̂

�T
n̂S 
 v̂;

for all admissible test functions v̂:

8>><>>:
ðDÞ

Find wðtÞ defined on XFðtÞ such that :

wjRðtÞ ¼ ujRðtÞ:

(
Of course, the above equations have to be completed by

other boundary conditions depending on the problem at

hand.

The fluid is assumed to be incompressible and New-

tonian which is generally considered as a reasonable

approximation in large arteries. Thus:

rF ¼ �pId þ 2l�ðuÞ;
divu ¼ 0:

The structure is assumed to be hyperelastic. Denoting

the nonlinear Green–Lagrange strain tensor by ê ¼
1
2
ðF̂T

F̂ � IdÞ and the second Piola–Kirchhoff tensor by:

R̂ ¼ F̂
�1

P̂ ¼ J F̂
�1

r̂F̂
�T
;

the constitutive law for the solid reads:

R̂ ¼ oW

oê
ðêÞ; i:e: Rij ¼

oW

oêij

	 

;

where W is an elastic energy density (see Section 4.1).

We are aware that these constitutive laws are rather

rough for arteries which are known to be viscoelastic.

We choose them as a first step toward more realistic

simulations.
3. Unstructured mesh generation

It will be explained in the next section that it is con-

venient to use quadrilateral elements for the structure,

whereas the fluid domain is generally made of tetrahe-

dra. We address in this section the construction of both

meshes.
In the context of numerical simulations, mesh adap-

tation is often used in order to improve the accuracy

of the numerical solution as well as to reduce the num-

ber of degrees of freedom (i.e., the mesh size) required

to capture the behavior of the solution. Schematically,

two approaches can be used to address the problem of

constructing an adapted mesh of a given bounded

domain:

• mesh optimization using local refinement/derefine-

ment [4,35,9] and

• mesh (re)construction of the domain.

For both cases, numerous algorithms have been pro-

posed and successfully implemented, in particular when

isotropic specifications are prescribed.

Nowadays, the generation of unstructured simplicial

meshes for domains of arbitrary shape is often consid-

ered as a solved problem. Indeed, fast, reliable and fully

automatic mesh generation algorithms have been de-

signed over the last two decades and are now routinely

used in industrial applications (see [20] for a survey of

the main classes of such algorithms). On the other hand,

the generation of quadrilateral or hexahedral unstruc-

tured meshes has not yet reached the same level of matu-

rity (especially regarding the robustness and the general

nature of the algorithms) and therefore, there is still a bit

of room for improvement.

Usually, the generation of unstructured quadrilateral

meshes receives much attention as it is considered as a

pre-requisite for complete hexahedral mesh generation.

However, in this study, the coupling between the surface

and the volume meshes does not require strictu sensu the

conformity of both meshes, only the vertices must be

matched. Hence, the proposed approach relies on the

creation of a quadrilateral surface mesh, each of the

quadrilaterals being then subdivided into two triangles

that will be preserved during the generation of the tetra-

hedral volume mesh. The main objective of this section

is to briefly present a new indirect approach to produce

a quadrilateral mesh for arbitrary curved bounded

surfaces.
3.1. Quadrilateral surface meshing

Here, we specifically address the topic of (aniso-

tropic) quadrilateral surface mesh generation using an

indirect approach. As such, this approach can be consid-

ered as an extension of the method described in [6].

Given a triangular mesh of the domain, the method

relies on the principle that a fully quadrilateral mesh

can be formed by carefully converting adequate pairs

of triangles to form quadrilaterals. By repeating this

basic operation over the mesh elements, the whole do-

main could be covered with quadrilaterals, provided
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an even number of triangles. Obviously, such a simple

pairing strategy cannot always produce a pure quadrilat-

eral mesh and may lead to a mixed mesh, composed of

both triangles and quads. Such a mesh can be further

subdivided to result in a quadrilateral mesh.

In order to explain the method employed to convert

triangles into quadrilaterals, we need to briefly introduce

various notions.

