DAMPED WAVE DYNAMICS FOR A COMPLEX
GINZBURG-LANDAU EQUATION WITH LOW DISSIPATION

EVELYNE MIOT

ABSTRACT. We consider a complex Ginzburg-Landau equation on RY, corresponding
to a Gross-Pitaevskii equation with a small dissipation term. We study an asymptotic
regime for long-wave perturbations of constant maps of modulus one. We show that
such solutions never vanish on RY and we derive a damped wave dynamics for the
perturbation. Our results are obtained in the same spirit as those by Bethuel, Danchin
and Smets for the Gross-Pitaevskii equation [2].

1. INTRODUCTION

We consider a complex Ginzburg-Landau equation
OV = (k +9)[AV + (1 — |P|?)], (©)

where ¥ = ¥(t,z) : Ry x RN — C, with N > 1, is a complex-valued map and where
0<k<l.

Equation (C) admits elementary non-vanishing solutions, which are given by all constant
maps of modulus equal to one. The aim of this paper is to study the dynamics for (C)
near such states. We focus on a regime in which the solutions ¥ do not vanish on RY, so
that we may write them into the form

U = rexp(ig).

Secondly, we assume that (72, V¢) is a long-wave perturbation of (1,0). More precisely, we
introduce a small parameter ¢ > 0 and we define (72, V¢) through the change of variables

2 — 14+ =
ré(t,x) =1+ \/iag(st,ex) 1)
2V o(t, x) = eu(et, ex),

where (a.,u.) belongs to C(Ry, H5*! x H?), with s > 2, and satisfies suitable bounds.

Our objective is two-fold. First, to define (ar,u.) we wish to determine how long
a solution initially given by (1.1) does not vanish on RY. Our second purpose is to
investigate the dynamics of (a.,u.) when & vanishes and x is small. This asymptotic
dynamics depends on the balance between the amount x of dissipation in Eq. (C) and the
size € of the perturbation; to characterize this balance we introduce the ratio

Ve = —.
€

According to (C) we obtain the equations for the perturbation (a,uc)

{8,:@8 + V2divue + 2v, — keAa, = f-(ae, ue) (12)

Oue +V2Va. — keAu, = g (ae, ue),
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where f. and g, are given by
2
u
fé(aaaus):\/§H<—2‘Vpa‘2—p§‘ ;‘ _ag
V2 A
ge(as, uc) = KeV < /2)(1 'ue> yocv2Pa
Pa Pa

) — ediv(asue) L3)

— &g - Vg,

with -
pczl(ta JI) =1+ ﬁaa(ta CC)
Our first result establishes that if the initial perturbation is not too large, the solution
U never exhibits a zero so that (1.1) does hold for all time.

Theorem 1.1. Let s be an integer such that s > 1+ N/2. There exist positive numbers
Ki(s,N), Ka(s,N) and 0 < ko(s,N) < 1, depending only on s and N, satisfying the
following property.

Let 0 < k < ko(s, N). For0<e <1, let (a2,¢?) € H*1(RN)2 such that
min(ve, k=1, e71)

Kl(‘S?N) ’

My = ||(a, ud)| s + el|lal|| gs+1 + |2 2 <

where u? = 2V 0.
Then Eq. (1.2)-(1.3) has a unique global solution (as,u.) in C(Ry, H*1 x H?) such
that (ae,u:)(0) = (al,u?). Moreover
[(ae, ue)|lpoo(mrs) + Ellac | oo (rrs+1y < Ka(s, N)Mo.
Finally, if U denotes the corresponding solution to Eq. (C), we have for allt >0

Ie@P -1l <5

Remark 1.1. Fizing K = kg and € < 1, Theorem 1.1 entails that for initial data
V() = (1+())" exp(id (),
with ||(a°, 3°)|| gs+1 < C, where C only depends on s and N, the corresponding solution!

U to Eq. (C) remains bounded and bounded away from zero for all time.

Remark 1.2. For all0 <e <1 and0 < k < Kg satisfying € < k, so that v, > 1, Theorem
1.1 allows to handle initial data

. 1/2
W(z) = (1 + ﬂao(ex)> exp(i®(ex)), (1.4)

where (a°, oY) € H“’“(RN)2 does not depend on €, so that My is constant, and where My
1s smaller than a number depending only on s and N.

Once the question of existence for (ac, u:) has been settled, our next task is to determine
a simplified system of equations to describe its asymptotic dynamics. From now on we
focus on a regime with low dissipation, namely we further assume that

k=rk(e) and lin% k(e) =0.
E—>
In view of (1.3), this is a natural ansatz in order to treat the second members f. and g,

as perturbations in the limit ¢ — 0. Eq. (1.2) then formally reduces to a damped wave
equation

{&a +V2divu + 2v.a = 0 (1.5)

O +V2Va =0,

LGiven by Theorem 3.1 below.
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with propagation speed equal to v/2 and damping coefficient equal to 2v.

As a consequence of Theorem 1.1 we can compare the solution (a,u.) to the one of the
linear damped wave equation (1.5) with loss of three derivatives.

Theorem 1.2. Let s be an integer such that s > 1+ N/2. Let (a2,¢%) € H5TH(RN)?
satisfy the assumptions of Theorem 1.1. Let ul = 2V Y.

We denote by (ag,us) € C(Ry, H*T1 x H®) the solution of Eq. (1.5) with initial datum
(ag, ug).

There exists a constant K3(s, N) depending only on s and N such that for all t > 0
(ae — ag, ue — wg)(8)|| grs—2 < K3(s, N)(ext)/? max(1, v 1) (M + M),
where My is defined in Theorem 1.1.

In particular, for initial data given by (1.4), the approximation by the damped wave
equation is optimal when x and e are comparable. Moreover, Theorem 1.2 yields a correct
approximation up to times of order C(ke)~!. In order to handle larger times, it is helpful
to take into account the linear parabolic terms in (1.2):

dva + V2divu + 2v.a — keAa =0 (1.6)
owu + V2Va — keAu = 0. '
Our next result presents uniform in time comparison estimates with the solution of Eq.

(1.6) for high order derivatives.

Theorem 1.3. Let s be an integer such that s > 1+ N/2. Let (a2,¢%) € H5FH(RN)?
satisfy the assumptions of Theorem 1.1.

We denote by (ag,us) € C(Ry, HSTY x H®) the solution of Eq. (1.6) with initial datum
(a2, ud).

There exists a constant K4(s, N) depending only on s and N such that

o [[(ac — ag, ue — ug)|| poo (ga-2) < Ky(s, N) (kmax(1, v 2 ME + e max(1, le_l)Mo) )
b H(ae — Ay, Ue — uf)”Lw(Hé‘*l) < K4(Sv N)(max(l, Va_l)(max(’%a 6) + Va_l)Mg + 1/5_1M0>7

o [(ac — ag, e — ug)|| e ey < Ka(s, N) ((ygl max(1, v Y) + kM2 + fflMo).
Finally, for allt >0

o [|(ac — ag, e — ug) (t) ]| g2 < Ka(s, N)(ert)"? (max(1, v ) Mg + v, ' M)

o |[(ac — ag, ue — ug) ()| go—1 < Ku(s, N)(ex™ )2 M.

We come back to initial data given by (1.4). Since x~! diverges when ¢ — 0, Theorem
1.3 does not provide a correct approximation for s-order derivatives. However, Eq. (1.6)
yields a satisfactory large in time approximation for the derivatives of order s — 1 if v!
vanishes with . In fact, the corresponding comparison estimate is optimal whenever
and /e are proportional. This is due to the fact that the regularizing properties of the
parabolic contributions in (1.6) become less efficient when & is small. On the other hand,
as in Theorem 1.2, the global in time comparison estimates involving the lower (s—2)-order
derivatives are more efficient when k and e are proportional.

The complex Ginzburg-Landau equations are widely used in the physical literature
as a model for various phenomena such as superfluidity, Bose-Einstein condensation or
superconductivity, see [1]. In the specific form considered here, Eq. (C) corresponds to a
dissipative extension of the purely dispersive Gross-Pitaevskii equation

OV = i[AT + U(1 — |¥]?)]. (GP)
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A similar asymptotic regime for (GP) has been recently investigated by Bethuel, Danchin
and Smets [2]. The analysis of [2] exhibits a lower bound for the first time 7, where the
solution vanishes and shows that (a.,u.) essentially behaves according to the free wave
equation (v = 0), or to a similar version, until then.

In the two-dimensional case N = 2, there exists a formal analogy between Eq. (C) and
the Landau-Lifschitz-Gilbert equation for sphere-valued magnetizations in three-dimensional
ferromagnetics, see [3, 7]. We mention that a thin-film regime leading to a damped wave
dynamics for the in-plane components of the magnetization has been studied by Capella,
Melcher and Otto [3].

