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SUMMARY

In this paper, we consider a non-linear viscoelastic model with internal variable, thoroughly analyzed by
Le Tallec et al. (Comput. Methods Appl. Mech. Engrg 1993; 109:233-258). Our aim is to study here the
implementation in three dimensions of a generalized version of this model. Computational results will be
analyzed to validate our model on toy problems without geometric complexity, for which pseudo-analytical
solutions are known. At the end, we present a three-dimensional numerical simulation on a mechanical
device. Copyright © 2011 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In this paper, we address the numerical aspects of a non-linear viscoelastic problem. Among the
various types of non-linear viscoelastic models available, we have deliberately considered the model
that introduces an additional internal variable governed by a differential equation in time, initially
presented by Simo [1] and Lubliner [2] and mathematically analyzed in [3,4]. We describe here
the discretization and the implementation in three dimensions using triangulations of a generalized
version of this model, in a sense that will be made clear hereafter.

This paper is divided into three parts. In the first part, we develop the non-linear viscoelastic
model. The second part describes the discretization stage and the numerical resolution of the
mechanical model. The last part presents the validation of the resolution on a pseudo-analytical
solution and a three-dimensional example on a mechanical device.

2. THE GENERALIZED MODEL

At first, we present the viscoelastic model in large strains that we used in numerical simulations
and we explain how our version differs and generalizes the classical model [1].

Let Q be a connected and bounded open set of R> corresponding to the reference configuration
(Figure 1). We suppose that the boundary I of Q is Lipschitz-continuous; thus, the outer unit
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A GENERALIZED MODEL OF NON-LINEAR VISCOELASTICITY 1545

Figure 1. Deformation of the domain Q.

normal vector 7 is well defined at each boundary point. We assume also that the boundary can be
decomposed into I'=TgUI"| with ['l¢NT"| =@. The model problem we consider is the following:
Find the displacement vector u solving:

-V.-T=f in Q,
u=ug only,

Tn=g onlj.

Here, f (resp. g) represents the body (resp. surface) forces, expressed in the reference configuration.
The constitutive law is then given by the following relation that relates the first Piola—Kirchhoff
stress tensor® T to the gradient of deformation F=1+Vu:

dw

T=—-pF " 1

a P (M
In the viscoelastic model we consider here, the internal energy W of the system can be written as
follows:

m
W(C, Gy, ...,Gm)=Wo(O)+ }_ Wi(C:Gj), meN*, 2
i=1
where the right Cauchy—Green tensor C is defined as:

C=FF=I+Vu+Vu +Vu-Vt,

and where the tensors Gj, for i €[1,m], are a finite number of internal variables used to measure
the deformation of dashpots embedded in the material. The evolution of these internal variables is
described by the set of following equations:

. ow
—1 —1 .
viGy = oG; +4:G; in Q

Gi(0)=1 in Q

Vie[l,m], 3)

with v;, for i € [1, m], the viscosity coefficients. The pressures p and ¢g;, fori € [1, m], occurring in
Equations (1) and (3) are the Lagrange multipliers associated with the incompressibility constraints:

det(F)=det(G))=1 Vie[l,m].

#Using the classical notation introduced by Ciarlet [5].

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2011; 86:1544—-1557
DOI: 10.1002/nme



1546 M. DE BUHAN AND P. FREY

€el Evl

|

|
!

!
|

|
|

|

Eem Enm,

Figure 2. Generalized Maxwell model. &, &g, & for i €[1,m], are the total, elastic
and viscoelastic linearized stress tensors.

At this point, we observe that this model is slightly different from the model described in [3],
in the sense that it contains supplementary internal variables, hereby justifying its denomination
of generalized model. In other words, if the model of [3] is a non-linear version of the Maxwell
model, by analogy our model can be seen as a non-linear version of the generalized Maxwell model
(see Figure 2). In its spirit, this model is close to the model described in [6], initially proposed in
another context for dealing with ligaments. Its main strength relies on its versatility for handling
complex behaviors (e.g. to account for various dissipation time) that could not be captured with
the classical models. This rather complex formulation is indeed required by the application we
have in mind, as will be emphasized in the numerical examples presented in Section 4.2.