3.1.1. Notion of metric

A metric M, defined by a symmetric positive definite

3 · 3 matrix associated with the mesh vertices, is

introduced to prescribe the desired elements sizes and

the aspect ratio of the desired mesh elements. For in-

stance, such a metric can be constructed by an a poste-

riori error estimate [19] or based on the intrinsic

properties of the surface to account for the local curva-

ture [18].

This metric is used to practically compute the edge

lengths, the aim being to create a so-called unit mesh,

i.e. a mesh such that every edge a (considered as a

parametrized segment) has a unit length:

lðaÞ ¼
Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t~aMðtÞ~a

p
dt ¼ 1:

The scalar product of two vectors~a and~b with respect to

the metric M and the norm of a vector are respectively

defined as:

h~a;~biM ¼ t~aM ~b; k~akM ¼ ½h~a;~ai	
1
2:

This allows us to define the angle measure dABC with re-

spect to a metric:

hM ¼ dABCM ¼ arccos
hBC�!; BA

�!iM
kBC�!kMkBA�!kM

 !
:

3.1.2. Quality measure

We can define the quality of a quadrilateral

Q = ABCD defined counterclockwise. A quality func-

tion / can be related to the measure of the angle and

normalized as follows:

/ðhMÞ ¼

2hM
p if 0 6 hM < p

2
;

2ðp�hMÞ
p if p

2
6 hM < p;

0 if p 6 hM;

8><>:
and the quality of an element is then defined as the min-

imum value of the angle quality function /.
This quality function is able to capture all degener-

ated quadrilaterals (skewed, stretched and concave

elements). But obviously, for curved surface, an addi-

tional criterion must be added to account for the local

curvature. More precisely, coplanar triangles must be

paired together preferably so as to preserve the geomet-

ric approximation of the surface.
3.1.3. Triangle merging procedure

At first, a unit triangle mesh is created using a classi-

cal surface remeshing scheme [18] with respect to the

geometric metric based on the local curvatures. Then,

starting from the domain boundaries, each pair of trian-

gles is likely to form a new quadrilateral element. There-

fore, all such pairs are sorted in decreasing order

according to the quality function and are analyzed. Once

a pair of triangles has been succesfully checked against

the quality criteria, the resulting quadrilateral is formed

and the pair is removed from the list. Obviously, isolated

triangles may remain at the end of this process. To min-

imize the number of such triangles, the combination of

triangles can be driven by adjacency, from a given

quadrilateral.

At completion, a mixed mesh is obtained, containing

a few isolated triangles. The latter are then splitted into

three quadrilaterals (adding three vertices along the

edges and a central vertex on the surface). To preserve

the overall mesh conformity, quadrilaterals mesh ele-

ments are then splitted accordingly. This operation is

not as simple as for planar meshes as additional vertices

must be located on the true geometry and not on the

straight sided facets.

Notice that this operation leads to a mesh in which

all elements have a size two times smaller than expected.

To overcome this problem, the initial metric is simply

emphasized by a factor of two.

Finally, to improve slightly the overall mesh quality,

a node smoothing procedure is carried out over all mesh

vertices. It basically consists in moving all vertices in or-

der to optimize the edge lengths with respect to the met-

ric as well as the element shape function quality.

3.2. Tetrahedral volume meshing

Once the quadrilateral surface mesh has been created,

each surface quadrilateral is then splitted into two trian-

gles (hence simply changing the mesh topology while

preserving the geometry). A tetrahedral mesh is con-

structed using a Delaunay-based approach [21]. This

‘‘classical’’ procedure is based on three successive stages:

vertex insertion, boundary recovery and internal node

generation, eventually followed by a mesh quality

improvement step. As such, this robust approach pre-

serves the given surface triangulation which, in the con-

text of this study, is a fundamental requirement and

prevents the use of other mesh generation methods.
4. Discretization

In our computations, the fluid equations are discre-

tized in space with P1/P1 stabilized finite elements on

tetrahedra (or Q1/Q1 on hexahedra). Below, we give

some details regarding the structure discretization. We
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next present how the load induced by the fluid on the

structure is computed and we close this section with

the time-advancing schemes.