Finally, still in the two-dimensional case N = 2, Eq. (C) presents another remarkable
regime in which the solutions exhibit zeros (vortices). This regime has been investigated
by Kurtzke, Melcher, Moser and Spirn [6] and the author [9] when « is proportional to
|Ine|~t. In this setting, Eq. (C) is considered under the form

0. = (s + )[AV. + V(1 — W), (C2)

which is obtained from the original equation via the parabolic scaling
t x
\I’E(t,x) =v <€2, €> . (17)
A natural extension of the results in [6, 9] would consist in allowing for superpositions
of vortices and oscillating phases in the initial data. This difficult issue was a strong

motivation to analyze the behavior of the phase in the regime (1.1), excluding vortices, as
a first attempt to tackle the general situation where it is coupled with vortices.

2. GENERAL STRATEGY

We now present our approach for proving Theorems 1.1, 1.2 and 1.3, which will be
partly borrowed from the analysis in [2] for the Gross-Pitaevskii equation.

First, we handle Eq. (C) in its parabolic scaling (1.7) yielding Eq. (C.). We define the
variables
t
be(t,x) = ae (8,:(})

t
t j— —
ve(t, ) = . (E,aﬁ),

so that in the regime (1.1) we have
W, (t,z) = po(t,z) exp(ige(t,z)) on Ry x RV, (2.1)

where .
pg(t, .%') =1+ 7b6(t7$)

V2 (2.2)

2V (t,x) = eve(t, x).

The system for (be, v.) translates into

2 2 -
Oib. + {dma + %bs — kAb. = (b, v.)

(2.3)
2
Oys + {Vbs — KAV = G- (b, ve),

where
2 | Vel 2

fe(bavs) = \/§V€ <—2|V,05’2 — Pe 9

Vp? A
Ge(be, ve) = KV < ga 'U€> +2V < pIOE) — Ve - V.
€ €

— b§> — div(b.ve) o
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For a map V¥ € Hl the Ginzburg-Landau energy of W is defined by

B.() = /RN <|V;Il|2 N (1 4|§|2)2> .

and &£ denotes the corresponding space of finite energy fields. For the Gross-Pitaevskii
equation the Ginzburg-Landau energy is an Hamiltonian, whereas for solutions to Eq.
(Ce) it decreases in time. Note that, in the regime (2.1)-(2.2), the solution ¥, belongs to
& since (be,v:) € H' x L% In fact, one has

E.(V.) ~ C(H(bmve)H%? + 52HVI7€H%2)
provided that |||¥.] — 1] < 1.

oc’?

Our first issue is to solve the Cauchy problem for (C;) so that (bs,v.) being defined by
(2.2), as long as ¥, does not vanish, does belong to C(H**! x H*). As mentioned, the
initial field UY has finite Ginzburg-Landau energy. In [4] (see also [5]) it has been shown
that

ECW+ H'RY).

Here the space W, which will be defined in Section 3 below, contains in particular all
constant maps of modulus one. It is therefore natural to determine the solution W, in
C(W + H**1). This is done in Section 3.

In Theorems 1.1, 1.2 and 1.3 one assumes that |[b?||« is bounded in such a way that
| WY is bounded and bounded away from zero. More precisely, the constant K;(s, N) can
be adjusted so that

b2l s < 1 2.5
(5, V)= 180 (2.5)
Here the constant ¢(s, N) corresponds to the Sobolev embedding H*(RY) ¢ L*(RY) for
s > N/2. Hence (2.5) guarantees that |||¥2]? — 1]|o < 1/2.

As long as infgn [V (¢)| > 0, one may define (b., v )(t) explicitely as a function of W (¢).
In fact, to prove that ¥, and (be,v.) are globally defined, and to establish Theorems 1.2
and 1.3 it suffices to show that [|(be, ve)||fgs+1« s remains bounded. Moreover, to obtain
the bound |||¥.(#)]? — 1]|oc < 1/2, it suffices to show that (2.5) holds as long as b. is
defined.

Due to the presence of higher order derivatives in the right-hand sides in (2.3), control-
ling || (be, ve)|| grs+1x s is however a difficult issue. As in [2], this control will be carried out
by incorporating the equation satisfied by V In(p?). More precisely, we focus on the new
variable (b, z.), where

ze = v, —iVIn(p?) = V(2p: —iln(p?)) € ch.
We remark that (b, z.) is well-suited to our analysis since
Bo(2) = ¢ (el + oo 1y vy )
Moreover, there exists a constant C' = C/(s, N) such that?

CHI(be, 2) |75 < [I(be, ve) 11z + ellbell o1 < Ol (b, 2e) |-

From now on we will sometimes omit the subscript ¢ for more clarity in the notations.

The equations for (b, z) are given in the following

2See (5.4) below.
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Proposition 2.1. Let s > 2, Ty > 0 and ¥ be a solution to (Cc) on [0,To] satisfying

inf |W(t,z)| >m >0
(t,2)€[0,To] xRN

and such that (b,v) € C1([0,Tp), H*T! x H*). Then?

O + ?divRez = /{( - (f + b)div(Imz) — ;(\f + b)Re(z, z)

- £(£ +b) ) — div(bRez)

—1+4+ ki

2 2
k8,524- [Vb: (k +1i)Az + V(z, z) +f<;\€fiVb.

Dealing with (b, z) instead of (b,v) presents many advantages when computing energy
estimates. Indeed, in contrast with System (2.3) for (b,v), the equations for (b, z) involve
only non linear first-order quadratic terms and a linear second-order operator (x + i)Az.
This is due to the identity

€ €
—Vb=—(1+ —=b)Imz,
T g
which enables to save one derivative.

For the Gross-Pitaevskii equation (GP), the energy estimates performed in [2] for (b, z)
involve a family of semi-norms with a suitable weight

Tk (b, 2 ::/ D’%2+/ 14+ S_b)D522, k=0,...,s.
w2 = [ DR [ s ot

In particular, we have the remarkable identity
(b, 2) = 8E-(¥),

which in fact was the principal motivation to add the imaginary part of z. Moreover we
remark that T'%(b, z) and ||(D*b, D¥2)||2, are comparable as long as |¥/| is close to one.

For the complex Ginzburg-Landau equation (C.) we will partly rely on the estimates
already stated in [2] to establish the following

Proposition 2.2. Let s > N/2 and Ty > 0. Let ¥ be a solution to (C.) on [0,Ty] such
that .

I - | poo (fo, 7o) xrN) < 3
and such that (b, z) € C1([0,Ty], H*™Y). There exists a constant K = K (s, N) depending
only on s and N such that for 1 <k < s andt € [0, Tp]

jt(l“k(b z) + E-(0)) + g(l“k“(b, 2) + S%Fk(b, 0))

< K (velbllso + 11 (b, 2) % + (Db, D2) o) (T¥ (b, 2) + E=(W)).

We further assume that s > 14+/N/2. Combining Proposition 2.2 and Sobolev embedding
we readily find

1(b, 2)(®)]| s < C1 (b, 2)(0) || 125 + 0(6)/0 (b, 2)(7)[3+ dr.

This provides a first control of the norm ||(b, 2)(¢)|| = up to times of order C(g) 1| (b, 2)(0)|| ;2
However, we need to refine this control since C'(e) diverges as ¢ tends to zero. In fact, one

N
3Here (2, 2) Zz“Wherez—(zl,...,zN)G(CN.

=1
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may also apply Cauchy-Schwarz inequality and Sobolev imbedding together with Propo-
sition 2.2 to infer an estimate for [|(b, 2)(|zse(mr) in terms of the norms [|(b, 2) || 12(s+) and

10l 2 (L)
Proposition 2.3. Under the assumptions of Proposition 2.2, we assume moreover that
s > 14 N/2. There exists a constant K = K (s, N) depending only on s and N such that
Jor [0, Tp]

K6, 2) | L sy < (10, 2)(0) | s

+ el (b 2) 2oy 10l 200 + (K115 2) e sy + D)0, 2N F2 10

and
E7'6][(Db, D2)II72 70y < 11(6,2)(0)I75

+ 15 2) e ey (vell (0 ) 2oy 10l 22 zoey + (81 ) e ey + D)1 217257 )-

In the second step of the proofs, we will exploit the decreasing properties of the semi-
group operator associated to System (2.3) to derive estimates for the norms [|(b, 2) | L2 (z+)

and [|b]| 2(poy in terms of [|(b, z)|| go(r+). These estimates are summarized in the following

Proposition 2.4. Under the assumptions of Proposition 2.3, there exists a constant K =
K(s,N) depending only on s and N such that for t € [0, Tp]

Kb 2|2 ey < 17 max(L, vz Mo

(L +ell (0 2) | e sy ) 1105 )M 2211y (k"2]/(b, 2y + (€ + v DI, 2) | g (19
and
K03 ey < ()M

+ (el (0, 2) e () 1By )| 22 12y max(L, w2 D) [0, 2) | o 1159
where My is defined in Theorem 1.1.