In view of its numerical resolution using the finite element method, a weak formulation of this
problem shall be first written, which leads now to solve:

Findu—wge?", pe?, Gie # and q; € 2, for Vi € [1,m], such that:

ow
/<2F—(C,G1,...,Gm)—pFt>:Vde=/f-de+/ g-vdy Vvev,
Q 0C Q I

/ﬁ(det(F)—l)dx=0 Vpe,
Q
“)
'\W‘ .
/Q<—06y’(C:Gi)C+v,-Gi_l—q,-Gi_l):dezo VHe 7,
/é(det(Gi)—l)dx:O Vge.
Q

The functional spaces ¥, 2, # and 2 are chosen accordingly, i.e. such that all integrals are well
defined, and: denotes the double contraction of tensors. Furthermore, the energy function defined
in (2) leads to write:

ow oWy nooW;
—(C,Gyq,...,Gp)=——(C —(C:G)G;.
GC( 1 m) oC ( )+i§ ay ( 1) i
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A GENERALIZED MODEL OF NON-LINEAR VISCOELASTICITY 1547

Thus, the problem associates a non-linear PDE endowed with incompressibility conditions and m
ODE:s describing the time evolution of the internal variables.

3. NUMERICAL APPROXIMATION

In this part, following the outline of the paper [3], we explain the main stages of the discretization
of our model and the resolution techniques that have been effectively implemented in this study.
The spatial discretization involves Pg/[P, Lagrange finite elements and the time discretization is
based on an implicit Euler scheme. The linearized version of the resulting system derives naturally
from a Newton method and is solved using an Augmented Lagrangian technique.

3.1. Space discretization

Hereafter, we consider a conforming triangulation .7, of the computational domain Q where h
represents the characteristic mesh size. The variational approximation of the initial problem (4)
is classically obtained by replacing the functional spaces ¥~, 2, # and 2 by finite-dimensional
subspaces ¥y, P, #'y and 2y, respectively. We are well aware that the choice of these spaces is
of importance to ensure the stability of the resolution. An analysis stage must confirm the validity
of this choice, although it is out of the scope of this paper. Namely, we have retained the following
finite elements spaces:

V= {vh:§—> [RE3,VK69'h,Vh|KE[P’%,Vh=0 on I'g},
Py =2,={pn:Q—> R,YK € T, pplx € Po},

Hp={Hp:Q— U VK € T ), Hp|x € P},

where % ={H & (M 3)5ym,det(H)=1}. Consequently, the problem (4) becomes:
Find ay—wgh €V 1, pn € P, Gin€ #', and qip € 2y, for i €[ 1, m], such that:

ow
/<2Fh—(Ch,G1h,...,Gmh)—phth>ZVVhdx=/f-Vhdx-i-/ g-vpdy Vvhev Ty,
Q 0C Q 1B}

/ﬁh(det(Fh)_l)dx=O Ypn Py,
Q

Wi ~—1 -1
A — P (ChtGih)Ch—i-v,'Gih —qihGih ‘Hpdx =0 VHy, € A},
/C}h(det(Gih)—l)dXZO Ygn € 2y,.
Q

As A, and 2, are spaces composed of piecewise constant functions, the last equations can be
further simplified as:

"\W. .
- Oa “(Ch:Gin)Ch+viGy,' —qinGy' =0 in each K € 7,
Y Viell,m]
det(Gin) =1 in each K € 77,.