4.1. Structure: a shell model in large displacements

As explained in the previous section, automatic mesh

generation on arbitrary geometries generally produces

tetrahedra, and therefore triangles on the surface. Trian-

gular shell elements are thus the most convenient. Our

first choice was to use a geometrically exact shell model

proposed by Simo et al. [39] with DKT shell elements [8].

This model gave excellent results in other fluid–structure

interactions problems (see [25]). In addition, it has been

validated on several structural dynamics problems. Nev-

ertheless, the element seems inappropriate for blood

flow problems, since in various benchmarks, the results

obtained are not in agreement with the expected values.

In our attempts to identify the origin of this problem it

appears that the actual implementation of the DKT ele-

ment is very accurate for bending dominated problems

but gives poor results for membrane dominated prob-

lems. Moreover, its accuracy is extremely sensitive to

the shell thickness. This particular behaviour of the shell

elements is actually well-known (see chapter 7 in [11]).

To overcome this problem we use the MITC4 general

shell element: it is known to be reliable and effective in

the two asymptotic states (membrane and bending).

The main characteristics of this element are described

hereafter. The drawback is the need to use a quadrilat-

eral mesh, that is why a procedure to generate such a

mesh from a triangular one has been described in the

previous section.

The MITC4 ‘‘General Shell Elements’’ (see [1,11])

can handle large displacements and is interesting as it

is based on a general 3D variational formulation. In par-

ticular, standard 3D constitutive laws are used. The

transversal stress is null and a kinematical constraint

makes this model compatible with a Reissner-Mindlin

shell model. In our applications, we use a generalized

Hook law for which the internal stored energy on the

non-deformed configuration is given by:

Wðd̂Þ ¼ 1

2

Z
X̂S

½Cabkleabðd̂Þeklðd̂Þ þ Dakeazðd̂Þekzðd̂Þ	dV ;

ð2Þ

where e = (eab) denotes the nonlinear Green–Lagrange

strain tensor. In Eq. (2) the Greek symbols varying from

1 to 2 are used for the tangential components to the sur-

face, z is the third direction, and

Cabkl ¼ E
2ð1þ mÞ gakgbl þ galgbk þ 2m

1� m
gabgkl

	 

; ð3Þ

Dak ¼ 8E
t2ð1þ mÞ g

ak; ð4Þ
where E is the Young�s modulus, m the Poisson ratio and

gak the contravariant components of the metric tensor.

For the MITC4 finite element the geometry is fully

defined by the position of the nodes (x(i)) on the mid-sur-

face, the unit outward normal (a
ðiÞ
3 ) at the surface in each

node and the corresponding thickness (t(i)):

x ¼
XN
i¼1

kiðr; sÞ xðiÞ þ z
tðiÞ

2
a
ðiÞ
3

	 

; ð5Þ

where ki(r, s) are the standard Q1 Lagrange shape func-

tions in 2D. The displacement is then given by:

d̂ ¼
XN
i¼1

kiðr; sÞ d̂
ðiÞ þ z

tðiÞ

2
gðiÞ

	 

; ð6Þ

where g(i) corresponds to the variation of the unit vector

a
ðiÞ
3 and verifies the constraint:

gðiÞ 
 aðiÞ3 ¼ 0:

The MITC4 finite element has thus 5 degrees of freedom

per node (the three components of the displacement and

the two parameters which define the variation of the unit

vector). This element is robust and almost free of lock-

ing. This desirable feature is obtained by using a partic-

ular interpolation strategy for the different components

of the strain tensor (see [1]).

4.2. Load computation

To compute the load induced by the fluid on the

structure, we use the conservative method proposed in

[14]. For the sake of completeness, we briefly recall the

main ideas of this approach and show how simple its

application is in our case.