Combining Propositions 2.3 and 2.4 yields an improved estimate for [|(b, z)| s ()
which, in turn, leads to Theorems 1.1, 1.2 and 1.3.

The remainder of this work is organized in the following way. In Section 3 we study
the Cauchy problem for (C.) and prove local well-posedness for (b, z). Propositions 2.1,
2.2 and 2.3 are established in Section 4. Section 5 is devoted to the proof of Proposition
2.4 by means of a Fourier analysis. We finally turn to the proof of Theorems 1.1 and
1.3 in Section 6. We omit the proof of Theorem 1.2, which can be obtained with some
minor modifications. At some places, we will rely on helpful estimates that are recalled or
established in the appendix.

3. THE CAUCHY PROBLEM FOR THE COMPLEX GINZBURG-LANDAU EQUATION

In this section, we address the Cauchy problem for (C;) in a space including the fields
U = (1+a)/?exp(ip), where (a,p) € H**'(RV)? and s + 1 > N/2. We consider the set

W={UecL®RY), VUeH*R"Y) and 1-|U] e L*R")}.

Applying a standard fixed point argument (see, e.g., the proof of Theorem 1 in [9]) and
using the Sobolev embedding H*T! C L* if s + 1 > N/2, it can be shown the following

Theorem 3.1. Let s +1 > N/2 and Uy € W. For any wo € H*TY(RYN) there ewists
T* = T(Up,wp) > 0 and a unique mazimal solution

e {Up} + C([0,T%), H*TL(RY))
to Eq. (Ce) such that ¥(0) = Up + wo.
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The Ginzburg-Landau energy of ¥ is finite and satisfies
E-(U(t)) < E-(¥(0)), Vtel0,T%).
Moreover, there exists a number C' depending only on E.(¥(0)) such that
[9(2) — W) 2y < Cexp(CH), Vi € [0,T).

Finally, either T* = 400 or limsup | V¥(t)| g = +00.
t—T*

We recall that £ denotes the space of finite energy fields. Thanks to the already men-
tioned inclusion (see [4])

ECW+ HYRY),

a consequence of Theorem 3.1 is the

Corollary 3.1. Let s +1 > N/2. Let (a°, %) € H* ' (RN)2. We assume that
£
V2

There exists Ty > 0 and a unique solution (b,v) € C([0,Tp], H**1 x H?®) to System (2.3)
with initial datum (a®,u® = 2VY). Moreover, there exists ¢ € C([0,Ty), HL,) such that
v =2Vp.

||a0H<>O <1

Proof. Set
V(z) = (1+ iao(ac))l/2 exp(i®(z)).

V2

By assumption on (a’, ©°), ¥° belongs to £ and
11902 = 1f|os < 1. (3.1)

Since &€ C W + HYRY), we have ¥° € {Up} + H'(RY) for some Uy € W. Using the
embedding H*"H(RY) c L>®(RY), we check that

V&0 e < CLA+ (0, 1) o pyo)-

This shows that actually W° € {Up} + H*T!(RY). Hence, by virtue of Theorem 3.1 there
exists T* > 0 and a unique maximal solution ¥ € {Up} + C([0,T*), H**!) to (C.) such
that ¥(0) = ¥0.

Next, thanks to (3.1) and to the inclusion H*+(RY) ¢ L>®(RY), there exists by time
continuity a non trivial interval [0, Tp] C [0,7™) for which

inf |V (t,z)] >m > 0.
(t,x)€[0,To] xRN

Consequently, we may find a lifting for ¥ on [0, Tp] :

U(t,z) = (1+ %b(t,$))1/2 exp(ip(t,z)), where ¢ € L3 ..

V2

Setting then v = 2V, we determine b and v in a unique way through the identities

V2

e

2
(> 1) and v= ——(¥x VT).

’ P

In view of the regularity of ¥ we have (b,v) € C([0, Tp], H**! x H?). In addition, (b, v) is
a solution to System (2.3) on [0, Tp], and the conclusion follows. O
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4. PROOFS OF PROPOSITIONS 2.1, 2.2 AND 2.3.

4.1. Notations. We use this paragraph to fix some notations. The notation a - b denotes
the standard scalar product on RY or R?V | which we extend to complex vectors by setting

z- ¢ = (Rez,Imz) - (Re¢,Im¢) € R, Vz,( e CV.
We define the complex product of z = (21,...,zy) and ¢ = (¢1,...,¢(n) € CN by

N
z C> = ZZjCj e C.
j=1

Therefore when z = a 4+ ib € C and ¢ = x + iy € CV with a,b, 2,y € RY we have
(z,()=a-x—b-y+i(a-y+b-z) and z-{=a-z+b-y.
With the same notations as above we finally introduce
Vz=Va+iVhe CV*N

and
z:V{(=Va:Vex+Vb:Vy R,
where for A, B € RV*Y we have set A : B = tr(A'B).

4.2. Proof of Proposition 2.1. Since ¥ = pexp(iy) is a solution to (C.), we have, with

v =2V,
owp? Ap )2 1-p? div(p?v)
— =2 + -

P L 4 2 = 2 Ly
Ap ff 1-p div(p®v)
2p) = 2 div(p™v)
8t( 90) < D 4 + €2 + K p2
Taking the gradient in both equations we obtain
0, A 2 2 d
vi_zvl— R PR R v”( ?)
p? P, 2 € 1
A 1-—
o = 2v7p vl oy 82” ey V),
Since 9,z = O — Na;;g’z, we have
A 2 1—p? div(p?
Bz = (1— m)szP —(1- m')v|”2 +2(1 — ki)Y 62’) + (k5 + z-)v”;g”).

Next, expanding

A 2
Alnp="=" 'VZ' ;
p p
we obtain
A 1
oV= = VAInp? +2V|Vinp|? = —Almz + 5 Viimz/?.
P

On the other hand, since v is a gradient we have

di 2 2
VM = Vdivv + V(v : v—?) = ARez — V(Imz . v).
P P
Finally, using the fact that
1—p? 2
av-— = Y2y,
€ €
we are led to the equation for z
1 — k1

V{z,z) — Q(l — ki) Vb.

Oz = (K +1)Az —
£
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We next turn to the equation for b, recalling that p? verifies
v |2 p’(1—p% .
op® =k <2pAp p2 + ZT — div(p?v).
Expanding the expression

2
20Ap = p*Alnp? + = \Imz\z —p2divimz + %|Imz|2,

we find
1+ =b)=
9 € . 1 € ( 272
Op” = /{( —(1+ ﬁb)dlvlmz - 5(1 + ﬁb)Re@, z) — QTb>
—div((1 + %b)Rez),
as we wanted. g

4.3. Proof of Proposition 2.2. We present now the proof of Proposition 2.2. In all this
paragraph, C stands for a number depending only on s and N, which possibly changes
from a line to another. We will make use of the identity

7 ﬁb)lmz. (4.1)

As we want to rely on the estimates already performed for the Gross-Pitaevskii equation
in [2], it is convenient to write the equations for (b, z) as follows

b = K fa(b, 2) + fs(b, 2)
Oz = kga(b, z) + gs(b, 2),

Vb= —(1+

where we have introduced the dissipative part

fa(b,z) = (f + b)div(Imz) — ;(\Ef + b)Re(z, z) — \f([ + b)b,

ga(b,z) = Az + %V(z,z) + i[Vb

and the dispersive part

fs(b,2) = —div((\f + b)Rez),

gs(b,2) = iAz — %V(z,z) — \be.