3.2. Time discretization
We focus now on the time discretization of the problem using an implicit Euler scheme, which
is unconditionally stable. This is an essential requisite for dealing with the various time scales
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1548 M. DE BUHAN AND P. FREY

occurring in viscoelastic phenomena. Let At be the time discretization step. The numerical scheme
we considered leads to solve the following sequence of problems:
For neN, find uEH —uohe? p, pZH cPy, Gi'}:”l e Ay and ql.’;l“ €9y, forie[1,m], solving:

ow _
/Q (2Fg+1%(cg+1,(;;‘h+1,...,Gﬁll)— P ERt ’):vVhdx

=/ f-vhdx—i-/ g-vpdy YVhE T ),
Q I

/g;ﬁh(det(FE—i_l)_l)dx:O Vpn € Py,

Gpth ' —@Ga)! aw,
V,'( ih ) x ( lh) _ 6_(CE+1:Gil;:rl)cﬂ-‘rl_qif;l-'rl(Gﬁj-l)—l =0, ineach K Eyh,
y

det(Gﬁlﬂ): 1, in each K € 7},

endowed with the initial condition G?h =L, for i e[1,m].
The numerical resolution of this tedious problem is carried out in two steps. At first, we solve the
evolution equations of the internal variables and express the latter in terms of the unknown CEH.

As the resulting problem depends only on Cﬂ“, it can then be solved as a classical non-linear
elastic problem.

3.3. Calculation of the viscoelastic variables

At each time step, we can compute each one of the m viscoelastic variables G;‘h“, forie[l,m],
independently, all contributing to the physical dissipation phenomenon. This can be achieved
solving the evolution equations in each element K in 7. To this end, we observe first that the
problem can be rewritten, for each time step n €N, as the following minimization problem:

1 . 1. Vi —1. :
Gh/ ! =arg min (Wi(Ch s H)+ - (GR) ™' H)  Vie[l.m].
Then, we consider Gj as a function defined on R> with value in % of the form:

Gi(Z)=Z1(e1Q¢e1)+ Zs(e2Re3)+ Zr(e1Rer+eyRer)+ Z3(e1Qez+ezRer)

\+ 212242423 -22,7375
Z\Zy— 73

+Z5(e2®e3+e3Rer)+ (e3®e3),

where ® denotes the tensor product and we defined Yj R> such that Gi(Yy)= G;;IH, forie[l,m].
Thus, the minimization problem reads now:

Yi=arg min (W,(Ch™:GiZ)+ (G ™ Gi()),
ZeRd At
that is also equivalent to solving:
Zi(Yi,Cpth=0 Vie[l,m], (5)

where the function % ; is defined, for all (Z,C) e R x U by:

ow; Vi ~1\.9Gi
Fi(Z,C)= C:Gi(Z)C+ =G " ): (D).
i )(ay( i(2)) +At<.h>)az()
Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2011; 86:1544—1557
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A GENERALIZED MODEL OF NON-LINEAR VISCOELASTICITY 1549

Next, we observe that the non-linear equation (5) defines an implicit function Yj =€’/i(Cﬁ+l), for

i €[1,m], that can be easily computed using a classical Newton method on R>. At each iteration,
the linear operator that needs to be inverted is given by:
oG
)o(c:zZ®)

2 .
Ki = a""’(Z C>—6W’ : i(Z»(c

an 1 62G
(—(C GIZ)C+ (G~ ) =

3.4. Resolution of the elastic problem

According to the relation G;}]“=Gi(@,~(CE+1))=%(CE+1), for i e[1,m], we can replace the
viscoelastic variables in the original problem (4) that become now:
Find uﬁ“ —ugp €7, and pZ+1 € Py, solving:

ow
/Q (ZFE'H%(CE'H, GUCED, . In(CRT)— p;;“(F;:“)—f) - Vvpdx
Z/f.vhdx+/ g.vhd’y VVhE”Vh,
Q I

/ﬁh(det(Fg“)—l)dx:o Vpu Py
Q

Let ((;’)J)] 1..N be a basis of ¥, and (l// 1)j=1..m be a basis of 2, respectively. If we consider the

vector UnJr (resp. P“+1) of the components of uh +1 —ugp (resp. p"+1) in the basis (¢j) j=1..N
(resp. (xp j)j=1..m), our finite element problem takes, at each time step n, the form of an algebraic
system of N + M non-linear equations with N 4+ M unknowns:

Find (UEH, PEH)E RY x RM such that:

2Uptt P =0 in RY xRM,

with the notations, for all (U,P)e RN x RM:

gj(U,P)zf2F6—W(C,é¢](C),...,fqm(C)):wjdx—/pF—’:Vqudx
Q 0C Q
- [roee- [ o vienv,
Q I

ZiwnU,P)= —/ Y(det(F)—1)dx Vjell, M].
Q
This system can be very large but sparse. It can be easily linearized by a Newton algorithm.

3.5. Linearization by a Newton method

To solve the non-linear equation . (U}':H, PEH) =0 using Newton’s method, we have to compute

the gradient matrix D.¢/D(U, P) that is defined for all (U,P,V,Q)e RN x RM x RN x RM by:

02, d (oW o\
G UPV= /Q<4E(E(C,%(C),...,gm(C)))F vV).F Ve dx

+ [ 225€ 91 (€ 7V

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2011; 86:1544—1557
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1550 M. DE BUHAN AND P. FREY

J(F _[)
—/g)p( F ) V¢;dx Vjell,N],

6%
a’*”(U P)V=— /lij—’ Vvdx Vjiell, Ml,
0% B ,
oP 0 j

0%

#(U,P)Q:O, Vjell, M].

‘We notice that the differential

d /oW
Ic (—(C 491(0), . m(C))>

must be computed, which implies knowing the derivatives 0%;/0C, for i [1,m]. The implicit
function theorem states that:

Zi(Yi, Cg“) =0=Yi=%;(C}"™") and

n+1 _ o7
( )= <6Z

and allows us to find the differential as follows:

7

—1
; 0F
i 1 1 i
@Y, O >) ( -

t
(W:(CPHh, CE“)) ,

d (oW W .
( 3C (C,%:1(C),. (C))) 2 ——(0O)— E:B K B!
m 52
i=1 0Y
with, for i e[[1,m]:
Bi= 7 @00
0’ G;
= :%(C))%(C)@(C: 6Z‘(%(C)>)

Remark

It is well known that the Newton method is very sensitive to its initialization and may not converge
in some cases, i.e. if the initial data differ largely from the solution. To overcome this drawback, the
classical initialization strategy consists of using an incremental loading [7]. In this technique, the
load acting on the body is applied as small increments. The equilibrium position is then computed
at the end of each load increment using as initial guess the position obtained at the previous
increment.

3.6. General algorithm

In this section, we summarize the main successive stages for solving the viscoelastic problem in
large strains. Let us point out that the authors have implemented all data structures, finite elements
libraries and non-linear system resolution techniques using C language (about 10000 lines).

We initialize U to the zero vector and P to the hydrostatic pressure at rest. We set A=0 and
we increase it iteratively by a small increment A/ until the value A=1 is attained. For each load

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2011; 86:1544—1557
DOI: 10.1002/nme



A GENERALIZED MODEL OF NON-LINEAR VISCOELASTICITY 1551

(Lf, 2g), we compute the solution (U, P) by a Newton algorithm as follows:
o Initialization
We set (Uy, Py) equal to the solution at the previous loading step and we compute the residual:

Ro=2(Uy, Py).

e Iteration loop
Then, for each k>0, knowing Uy, Px and Rk, we obtain Uk, Px4+1 and Rg4q by:
(a) computing the gradient matrix:

Mg = b Uk, Px)
k= D(U, P) k> Tk);
(b) solving the linear system:

(c) updating the solution:
(Uk+1, Pr1)=(Ux, P) +(AU, AP),

(d) solving the minimization problems on the viscoelastic variables using Newton loops to
obtain 4;(Cy), Vie[1,m],
(e) evaluating the new residual:

Ri11=2Ugks1, Pry1).