To start with, we consider the more general case

where the meshes are incompatible, in the sense that

the nodes for the fluid and the structure do not match

on the interface. We nevertheless assume that the fluid

nodes are located on the faces of the structure elements

(if this is not the case, one can consider the projection of

the fluid nodes onto the surface defined by the structure

mesh). The algebraic form of the kinematic condition (F)

reads:

UF;k ¼ KUS;k ð7Þ

where UF,k (resp. US,k) denotes the vector of the NF
R

(resp. NS
R) degrees of freedom of the kth component of

u on the fluid (resp. structure) mesh of R, and K is a

NF
R � NS

R matrix. The matrix K can be obtained for

example by the mortar element method [5] or by interpo-

lation. In this latter case,

K ¼ /̂
S

j ðxFi Þ
h i

i¼1...NF
R ;j¼1...NS

R

where xFi denotes ith fluid node and /̂
S

j the jth basis func-

tion of the structure. We now aim at computing
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F S;k ¼
Z

R̂S

f̂ R;k/̂
S

i

� �
i¼1;...;NS

R

;

for k = 1,2,3, where f R = (fR,k)k=1,2,3 is defined in (1).

Suppose for the moment that the following vector is

given:

F F;k ¼
Z

RF

fR;k/
F
j

� �
j¼1;...;NF

R

:

Then the discrete energy balance is satisfied as soon as

the power of the force computed on the fluid side equals

the power computed on the structure side. In other

words, if

X3
k¼1

UT
S;kF S;k ¼

X3
k¼1

UT
F;kF F;k :

This equality must be true for all vectors satisfying (7).

Therefore

F S;k ¼ KT F F;k ð8Þ

We now explain how to compute FF,k. Notice that, at

the continuous level, if (u,rF) is a solution to (F), if v
is a function defined on R and Tr�1(v) an extension in

XF(t) thenZ
R̂
f̂ R 
 v̂ ¼ � d

dt

Z
XFðtÞ

qfu 
 Tr�1ðvÞ

�
Z

XFðtÞ
div½qfu� ðu� wÞ	 
 Tr�1ðvÞ
�

þrF : $Tr�1ðvÞ
�
:

The vector FS,k can be computed by taking v ¼ /F
j and a

discrete counterpart of this relation, consistent with the

time scheme (see (9)).

In fact, in view of the special mesh generation tech-

niques adopted in the present work, the nodes of the

structure and the fluid do match. Consequently, the ma-

trix K is simply the identity in our case. The message

passing between the two solvers, and more specially

the load computation, is therefore straightforward, even

if triangles are used on the one side and quadrilaterals

on the other one.

4.3. Time discretization

We now describe the time advancing algorithms. We

denote by dt the time step and tn = ndt. The following

quantities are assumed to be known at time tn: Xn
F

(approximation to XF(t
n)), un,pn, d̂

n

F;w
n, d̂

n
; ûns . We aim

at computing Xnþ1
F , un+1, pn+1, d̂

nþ1
and ûnþ1

s .

4.3.1. Fluid domain deformation

We assume for the moment that d̂
nþ1

R is known and

we compute d̂
nþ1

F as an arbitrary extension of d̂
nþ1

R (for
example an harmonic lifting). Then we define the fluid

domain velocity by:

ŵnþ1 ¼ d̂
nþ1

F � d̂
n

F

dt

and the new domain:

Xnþ1
F ¼ Xn

F þ dtwnþ1

We formally denote this step by:

d̂
nþ1

F ¼ Dðd̂nþ1

R Þ

(where all the known quantities are omitted for the sake

of clarity).