Let k € N*. We compute

d d €
—TF0b,2) = — 1+ —b)D*2- D*2 + D*b Db
= (b, 2) dt/]RN(—i_\/i) z z+
:2/ (14 -S_b)Dks - DFoz + DRy Do+ [ 20 pks. phs
RN V2 RN /2
— IS +Id7
where
I, = 2/ (1+ —=b)D*z - DFg, + DFb D  f, + fsphy . phs
RN V2 RN V2
and
-1 € Kk k k1 Hk fd k
K Iy =2 1+—=bD"z-D + D"b D + z-Dz.
d /RN( \@) 9d fa o f
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To estimate the first term I3 we invoke Proposition 1 in [2] :
1] < C(1L+ &lblloo) [(Db, D2)l| e (TF(b, 2) + Bo(2))

so we only need to estimate the term I4. Inserting the expressions of fq and gq we find

Iy =r(2I +2J + K),

where
1 2
I= /RN(1 + %b) (Dkz DAz + 5Dz DMV (z,2) + {Dkz - iD’be)
=5+ Iz + I3,
[ (2 4 Ly (V2
J—/RN D"b D (( 6 +b)d1v(1mz)) 2D bD (( 6 —i—b)Re(z,z))
2 V2
- Dkak<f(f +b)b)
g e
=J1+ J2 + Js,
and

=— £ iv(Imz 1ezz Q ky.DFz
K = /}RN(Hﬂb)(dv(I )+ 5Re(z2) + gb)D Dk,

Step 1: estimate for I7.
Integrating by parts in Iy, then inserting (4.1) we find

I = _/ (14 —=b)VDFz: VD2 — %Vb - (D*z - VDFz)
RN

V2 V2
= — £ ko2 £ ) Imz - (D*z - ky
_ /IRN(1+ﬂb)|VD |+/RN(1+\@b)I (D*= . VD)

€ € €
< - 14+ —=b VDkz2+/ 1+ —b)Y2Imz|| D*2|(1 + —=b)/2|V D*2|.
<= [ 0 SR [ S e D51+ ) v D
Applying Young inequality to the second term in the right-hand side, we obtain

1 € 1 €
I <—= 1+—b VDkz2+/ 1+ —=b)[Imz|?|D*z|?,
1< [0+ S0IVDRR g [ (1 ) imaf| D

so finally

1 €
P Q/RN( R )IVD 2|7 + C(1 + el|blloo) [Tmz |5 [ 2

Step 2: estimate for I.
Expanding I5 thanks to Leibniz formula, we obtain

I = /RN(1 + _b)DFz - D*(i(z, Vz))

V2
k—1
_ E W\DFs il VD : =)Dz i(DF 12, DI(V2)).
_/RN(1+ﬂb)D (2,VD >+§C,§/RN(1+ﬂb)D (DF72, DI (V2))

Applying then Young inequality to the first term in the right-hand side, we infer that

1 € k|2 2 2
IR e R T

k—1
£ ko i(DF I (V2))].
+C;\/RN(1+\/§b)D (DF=i 2, DI(V2))
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For each 0 < j < k — 1, we apply first Cauchy-Schwarz, then Gagliardo-Nirenberg (see
Lemma 7.4 in the appendix) inequalities. This yields

| [+ S5nDb 2 iD= DI (V2| < O+ bl D2l 1D 21D (V)
< C(L+|blloo) |1 D" 2| 2| Dz|so || 2| v
and we are led to

1 3 k
L= /RN(l + \ﬁb)!VD 2+ C(L+elblloo) (1215 + 1 D2lloo) 2] 7

Step 3: estimate for I3.
Since D¥Vb € RN we have by definition of the complex product

2 2
Iy = / (1+ ib)kaz - iDFVD = / (1+ ib)kaImz - D*Vb.
RN \/§ I3 RN ﬂ £
Inserting first (4.1) and using then Leibniz formula we get
2 5
Ii=—= ~_b)D*Imz - D —b)I
3 62 RN( +\@ ) me - (( \[ )mz)
k
2 13 2 I . £ .
=—= 1+ —=b)%|D"mz|? — = / + —=b)D"mz - (D¥(1 + —=b)D*~ITmz).
7 [, 1+ 50D me] 223 + 5% (D1 +—5b) )
Now, we observe that for each j > 1, we have
Di(1+ -—_b) = —_Dib.
\/> \/>

Consequently, applying Young inequality to each term of the sum we find

82 RN ﬁ
and we finally infer from Gagliardo-Nirenberg inequality that

Iy < C (IIBlIS, + [Tz 12,) 110, 2) -

k
1 . .
<5 [ 0 Sntmep > [ DDt
- RN

Step 4: estimate for J;.
A short calculation using (4.1) yields
2
I = — D’%D’f((*[
€

ox + b)div(Imz))

2
—— | DM D’“div((\[ + b)lmz) + / D*b DF(Vb - Im 2)
RN g RN

= [ DFbDFdiv(Vh)+ [ DFbDF(Vb-Im 2).
RN RN
After integrating by parts in the first term in the right-hand side and expanding the second
term by means of Leibniz formula we obtain

le—/ |V DFb|? 4 / DFb (D*Vb) - Imz+ZC’J D¥b (D*IVb) - D'Imz.
Jj=1 RY

Next, combining Young, Cauchy-Schwarz and Gagliardo-Nirenberg inequalities we find

1
Sis—5 /RN [V D*0[* + O[Tz |2 1817 + ClBll v (VD] + [1D21150) 1B, 2)|
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so that
1
Si<—5 /RN IVD*b? + C (|[Tmz|2, + [|(VD, D2)|l0) (b, 2) I+

Step 5: estimate for Js.
Similarly, we compute thanks to Leibniz formula

_ 1 k1 nk V2
JQ = 5 RND bD ((?-l-b)Re(z,z))
k
1 2 1
=3 .. Dkb({+b)pk Re(z,2)) + 220] D*b DIbD*I (Re(z, 2))
1

1
— _ k k _ = ki 0k
=L e DOP (Re(z,2)) =5 | bD"bD" (Re(z,2))

k
1 i PR
- Db D’bD" .
+ > 221 C; /RN bD’b (Re(z, 2))

Invoking Young and Cauchy-Schwarz inequalities, we obtain

1 k
T [ 1D+ Cl 2

k
C (11Blloo 811 1 (2, 21 i+ 10l e Y I DIBD* (2, 2) | 2),
j=1

so that by virtue of Lemma 7.4,

1
Bt / IDRB2 + C (b, 2) 211, 2) e
£ RN

Step 6: estimate for Js.

We have
2 2
J= Y2 [ pryph (b(\f +1))
g RN 3
= —% | D*b|? - ‘@/ DFbD*(v),
3 RN 13 RN

so, thanks to Cauchy-Schwarz inequality and Lemma 7.4,

2 C
J3 < -2 DFb)% + =16 oo|b]|%s -
3 < 82/RNI |+€IIH [10]] 27

Step 7: estimate for K.
We readily obtain

b
1K1 < 0+ eflloc) (P02 4 D2+ 202 2

Gathering the previous steps we obtain

Lk (p, 2) + 2

K
71—1k+1 b
g (0,2) +

2
< O(1+ &bl (s (10 O+ )+ 1T D2) oo ) (b, 2) 2.

P’“(b 0)

13
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holding for any 1 < k£ < s. Following step by step the previous computations we readily
check that it also holds for k£ = 0. Finally, we have by assumption

1 b
§1+—gg on [0,Tp] x RY,

n S

2
from which we infer that [|(b, z)[|%,, < CT*(b, 2) for all 0 < k < s. Therefore the proof of
Proposition 2.2 is complete. ]

4.4. Proof of Proposition 2.3. To show the first inequality we add the inequalities
obtained in Proposition 2.2 for k varying from 1 to s. Since 1/2 < 1+ ¢b//2 < 3/2, this
yields

d
=110, 2) s < Cwellblloo + w15, 2)I13, + (Db, D2) o) (b, 2)I74s

dt
< O(vellblloo + (515, )l ms + Dby 2) |12 ) [ (B, 2) 1 -
After integrating on [0, 7] and using Cauchy-Schwarz inequality this leads to
10, 2)(T)I[7+ < [1(b, 2)(0) |7
+CI|(b, )| Lge (12 (Vﬁ”bHL%(LOO)H(ba 2Lz sy + (8110, 2) || ge (=) + DI, Z)llszT(Hs)),

for all T € [0, Tp]. Considering the supremum over T' € [0, ¢] and applying Young inequality
in the right-hand-side we find the result.

Finally the second inequality in Proposition 2.3 is obtained by integrating on [0, ¢] and
using Sobolev and Cauchy-Schwarz inequalities. O

5. PROOF OF PROPOSITION 2.4.

In this paragraph again, C' refers to a constant depending only on s and N and possibly
changing from a line to another.

First, we formulate System (2.3)-(2.4) with second members involving only b and z. By
the same computations as those in Paragraph 4.2 we find

2 2
O4b + {dm + %b — kAb = f(b, 2)

5.1)
V2 € (
VAV - kAv — VAb = g(b
Orv + 5 Vb — kAv \/iv g(b, 2),
where f = f and g = § — %VAb are defined by
1 5 .
f(b,2) =ve (_\/5(1 + \ﬁb)]z\Q — \/§b2> — div(bRez) 5.9

1
g(b,z) = —kV(Rez - Imz) + %Vdiv(blmz) - §VRe<z, z).