Remark

At each iteration of the Newton method, the linear system (6) can be solved by an augmented
Lagrangian technique [8]. This iterative procedure consists of replacing at each iteration step
the initial linear system by a simplest system that can be solved using a preconditioned conju-
gate gradient.

4. EXPERIMENTAL RESULTS

4.1. Validation

The aim of this section is to assess the numerical method by evaluating the discrepancy between the
approximate solution and a pseudo-analytical solution, i.e. the exact solution in space approximated
in time using a finite difference scheme. To this end, we considered the simplest case for which
a pseudo-analytical solution can be computed, the compression of a cube fixed on one of its side.
Indeed, in such a test case, there is no relevant geometric issue.

We describe hereafter the computation of this solution on the reference cube (Figure 3). Let H
be the initial height of the sample and / its height after vertical compression (with respect to the
Z-axis). We introduce the ratio:

Hence, we can define the transformation between the reference configuration (with respect to
the variables X, Y, Z) and the deformed configuration (with respect to the variables x, y, z) by

x=yX, y=yY, z=oaZ,

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2011; 86:1544—1557
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1

Figure 3. Compression of a cube: notations and characteristics variables.

where 7 is the currently unknown horizontal dilatation coefficient, identical in X and Y, thanks
to the symmetry of the problem. We can then compute the displacement vector u, the gradient of
deformation F and the right Cauchy—Green tensor C, respectively, as follows:

(y—DX 7 0 0 ¥ 0 0
u=| -1y |=F=|0 7y 0|=C=|0 > o],
(a—1)Z 0 0 « 0 0 o

and thanks to the incompressibility condition det(C)=1, we can deduce

1
’= ﬁ ,
yielding finally to:

The energy function is chosen as a Moonley—Rivlin energy functional:
Wo(C) = €01(11(C) —3)+Co2(12(C) —3),

Wiy)=%i(y—3) Vie[l,m],

where 11(C)=tr(C) and (C)= %((tr(C))z—tr(Cz)) are the first and second invariants of C and
%01, o2 and €;, for i €[1,m], are constant coefficients in Pa. We need to compute the viscoelastic
variables Gj in view of evaluating the stress tensor T. Each variable Gj, for i € [1, m], satisfies the
following ODE:

G —qiG ! = - “(C:G)C=%;C Vie[l,m],
y
with Gj(0)=I. This equation is discretized using the classical implicit finite differences scheme:

(GMH -y
i At

_qin+1(G;1+1)—l :(gi CIH-I’

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2011; 86:1544—1557
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thus leading to:
E(G?)—l g

(Gr)~1 = AL Viell,ml. 7

v n+l1

A
Here, the unknown variable qi'”rl can be determined using the incompressibility condition
det((G;'H)_l): 1, for i €[1, m], to obtain:
. . 2/3 1/3
41 Vi Vv 1 i v 1 N/

which depends only on the time step n (since « is constant) and can be replaced in (7). At this
stage, we can compute the stress tensor 7' using (1):

ow
T=2F—(,Gq,...,Gm)—pF !
5C( 1 m)— P

m
=2F <(501 +E o (tr(CO)I-C)+ Z € Gi) — pF_t.
i=1

Hence, the principal components of the diagonal tensor 7 can be expressed with respect to the
elongation o as:

2 1 m
Tx =Ty = 7 (‘501 +%Cn <0€2+&> +> %(Gi)x> —Jap,
i=1

2 m
T, =20 (fgm + 60+ (gi(Gi)Z) - g
i=1

By noticing that Ty =Ty =0, since the cube is not subjected to any load on its lateral sides, the
pressure p can be determined as:

2 1 m
p=-— (%01 + %02 <O€2+ —) +> (gi(Gi)X) .
o & i=1
It remains then to compute the non-null vertical constraint 7z as follows:
1 m 1
Tz7=2(a%01+%02) (1 - ﬁ) + > 2%;a <(Gi)Z - E(Gi)X) .
i=1

As such, the pressure and the vertical constraint are both independent in space but need the
computation of Gj, for i €[1,m] to be estimated in time.