4.3.2. Fluid resolution

We use an implicit Euler scheme for the fluid: we

look for (un+1,pn+1) such that, for all admissible test

functions (v,q),

1
dt

R
Xnþ1
F

qfu
nþ1 
 v� 1

dt

R
Xn
F
qfu

n 
 v

þ
R

Xnþ1
F

divðqfu
nþ1 � ðunþ1 � wnþ1ÞÞ 
 v

�
R

Xnþ1
F

pnþ1divvþ 2
R

Xnþ1
F

l�ðunþ1Þ : �ðvÞ ¼ 0;R
Xnþ1
F

qdivunþ1 ¼ 0; unþ1jRnþ1 ¼ d̂
nþ1

R �d̂
n
R

dt :

8>>>>>><>>>>>>:
We formally denote this step by:

ðunþ1; pnþ1Þ ¼ Fðd̂nþ1

F Þ
4.3.3. Load computation

According to the discussion of Section 4.2, the force

term is straighforwardly obtained by computing the

residual of the fluid problem:Z
R̂
f nþ1

R 
 /̂S

i ¼� 1

dt

Z
Xnþ1
F

qfu
nþ1 
 vi �

1

dt

Z
Xn
F

qfu
n 
 vi

"

þ
Z

Xnþ1
F

divðqfu
nþ1 � ðunþ1 �wnþ1ÞÞ 
 vi

�
Z

Xnþ1
F

pnþ1divvi þ 2

Z
Xnþ1
F

l�ðunþ1Þ : �ðviÞ
#
:

ð9Þ

We formally sum up this step by:

f nþ1
R ¼ Rðunþ1; pnþ1Þ
4.3.4. Structure resolution

We use a mid-point scheme for the structure:

1
dt

R
X̂S

Ĵ q̂Sû
nþ1
s 
 v̂� 1

dt

R
X̂S

Ĵ q̂Sû
n
s 
 v̂

þ 1
2
aSðd̂

nþ1
; v̂Þ þ 1

2
aSðd̂

n
; v̂Þ ¼

R
R̂f

nþ1
R 
 v̂jR̂;

d̂
nþ1�d̂

n

dt ¼ ûnþ1
s þûns

2
;

8>><>>:
with
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aSðd̂; v̂Þ ¼
Z

X̂S

P̂ : $̂x̂v̂ ¼
Z

X̂S

o ~W

oF̂
ðF̂Þ : $̂x̂v̂

¼
Z

X̂S

o ~W

oF̂
ðId þ $x̂d̂Þ : $̂x̂v̂:

We formally sum up this step by:

d̂
nþ1

R ¼ Sðf nþ1
R Þ
4.3.5. Conclusion

The solution to the fluid–structure problem at time

step tn+1 is achieved by finding a fixed-point d̂
nþ1

R of

the application T ¼ S �R �F �D.
5. A Jacobian-free Newton–Krylov algorithm

Classical fixed-point method are very expensive to

solve the above problem. A theoretical explanation of

this fact is given in [10] in a simplified framework. Thus,

we advocate to look for a zero of A ¼ I�T using an

inexact Newton algorithm [22,23]:

(1) Initialization: d̂0 ¼ d̂
n þ 3dt

2
ûns � dt

2
ûn�1
s .

(ii) Approximate Jacobian resolution: ~A
0ðd̂kÞdd̂k ¼

�Aðd̂kÞ.
(iii) Update the solution: d̂kþ1 ¼ d̂k þ kkdd̂k .

In step (ii), ~A
0
denotes a suitable approximation of

A0 and in step (iii) kk is determined with a linesearch

procedure. We choose to solve the linear problem using

the Krylov method GMRES [37]. The computation of

the Jacobian is therefore not required: it is sufficient to

define an approximation of the product of the Jacobian

with an arbitrary vector. There exist many techniques to

approximate such a product. For example, a finite differ-

ence approximation is used in [7]. We refer to the survey

paper [24] for a comprehensive presentation of these

methods and to [16,27,28] for other attempts at applying

Newton algorithms in fluid–structure problems. We fol-

low another route here and we propose to approximate

the tangent operator by simplifying the physics. On the

one hand, the inexact Newton method may fail to con-

verge if the simplification is too drastic. But on the other

hand, if the tangent problem is too rich, the computa-

tional time may be as large as with fixed-point methods

(even if such inexact Newton algorithms converge in

only 2 or 3 iterations).