5.1. Some notations and preliminary results. As in [2], we symmetrize System (5.1)
by introducing the new functions

2
c=(1- %A)l/%, d = (—A)"2divo,
and

2
F=(1- %A)l/Qf, G = (—A)Y2divg.
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We remark that, knowing d, one can retrieve v since v is a gradient. We have

2
Orc + %c — kAc+ @(—A)lﬂ(l - E—A)l/Qd =F
€ /3 € 2 2 (5.3)
dyd — KAd — 7(—A)1/2(1 - EA)V% =G.

In the following, we denote by & € RN the Fourier variable, by f the Fourier transform
of f and by F~! the inverse Fourier transform.

In view of the definition of (c,d), it is useful to introduce the frequency threshold
€] ~ e71. More precisely, let us fix some R > 0 and let x denote the characteristic
function on B(0, R). For f € L?(RY), we define the low and high frequencies parts of f

fi=F " (x(=)f) and fi=F"((1-x())f),
so that f; and f, are supported in {|¢| < Re=1} and {|¢] > Re'} respectively.

Lemma 5.1. There exists C = C(s,N,R) > 0 such that the following holds for all
0<m<sandte]|0,Tp:

L@ zm ~ NG zm, Nz = | F @)z and [V F)a @) zm ~ [|F ()] m-
In addition,
lo@llam = [[d@) | zm,  No:(@)]am = lle®)llam  and [[(eVO)a ()| am = [len(t)]|am-
Finally,
1(b, 2) ()| zrm = ([0, v)i(E) [ 1m + [[(€V, ) (8)][ e
Here we have set for fi, fo € H™
1 fillzm = | follzrm if and only if - C™H| fillam < | follam < Clfill .

Proof. For the first two statements it suffices to consider the Fourier transforms of the
functions and to use their support properties. The last statement is already established
in [2], Lemma 1. O

Lemma 5.1 guarantees that for 0 < m < s,

1(6, v) ()| zrm + ellb)]| s & (b, 2) ()] gmand [(b, 2) (@) ||z = [[(c, d) ()] zm, (5.4)

therefore we have ||(c, d)(0)|| s < C My, where My is defined in Theorem 1.1.
On the other side, when s — 1 > N/2, Sobolev embedding yields

11D [0 < Cllo1()][ 151 < Cller() | s
and

168 (D) lloo < ClIoR ) | =1 < CI(EVO)R ()| o1 < Clicn(®)l| gra-1-

Therefore it suffices to establish the first inequality of Proposition 2.4 for [|(c,d)|| 2 (ps)
and the second inequality for ||c|| j2(zs-1).

£0)0()- ()

2+ Bl ey

Next, we have

where

T\ Bl g

Ve
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By Duhamel formula we have

—_— —_— t —_—
(c;d)(t,€) = e~ (e, d)(0,) + / e IO (R G)(r, ) dr.
0
Our next result, which is proved in the appendix, establishes pointwise estimates for
eftM(g)

Lemma 5.2. There exist positive numbers ko, v, ¢ and C such that for all (a,b) € C2, we
have for0 <e <1,k < kg andt >0

(1) If €] < rve then

2
=M a,8)] < Cexpl-vele0) [exp (=) fal + 1) + exp (- 9L ) 0ol + 1)

€

(2) If |&| > rve then

) (1 + e2|¢)2
‘6 tM(g)(a’ b)‘ < Cexp <_(25’§|)t> (la] + |b]).

Here for A = (a,b) € C?> we have set |A| = |a| + |b|.

Lemma 5.2 reveals the new frequency threshold [¢| ~ v.. We may choose R > r, so that
rv. < Re~'. We are therefore led to split the frequency space into three regions

RY = R{ URy URs3,

where

e Ri = {|¢] < rve} denotes the low frequencies region, in which the semi-group is
composed of a parabolic part (exp(—(rv.¢)~!£|?t)), and a damping part (exp(—ve.e~'t)).

e Ry = {rv. < [¢] < Re7!} denotes the intermediate frequencies region, in which
the damping effect exp(—v.e~1t) is prevalent with respect to the parabolic contribution
exp(—v.e|¢[*t).

e R3 = {|¢| > Re~'} denotes the high frequencies region, in which the parabolic
contribution is strong and dominates the damping.

With respect to this decomposition we introduce the small, intermediate and high fre-
quencies parts of f € L>(RY) as follows

fo=F gtz §): = F  (Xowezigzref) and fo=F ' (xigzpe1 f),
where xg denotes the characteristic function on the set E. Note that we have
f=Jstfm+fon=fit+ [n
5.2. Proof of Proposition 2.4. We first introduce some notations. Let
L(b, 2)(t) = (1 + b)) [2(O) [l m= + 16° (@)l zz= + 16(2)2 ()] zz= + [z, 2) () | 722

Next, we sort the terms in the definitions of f(b,z) and g(b, z) in System (5.2) as follows.
We set

f(ba Z) = stO(ba Z) -+ fl(ba Z)
and
g(b,z) = g1(b, z) + £g2(b, z) = Vho(b, z) + Vhi(b, 2),
where the subscript j = 0, 1,2 denotes the order of the derivative, so that
1
folb,2) = =—=(1+ —=b)|2[2 — V22

vV2© V2
fi(b, z) = —div(bRez)
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and
g1(b, z) = —kV(Rez - Imz) — 1/2VRe(z, z) = Vhy(b, 2)

1
g2(b, z) = ﬁVdiv(bImz) = Vhi(b,z).

The proof of Proposition 2.4 relies on several lemmas which we present now separately.
Lemma 5.3. Under the assumptions of Proposition 2.4 we have for T € [0, T]
C e )l o garey < 12 mas(L, v )Mo + | L(b, 2) | 2.+ £V2IL (B, 2) | 11

Proof. By virtue of Lemma 5.2 we have

(e, d) (£, €)] < CI(1,€) + J(t,€)),

where
—_— t ve _ —_—
1(t,€) = (. d), (0,€)| + /0 | (E Q) (7. 6)| dr
and
—ﬂt 1~ ~ t _Clﬁ\z(t_T) I P
J(t, &) = e vee b (€] cs(o),ds(o))\+/0 e vas (|| Fy, G)| dr

= JL(t)g) + JNL(t,f)
We set I = F~'T and J = F~1J, so that H(c,d)SHL%(Hs) < C(||1:HL%(H5) + HJHL2T(H3)).

First step: estimate for ”jHL?T(HS)-
Invoking Lemma 7.3 we obtain

121l 2.1y < C (022 (e, d)s(O) s + v M N (F 9)s g arey) -
Let h € H%. We observe that thanks to the support properties of hAS, we have
ID* sl s < CVE|hsllms, k€N,
Applying this inequality to the higher order derivatives fi, g1 and go, we see that
(£, 9)s®)lrs < Clve +ev2)L(b, 2)(t) < CreL(b, 2)(t),

and we conclude that

1|22,y < C((eva )2 Mo + €l L (b, )]l 2)- (5.5)

Second step: estimate for \\jl\L%(Hs).
We have

||jHL2T(Hs) < C(||jL||L2T(Hs) + HjNL||L2T(Hs))-

For the linear term we obtain
‘ 2

2l ey < [+ IE)e™ %6 (1l M@ O)] + O D] 2 g
< O 1+ ¢l S G 0) + I IO g 0
< Cmax(L )| (1+ €)™ 55 gl 0)] + 1O 1 g

because d(0) = —2(—A)1/2<,0(0). By virtue of Lemma 7.1 in the appendix, this yields
12l 22 715y < Cmax(L,v2 ) (eve) 2 (lles (0) | ms + o5 (0)[[772) < Cmax(1, v )k M.
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On the other side, Lemma 5.1 yields

. t clel? — —
S _VE(t_T) -1
neligonm < | [ @+ e 5 g Bl + G ae],

< H/Ot<1+\g|>8 D (e 7ol + 1)

2.(L2)

Inserting the expressions f = v, fo + f1 and g = Vhg + eVh; we obtain

| [k e bl + i ]

L2(L?)

< H/o e_ Vea (t—T)’£‘2<1 + ‘5‘5)(V;1‘§’—1’J?\1‘ _i_gm—l’a‘) d’r’

L2.(1?)

t c 2 ~ —
+]| [l 1Rl + [ral) ar
0

L2,(L2)

First, invoking Lemma 7.1, we find

H/ LD+ 1) (v €A + el ) dr \L2 ()

< Ceve||(1+ |&°) (v el el ) 2 o2y

< Ceve(v7' + )| (1 + [€) ([bRez] + [BImz)|| 2 1)
< Ceve(' + )b 2l 2. (1re)

< Ce[|L(b, 2) 2.