Now, we present the numerical result we obtained for this test case (for «=0.7) (Figure 4).
Table I reports the mechanical properties of our model. Figure 5 illustrates the time evolution of

Figure 4. Configuration at rest (left), deformed configuration (right).

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2011; 86:1544—1557
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Table 1. Mechanical properties used for the test case.

m Col Cio C V] G L)

2 21 105 80 21500 150 115

the pressure, the vertical constraint and one internal variable corresponding to the numerical and
the pseudo-analytical solutions.

Remark

In all examples, we have checked numerically (on the computational triangulation) that the total
volume remains constant throughout the compression stage, in compliance with the incompress-
ibility condition of the model.

4.2. Justification of the generalized formulation

Our objective is here to justify the choice of our generalized mechanical model and to show that
it can fit an experimental data set much better than classical models. To this end, we compared
the numerical results with experimental tests published in [9]. In this test, the geometry of the
domain is considered non-relevant. The experiment corresponds to compressive tests on cylindrical
samples (see Figure 6) at different strain rates.

In order to reproduce the experiments, we needed to extend the energy functional introduced
in (2) as follows:

Wo(C) = €01 (11(C) —3)+Boa(12(C) —3),
Wi(y) =%i1(y—3)+%in(y—3)* Viell,2].

Table II reports the coefficients used to carry out these tests.

Figure 7 shows the comparison between the experimental and the numerical solutions. We
observe that both curves are well in accordance with each other. Notice that the stress—strain
relation is non-linear and depends on the strain rate. Furthermore, it appears clearly that only an
extended model is able to reproduce such complex behavior.

4.3. Example of a mechanical device

Figure 8 shows an example of a mechanical device corresponding to the domain Q C 20 x 20 x Scm,
on which we applied a load f=(50, 50, 50)Nm™3, while maintaining fixed two branches on the
(0, x, z) plane. The maximal deformation is about 10cm, obtained using the values reported in
Table I. The computational mesh contains 7402 vertices and 32 977 tetrahedra. The initial volume
is 8.761 x 10?cm? and the final volume after deformation is 8.760 x 10?cm?. In this example, we
show the ability of dealing with the complex three-dimensional geometry of a mechanical device.

5. CONCLUSIONS AND PERSPECTIVES

This analysis has clearly shown the ability of our generalized model to deal with complex problems
(both in terms of constitutive law and arbitrary geometry), essentially in structural mechanics. We
could now envisage to address realistic problems for which experimental data are supplied and
much be dealt with. This can be typically the case in biomechanical applications where flexible

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2011; 86:1544—1557
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Figure 5. Evolution of (a) the pressure; (b) the vertical stress; and (c) the vertical component of the
second internal variable with respect to time during the compression test. Comparison between the
pseudo-analytical solution (continuous line) and the numerical solution (crosses).

Figure 6. Configuration at rest (left). Deformed configuration (right).
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Table II. Mechanical properties used for the first test case.

%01 G0

m

C11

€12

Vi 621 bn v

2 0 145

0

1

300 35000 150 2000 200

-0
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450 +—

— Experimental solution
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-0.30
(2)
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_O ]
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1400 +———r
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Figure 7. Relation between the Lagrange stress 7 and the true strain log(«) for three compression rates: (a)
6.4x107%s71; (b) 6.4x1073s7!; and (c) 6.4x 1071571, Comparison between the experimental solutions
reported by Miller [9] (lines) and the numerical solutions (crosses).
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(a)

(d)

Figure 8. Computational mesh of the mechanical device (a). Deformation
from various viewpoints (b),(c),(d).

models are favored because of the lack of modelling knowledge. On the other hand, this work can
be considered as an essential (in terms of accuracy and efficiency) preliminary stage of a study on
inverse problem whose purpose is to retrieve unknown coefficients.
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