The main idea of our method is to devise an approx-

imate problem as simple as possible but which takes into

account a phenomenon responsible for numerical dif-

ficulies: the so-called added-mass effect [10,25]. To define

this problem we propose to

• neglect the geometrical variation about the current

configuration XF ¼ XFðtnÞ,
• linearize the structure about its current state,

• neglect the nonlinear and viscous terms in the fluid.

More precisely, we introduce the simplified fluid

problem:

�Mpnþ1 ¼ 0 on XF;

opnþ1

on ¼ �qf

d̂
nþ1�d̂

n

dt �un

dt 
 n on R:

8<:
As before, this problem defines a formal operator

pnþ1 ¼ ~Fðd̂nþ1

R Þ

Thus, our algorithm reads:

(i) Initialization: d̂0 ¼ d̂
n þ 3dt

2
ûns � dt

2
ûn�1
s .

(ii) Resolution of ~A
0ðd̂kÞdd̂k ¼ �Aðd̂kÞ:

• Evaluate �Aðd̂kÞ (withA¼I�S�R�F�D).

• Solve the linear system with GMRES. The

matrix/vector products being evaluated by:

~A
0ðd̂kÞ z ¼ z�S0ðFðd̂kÞÞ 
 ~F

0ðd̂kÞ z;

which only requires one resolution of a scalar

Poisson problem and one resolution of the linea-

rized structure (already computed and factorized

during the structure solution, since we use a

Newton–Raphson with a direct linear solver for

the nonlinear elasticity equations).

(iii) d̂kþ1 ¼ d̂k þ kkdd̂k .

The present method allows a significant reduction of

CPU time compared to accelerated fixed-point algo-

rithms [23]. Moreover, according to our experience, it

is robust for the physical situation encountered in blood

flows: for example, in all our test cases, the linesearch

procedure has never been activated (i.e. kk = 1). For

the sake of completeness, let us indicate that we use

nested preconditioners for the GMRES iterations: the

first tangent problem at each time step is not precondi-

tionned (it typically requires 12 GMRES iterations),

but the next tangent problems are preconditionned using

the Krylov spaces built at the previous inexact Newton

steps (consequently, they only require 3 or 4 GMRES

iterations). We refer the interested reader to [13] for

the details of this technique.
6. Numerical results

The purpose of this section is to illustrate the capabil-

ities of the methods introduced in this article. We basi-

cally solve the same physical problem on three

different geometries: the fluid is initially at rest and a

pressure of 103N/m2 has been imposed at the inlet

for 0.005 seconds. The physical parameters are: l =

0.006Ns/m2, qF = 103kg/m3, E = 3 · 105N/m2, m = 0.3,



Fig. 1. Hexahedral mesh (by courtesy of K. Perktold and D.

Liepsch), tetrahedral mesh, and quadrilateral mesh.

Fig. 2. Magnified view of Fig. 1.
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qS = 1.2103kg/m3 and the thickness of the the shell is

10�4m. The solution is a pressure wave that propagates

along the vessel.

The first geometry is an idealized carotid bifurcation

for which a hexahedral mesh is available. It will be used

as a benchmark. The two other meshes, a cerebral aneu-

rism and another carotid bifurcation, come from medi-

cal imaging.

6.1. Comparison hexahedra/tetrahedra

The first mesh of the carotid was generated in hexa-

hedra (by K. Perktold and D. Liepsch). In such a case,

the generation of the quadrilateral mesh for the struc-

ture is straightforward. We will use these hexahedral/

quadrilateral meshes to validate the results obtained

after remeshing the volume in tetrahedra and transform-

ing the triangles of the surface in quadrilaterals as de-

scribed in Section 3 (see Figs. 1 and 2). We have

reported on Fig. 3 the norm of the displacement of three

arbitrary points located on the common, internal and

external carotid (versus time). The curves in solid lines

were obtained with the tetrahedral mesh whereas the

curves in dots were obtained with the hexahedral one.