Next, we infer from Lemma 7.2 in the appendix that
t

| [ e el + 1)
0

< Clev) 21+ €] )(!fo\ + \ho|>HL1T<L2>
< Ok, )|

Gathering the previous steps and noticing that (ev-1)'/? < k2 max(1,-1), we con-
clude the proof of the lemma. O

Lemma 5.4. Under the assumptions of Proposition 2.4 we have for T € [0, Ty]
7 (e Dz iy + 1 Dillzz ey ) < (02 2Mo + (e + V)L, 2)l 3.
Proof. We divide the proof into several steps.

First step: intermediate frequencies rv. < [¢| < Re™!
Another application of Lemma 5.2 yields

(c.d),, (t,6)] < Ce™ 5| (e, d),,,(0,€) !+C/ “D|(F,G),, (7, 6)| dr,
whence, according to Lemma 7.3,
(e dymll 2. grrey < Cleva )2 [[(e, d)(0)l| s + Ceva [[(F, Gl 2. (11)-

Let us set

(F,G)m = Am + B,
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where A, and B,, € L2(H® x H*), to be determined later on, are such that .//4;(75, -) and
B;n(t, ) are compactly supported in (R; URy = {|¢] < Rafl})% Owing to these support
properties we find
I(F, D)mll gz sy < MAmllzz sy + 1Bz, sy < Cle™ HlAmll gz -1y + € 1Bl L. (a15-2)),
so finally

C7H e, )l 2,215y < (evz )2 Mo + Vgl("Am|’L%(HS*1) + EilHBmHL%(HS”))‘ (5.6)

Second step: high frequencies |£| > Re!.
For the high frequencies we neglect the contribution of the damping e~ 2t and only take
the contribution of e=*=€l¢** into account. Exploiting again Lemma 5.2 we have

— —

t —
(e, d), (8, )| < Ce™==EP|(¢,d),, (0, )| + C /0 e VP (F, @), (7, €) | dr

—_— t —_—
< Ceee ey 08|+ [ I E D) 60
0

—

where the second inequality is due to the fact that 1 < Ce[€| on the support of (¢,d),. By
virtue of Lemma 7.1 we obtain

(e, d)nll 2 ey < C((eva )2 (e, )n(0) s + (vee) ™M I(F Gl (sr5-2))- (5.7)
As in the first step, we set
(F,G)p = Ap + B,
where Ay, and By, € L2(H*™! x H*~1) will be set in such a way that ;l;(t, -) and f)’;(t, )

are supported in the region (Rg = {l¢| > Rs_l})2. Thanks to these support properties
we can save one factor € to the detriment of one derivative :

1CE, Gllgz o2 < IAllgz o2y + 1Balla gsre—2) < CCelAnlza ey + 1Bl 2 are-s))-
Therefore in view of (5.7) we are led to
C7 (e, Dnll 2.5y < (evz )2 My + ’/sfl(HAhHL?T(Hsfl) + 571HBhHL2T(HS*2))' (5.8)
Third step.
The last step consists in choosing suitable A and B. We recall that
(F,G) = (1 271e20) /2, (—A)2divg),
and

f(bv Z) = VEfO(ba Z) + fl(b7 Z)7 g(b7 Z) = gl(b7 Z) + 592(b7 Z)
Now, for the intermediate frequencies we define

A, = ((1 = 2712A)Y2 £ (—A) 7 2div(g1)m )
B, = (O,e(—A)*l/Qdiv(gg)m),
and for the high frequencies
Ap = (ve(1 = 2712 A)Y2(fo)p, (—A) Y/ 2div(g1)n)
Bh = ((1 — 271€2A)1/2(f1)h,6(—A)71/2diV(92)h>.
Clearly A, + By, = (F, Q) and Ay, + By, = (F, G). Moreover, we readily check that
[Amllzs— = [|(f, 90)mll s and [ Ap| s = [[(v2€V fo, g1)nl s (5.9)

and
1Bl ers—2 ~ el (92)mll grs—=  and  ||Bpllgrs—2 =~ |[(eV f1,€92)nll s —2- (5.10)
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On the one hand we have

gl s + llg2ll o2 < C (|2 - 2[| s + [[bImz][ ) < CL(b, 2). (5.11)

—

On the other hand, the support properties of (fy),,, imply that

1(fo)mll -1 < Cmin(L, v )|[(fo)mll a2,
so that

[l =1 < vell(fo)mll s + [(F)mll a1 < CUCS)mll s + 1 (1) mll r2-1),

and finally

| fnll o1 < CL(b, 2). (5.12)
Arguing similarly we obtain
Vel eV fo)rlls—1 < Cree||follms < CL(b, 2) (5.13)
and
1EV )l < ellfillgs— < CeL(b, 2). (5.14)
We infer from (5.9), (5.11), (5.12) and (5.13) that
| Am | gs-1 + || Aw|| gs—1 < CL(b, 2). (5.15)
Moreover (5.10), (5.11) and (5.14) yield
1Bl prs-2 + || Bl gs-2 < CeL(b, 2), (5.16)

so that the conclusion of Lemma 5.4 finally follows from (5.6), (5.8), (5.15) and (5.16). O

Next, in order to establish the second part of Proposition 2.4 involving the norm
6/ 2 (L), We show the following analogs of Lemmas 5.3 and 5.4 involving ||c||z2(gs-1).

Lemma 5.5. Under the assumptions of Proposition 2.4 we have for T € [0, Tp]

O el ey < (v )2 Mo + e max(L, v ) |16, ) 2.
Proof. We closely follow the proofs of Lemmas 5.3 and 5.4, handling again the regions Rq,
R2 and Rj3 separately.

First step: low frequencies [¢| < ru..
For low frequencies one may even improve the estimates given by Lemma 5.2 for the semi-
group acting on c. Indeed, according to identity (7.1) stated in the proof of Lemma 5.2,
we get the bound

65(t, )] < CU(E,€) + J(8,6)),

where
— t ve —
I(t,€) = e 2"(c,d),(0,€)| + / e 2= |(F,G)(r,€)| dr
0
and
_clel?, 9 _9~ 15 t —6‘5'2(t—r) 2 o —14
J(t,8) = e v ' |(|E]Pve %, [Elvs Hds)(0)] + ; e ves [(I€17v " F, [€|lve " Gs)|dr

= Jp(t,&) + Ini(t, €).

Here again we set I = F~'J and J = F~'J. In view of the first step in the proof of
Lemma 5.3 (see (5.5)) we already know that

11z ey < C(ev2 )Mo + €| L(b, )1l 12).
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Next, since [£|y=1 < r we have

. _cle® s 9~ 17
1Ll g oy < [le™ = ([P (1P * @ (O)] + 1€l ds(0)) || 2.2

_cle?,

< Ov2 e S el 4 1) (6001 + 1500 3 0
< CvHew) Y2 My,

where the last inequality is a consequence of Lemma 7.1.
On the other side we have

y b _elel? g, s o 1A
HJNLHLQT(HH)SCH/O e ST ) (€ 22 + o Gl e

t

SCVE_2H/ e
Ot

+C’1/E_1H/O e

Applying Lemma 7.1 to each term we obtain

13.(12)

clel® =
oo (L + ¢ IF dr|

12.(12)

clel® ;- . e~
e TR+ [l el TG dr|

12.(L2)

HJNL||L2T(HS—1) < C(V65V5_2HFSHL%(HS—1) + V55V5_1||D_1Gs||L§F(Hs—1))
< Clev N foll 2 ey + 1D gull iz )
< ColILb. )3

We have used the support properties of fs in the last inequality above.
Finally, we gather the previous inequalities to find

O el (ory < (e )/2Mo + €| LB, 2) | 2. (5.17)
Second step: intermediate frequencies rv. < [£] < Re~ L.

In contrast with the previous step, we may here imitate the first step of the proof of
Lemma 5.4, estimating the H*~! norm instead :

lewmll 22 a1y < 1€ Dl g2 (s1-1) < C((ev2 )2 lle, )(O) o1 + v I(F Gl 12,1151 )

Recalling that (F,G),, = A + By, where A, and B,, are compactly supported in the
region {|¢| < Re™1}, we obtain

I(F, G)mll 2 (zrs-1) < [Amll £z, (-1 1Bl p2,(7rs-1) < HAWHL%(HS*)_FCEilHBmHL%(Hs—Q)'
In view of the third step of the proof of Lemma 5.4 (see (5.15) and (5.16)) we get

I(E, Gl o1 < CL(b, 2)
and we conclude that

Cil”cmHLQT(HH) < (ev )P Mo + e L(b, 2l z.- (5.18)

Third step: high frequencies |¢| > Re!.
With (F,G), = Aj, + Bj, we obtain, arguing exactly as in the second step of the proof of
Lemma 5.4, the analog of (5.7):

(e, )l gz a1y < C((evz )2 Mo + (eve) "M I(F, Gl (rres)
< C((ev )Mo + v Y|(F, Gl 2. grre-2))
< C((€V;1)1/2M0 + y;lg(“AhHL%(Hs—l) + g_lHBhHL%(Hsfz))).
Hence we infer from estimates (5.15) and (5.16) for Ay and By, that
O lenllgz a1y < (v )2 Mo + evZ V| L(b, 2)] 2 - (5.19)
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The conclusion finally follows from estimates (5.17), (5.18) and (5.19). O

Invoking the previous results we may now complete the

Proof of Proposition 2.4.
First, Cagliardo-Nirenberg inequality yields

Iz s 4+ 102 s + 102172 + 1€z, 2) 1= < Cll (B, 2) o1 (B, 2) 1
and
leblz |z < Cel|(b, 2)II3611(Bs 2) | 22,
so that
L(b, z) < C(1 4 £l|(b, 2)[lo0) | (b, 2) [ (b, 2) [ 5

By Sobolev embedding and Cauchy-Schwarz inequality we obtain

IL(b, 2)l L2, < C (1 + ll(b, 2) || nge 1)) 1(6, 2) | e (1) (0 ) 22, )
and
IZ(b, )]l 1, < O (1 +ell (b, 2)ll Lge (1)) 1P, Z)||%2T(Hs)-

Proposition 2.4 finally follows from both estimates above together with Lemmas 5.3, 5.4
and 5.5. ]

We conclude this section with a result that will be needed in the course of the next
section. We omit the proof, which is a straightforward adaptation of the proof of Lemma
5.5.

Proposition 5.1. Under the assumptions of Proposition 2.4 we have for all T € [0, Tp]
C M ellza ey < (eva )Y Mo + v 110, 2) | e (110 |05 2 2,115y (1 + €l1(B 2) | e (1)

6. PROOFS OF THEOREMS 1.1 AND 1.3.

6.1. Proof of Theorem 1.1. This paragraph is devoted to the proof of Theorem 1.1.
Let U € W + H*T! such that
U9 = p0exp(ip’) = 1+ia0 1/2ex 1 0,
p" exp(ig”) = ( NG ) " exp(ip)
where (a’, ) satisfies the assumptions of Theorem 1.1. Let ¥ € W + C([0,T*), H*™)
denote the corresponding solution to (C.) provided by Theorem 3.1.
With ¢(s, N) denoting a constant corresponding to the Sobolev embedding H*(RY) C
L®(RYN), we first assume that the constant Ki(s, N) in Theorem 1.1 satisfies

Ki(s, N) > v2c(s, N). (6.1)
Hence )
3
I°) = 10 = EllaoHoo <3

so that the assumptions of Corollary 3.1 are satisfied. Let (b,v) be the solution given by
Corollary 3.1 on [0, Tp), with Ty < 7™ maximal.

We introduce the following control function

(b, Z)HL?(Hs) ||bHL§(Loo)
kY2max(1,v2t)  (evsh)1/27 (6.2)

H(t) = 1[0, 2) || Lo ars) +

Hy = H(0).
Note that, according to (5.4) we have
Hy < Ci(s, N)My and ||(b,v)(®)||zs + l|b(t)||gs+1 < Ci(s,N)H(t),
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where the constant C(s, N) depends only on s and N. We recall that My is defined in
Theorem 1.1. Increasing possibly the number Kj(s,N) introduced in Theorem 1.1, we
may assume that C(s, N) < Ki(s, N).
We define the stopping time
T. =sup{t € [0,Tp) such that H(t) < Ca(s, N)My},
where Co(s, N) denotes a constant (to be specified later) satisfying
Ci(s,N) < Ca(s,N) < Ki(s,N). (6.3)
We remark that 7, > 0 by continuity of ¢ — H ().
We next choose ko(s, V) in such a way that
Ki(s, N
(5, N)Ca(s, N) < S5 N) (6.4)
V2e(s, N)
By assumption on My, this implies that for k < ko(s, V)
02(87 N)Va < 1
Ki(s,N) = \2c(s,N)e’
In particular, since ||(b, z)(¢)||zs < H(t), it follows that

02(8, N)M(] <

1
1P (8) = 1l < 5

5 el (6.5)

Our next purpose is to show that T, =Ty =T = +o0.
First, mollifying possibly (a’,u%) we may asume that (b,2) € C'([0,Ty), H**1). By
(6.5), Propositions 2.3 and 2.4 hold on [0,7}), so that

C(s,N)™'H < Hy + H2<(1 + kH)rkmax(1,v; ") + (14 eH) (kmax(1,v. 1) + e + 1/;1))
< Hy + H2(1 + max(e, k) H) (k max(1, vo2 e+,
Observing that
rmax(Lv- )+ e+t <3(k+10h),
we find
C3(s, N)"'H < Hy + max(k,v- ') H? (1 + max(e, K)H).

Here C3(s,N) is a constant depending only on s and N, which can be assumed to be
larger than max(Ci(s,N),1). On the other side, for t € [0, 7] we have according to (6.3)
and by assumption on My

max(e, k) H < max(e,k)Ca(s, N)My < 1,
so that

H < 205(s, N) (MO + max(k, y;l)HQ). (6.6)
At this stage we may choose the constants Cy(s, N) and K;(s, N) as follows:

Cy(s,N) = 4C3(s,N) and Ki(s,N) > 16C5(s, N)? max(v2¢(s, N), 1),

so that all conditions (6.1), (6.3) and (6.4) are met.
We now show that 7. = Tp: otherwise T is finite. Hence, considering (6.6) at time 7T
we obtain

4C3(s, N)My < 2C3(s, N) (Mo + 16 max(k, v 1)C3(s, N)*Mg),

whence
16C3(s, N)?
Kl (87 N)
By definition of Kj(s, N), this leads to a contradiction, therefore T, = Ty.

1 < 16C3(s, N)? max(r, v2 1) My <
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Now, since (6.5) holds on [0, 7)), Corollary 3.1 and a standard continuation argument
imply that Tp = T*. Invoking again (6.5) we easily show that

VO ()]s < C(LA+ (0, 0) ()| Fpss1pzs), VEE[0,T7)
for a constant C'. In view of the previous estimates we obtain

limsup || V()| s < limsup C(1 + H(t)?) < .
t—T* t—T*
We finally conclude that T* = 400 thanks to Theorem 3.1. O

6.2. Proof of Theorem 1.3. We present here the proof of Theorem 1.3. Here again,
C' always stands for a constant depending only on s and N. We define (by,v/)(t,z) =
(ap,up)(e™'t,x), where (ap,up) is the solution to the linear equation (1.6) with initial
datum (b°,2°) = (a®, u"). Introducing (b, v) = (b — by, v — vy), we have

) 2
b + [divv + %b — kAb = f(b, 2)

OV + \be — kAvV = g(b, z) + £ VA

V2
The proof of Theorem 1.3 relies on energy estimates, since the method used in Section 5
is not convenient to establish uniform in time estimates. For 0 < k < s we compute by

integration by parts
1d
30D DI = [ Db DMab+ Dy Do

22U,

= |D*b|? — H/ |VDFb|? — n/ |V DFv|?
e RN RN RN

+/ Dkakf(b,z)+/ DFv - DFg(b,2)+ == | DFv.DFVAD.
RN RN \/i RN

We recall the decompositions f = v, fo + f1 and g = g1 + €92 = Vhg + €V hy, where the
fi,giy hiyi = 0,1,2, which have been defined in Paragraph 5.2, are i-order derivatives of
quadratic functions in (b, z). We obtain

1d
5%\!(D’“b,D’“V)<t)H%2 SI+J+K,
where
2

1= _% . |D*b|? + v, /RN Db D¥ fy (b, 2)

J= . DFb D* (b, 2) + - DFv - D*g1(b, 2),

K= —n/ |V Dy |? —i—s/ D*v - DFga(b,2) + — | DFv-DFVAD.