Notice that the results are in good agreement, which,

in some sense, validates our approach.

6.2. Results on geometries coming from medical imaging

In the previous sub-section, we have shown that the

results obtained on structured hexahedral/quadrilateral

meshes are very close to those obtained on a tetrahedral

mesh coupled with a unstructured quadrilateral mesh for

the shell. This allows to have a reasonable trust in our

approach. In the present section, we show the results

of computations performed on geometries coming from

medical imaging and for which an hexahedral mesh was

not avalaible.

The meshes and the results presented in Figs. 4 and 5

correspond to a congenital cerebral aneurism located at

the apex of the bifurcation of a branch of the middle cer-

ebral artery. More details on this aneurism can be found

in [38]. The results presented in Figs. 6 and 7 show the

propagation of a pressure wave in a carotid bifurcation.

It should be noticed that all the computations have

been done by clamping the structure at the inlet and

the outlet. These boundary conditions have been chosen

for the sake of simplicity but they are clearly not realis-

tic. In particular, if the simulations were performed for

larger times, spurious reflexions of the pressure waves

would appear. The question of boundary conditions

for the fluid–structure problem is a major issue that will

not be addressed here. We refer the interested reader to

[17] for a discussion on this topic.

Notice that we also observe reflections due to the

bifurcation. These reflections, contrarily to the above
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Fig. 3. Norm of the displacement of three arbitrary points

versus time. Comparison of the results obtained with structured

hexahedral/quadrilateral meshes and unstructured tetrahedral/

quadrilaterals meshes (see Figs. 1 and 2).

Fig. 4. Fluid and structure meshes of a cerebral aneurism.

Fig. 5. Propagation of a pressure wave in a cerebral aneurism.

Fig. 6. Fluid and structure meshes of a carotid bifurcation

(geometry by courtesy of A. Veneziani and L. Formaggia).

Fig. 7. Propagation of a pressure wave in a carotid bifurcation.
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mentioned ones, are meaningful. Simplified 1D fluid–

structure models of arteries do not very accurately

describe this phenomenon. One possible application,
among others, of the present work could be to fit the

coefficients of 1D models to correctly account for phys-

iological reflection in a network of arteries.

It is not the purpose of this paper to give biological

interpretations of the results. We are aware that there

are still other problems to be addressed in order to pro-

vide simulations relevant from a medical viewpoint

(boundary conditions, constitutive laws, etc.). Neverthe-

less, the algorithms presented here prove to be efficient

and reliable to simulate fluid–structure interaction in

complex geometries and can be viewed as a first step

to further developements.
Acknowledgments

The authors wish to thank M. Thiriet and S. Salmon

for the mesh of the aneurism, K. Perkold, D. Liepsch



164 J.-F. Gerbeau et al. / Computers and Structures 83 (2005) 155–165
and A. Leuprecht for the hexahedral mesh of the caro-

tid, L. Formaggia, A. Veneziani and the biomedical

group of the CRS4 for the geometry of the second car-

otid.This work has been partially supported by the Re-

search Training Network ‘‘Mathematical Modelling of

the Cardiovascular System’’ (HaeMOdel), contract

HPRN-CT-2002-00270 of the European Community.
References

[1] Bathe KJ. Finite element procedures. Prentice Hall; 1996.

[2] Bathe KJ, Zhang H. Finite element developments for

general fluid flows with structural interactions. Int J Numer

Meth Engng 2004, in press.

[3] Bathe KJ, Zhang H, Ji S. Finite element analysis of fluid

flows fully coupled with structural interaction. Comput

Struct 1999;72(1–3):1–16.

[4] Berger MJ, Jameson A. Automatic adaptive grid refine-

ment for Euler equations. AIAA J 1985;23(4):561–8.

[5] Bernardi C, Maday Y, Patera AT. A new nonconforming

approach to domain decomposition: the mortar element

method. In: Nonlinear partial differential equations and
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