RN RN \/E RN

Estimates for I and J.
By virtue of Lemma 7.4 and by Sobolev embedding we find

1%
1< =" [ DR+ Cov. [ DR < Cnlfolle < Ol 0.2 e
g JRN RN
Next, Cauchy-Schwarz inequality yields
J < (I(D*b, ") 2 [|(f1 g0) |l v < CID D, D)2 1B, 2) [

Estimate for K.
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We perform an integration by parts in the last two integrals and insert the fact that
= Vh; to obtain

K=—k / IVD*v|? — ¢ / divD*v DFhy — divD*vD*Ab
RN RN \/> RN

K D) g2 ko2, © k2
g/ VD] +c/ DFhy | +/ eADFD]2.
4 RN K JRN R JrRN
First, by virtue of Cagliardo and Sobolev inequalities we have
ID* |2 < ClI(b, 2)lloo | (by 2) [ g1 < Ol (B, 2)[|rzs | (by 2) | -

Therefore:
e f0<k<s—2wefind

K < Chme ([1(6, 2) 125 + [1B175)-

o If k = s — 1 we observe that ||[cAD*b| ;2 < C|lc|gs, where ¢ = (1 — 2A/2)1/2b is
defined in the beginning of Section 5. So we find

K < Cx™H(E2]1(6,2) 15 + llelFs)-

e If k = s, similar arguments using that [|cAD*b||;2 < Cllc||g=+1 < C||(b, 2) || g=+1 (see
(5.4)) yield
K < CxmH (b, 2) e (14 €18, 2) 1) -

Integrating the previous estimates for I, J and K on [0, t] we find:
e If0<k<s—2,

t
|(D*b, DR ()22 < © / 1(D*b, DF) 12 | (b, 2) 3 dr

+c/ (5 + 57| (0, 2) e + 57200, 2) s ) i

Appyling Young inequality to the first term in the right-hand side we infer that
CH(D*b, D) [0 12y < N0, )1 72515

B B (6.7)
()0, ) B g1y |0, 2 gy 5200, 2) 2y
e Similarly, if K = s — 1 we have
CH(D*b, D) |[7 o0 12y < (0272510
el (6.8)

(R )0, 2) e ey 10, 2B gy + 5 el 2o

o If £k = s then
CH (DM, DH) e 12y < 110, 2) [ 4701

0, 2o ey 10, 2B gy + 57 (L €20, 2) e ) 15 2) 2
(6.9)

Proof of the uniform in time comparison estimates in Theorem 1.3.
We control each term in the right-hand sides in (6.7), (6.8) and (6.9) by means of the
various estimates established in the previous sections. We recall that the control func-
tion H(t), which is defined in (6.2), satisfies H(t) < C'My. This controls the quantities
(6, 2) || 25y and [[(b, 2)[| go (=) in terms of My. We use Proposition 5.1 to estimate
llellL2(rs)- Finally, to control [[(b, 2)[|z2(gs+1) we rely on the second inequality in Proposi-

tion 2.3. Straightforward computations then lead to the uniform comparison estimates in
Theorem 1.3.

Proof of the time dependent comparison estimates in Theorem 1.3.
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We go back to the previous energy estimates.
e If 0 <k <s—2 we apply Cauchy-Schwarz inequality in (6.7) to obtain

D b, D) e 2y < 15 2) ey 0 2) e
0 R (0, 2) e ey + 05200 2) e i
o If K = s — 1 we similarly infer from (6.8)
(D b D) 2y < 0 2) ey 0 2) e
T [0 [P [

Using that H(t) < C'My, the assumptions on My as well as the fact that (ag,u:)(t) =
(be, ve)(et) we are led to the desired estimates. We omit the details. O

7. APPENDIX.

In this appendix we gather some helpful results.

7.1. Some parabolic estimates and useful tools. The following result is an immediate
consequence of maximal regularity for the heat operator e'®. We refer to [8] for further
details.

Lemma 7.1. There exists C > 0 such that for all A\ > 0, ag € L>(RV), a = a(s) €
L?>(Ry xRY) and T > 0

C
AA
1 <
le aOHLQT(Hl)—\AHaOHLQ

and

t
HA/ AMN92(s) ds

0

LZ(L?)
We also have the following
Lemma 7.2. There exists C > 0 such that for all A > 0 and H € L>(Ry x RY)

! At—s)A c
H/O ° () s‘ LZ(HY) — \[\/0 1 )]

Proof. We may assume that H is smooth, compactly supported, and that the function
u(t) = fot e =92 H(s) ds is the smooth solution to

O — AAu=H and wu(0)=0.

We infer that

3O = [ x|

so that

T
M| Vul|? SC’// ul|H|dtdx < C sup ||w(t)|z2]|H]| ;1 .
IVullZe (2 ; RNI |H]| . lu(®)l 2l HI| L1 (2

But u(0) = 0, therefore we also have [lu(t)[|7. < C’fot J luH|. This yields

sup u(®)llzz < CllH|| 1 (12
t€[0,T

and the conclusion follows. O
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Lemma 7.3. There exists C > 0 such that for all A\ > 0, ag € L?, a € L>(R; x RY) and
T>0

_ C
le=*aol| 3, < WHCLOHH
and
C
—A(t— s) ~
| [ atoyas], < Shallizan

Proof. We only establish the second estimate. We set a(s) = a(s) for s € [0,7] and a =0
for s ¢ (0,7, so that

t
H/o e M=% a(s) ds’L2

T
< 7A(t78) ~
o < N s

By Young inequality for the convolution, we then have

| [ e atoa
13.(12)

We conclude by definition of a. O

P IO Py 1
T

< Clle™ I llal oy 2

We conclude this paragraph with the following result, which is a consequence of Gagliardo-
Nirenberg inequality.

Lemma 7.4 (see [2], Lemma 3). Let k € N and j € {0,...,k}. There exists a constant
C(k,N) such that

| D7D S0 2 < C Ok, N) (lullool D*oll 2 + [0l D a2

and
|uv|[ e < C (ks N) ([[ullool[v]l gx + [V ool g5 -

7.2. Proof of Lemma 5.2. In all the following C' denotes a numerical constant. In order
to simplify the notations we introduce the quantities

1
w=e and p=—lgVIite,
£

M:V5<2+w ;L)‘
e\ —pu w

First we compute the eigenvalues A\; and Ao of M. Setting
A=1- )U“Qa

and we express M as follows

we have

Alzé(w—l—l—%) and AQZ%(W+1+ VA),

where VA is VA if A > 0 and is iv—A if A < 0. Hence M = P~'DP, where D =
diag(A1, A2) and

pt= 1 (—,u a>’ P:<_M :/O;>, with o =1+ VA.

w—ao? \a —p -«
Finally for all (a,b) € C? we have
o (3 _ porgetp (a) L (Pt am)e (0% + apb)e”
b b 12 — a2 \(apa + p2b)e 2t — (apa 4+ a?b)e”

u2 —a? tke

e TUHIE (20 + aub)e' VA (a%a+ apb)e VA
(apa + p2b)e 5 VA~ (apa + O‘2b) wva
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or equivalently

ve C _4ve C
e tM ay _ e~ = (Hw)t | —t5= VA (a + s VA e va apb + ,U/Qa (7.1)
b b w? — a2 —apa —a?b) |- '

First case [£|? > 3v2/8.
Then p? > 3/4, hence A < 1/4. We need to examine the following subcases.

e 0 <A<1/4.
It follows that VA = v/A and /ﬂ —a? = —2(A+ \/Z), so that

sinh (t”e—sx/ A) Ut
< < C'sinh <> ,
VA 2¢e

where the second inequality is due to the fact that x — sinh(z)/x is an increasing function
on R;. We infer that

‘e_tM(g)(a, b)‘ < Cexp (—;—;t) exp <_1/5th> (la| + [0]). (7.2)

exp(t%VA) — exp(~1%V/A)

12— a2

e —1<A<O.

Then VA =iv/—A and p? — o® = —2(A + i/—A), therefore
12— a? = 2v/ A2 — A > 2V/-A.

It follows that

exp(it=v/—A) — exp(—it=v/=A)

,U,2—C¥2

‘sin (t—”@S \/—A)’ Vet
< (—
=¢ VvV—A =C e’

where in the last inequality we have inserted that |sinz| < x for all x > 0. Since |u| < C
and |a| < C this yields

e*tM(g)(a,b)’ < Cexp (—%(1 —|—w)t) (1 + %t> (]a\ + ’b’)’

so finally
‘e’tM(g)(av b)’ < Cexp (—%(1 + W)t) (laf + o). (7:3)

o A < —1.
We have

1% — a?| = 20/ A2 — A > 2|A| > COp?,
while |a] =+/1 — A = p. Hence we find

etM(©) (g, b)) < Cexp (—%(1 + w)t) (la] + [B]). (7.4)
Second case |£|? < 312/8.

We check that p? < 3(2 + 3x2/8)/8, therefore 1/8 < A < 1 whenever k < kg = /8/9.
Moreover

C_1§|u2—a2\§C, a<C, p<C and ,u<C’§‘.
€

In addition,
Ve Ve 1—A Ve ,u2 Ve o
Z(-1+VA) == == < —C=p2
: ) e1+VA c1+vA - et

Therefore in view of (7.1)

— C 2
e7ME) (g, b)‘ < Cexp (—%(1 + w)t) (Jal+[b])+C exp (—%t) exp (—V;Mt> (§| la| + ]b|> .

Ve
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Now, since

2 2 2
C% > = Q(Q—i—w) > Q
VE VE VE

we obtain

190, 1)| < Cenp (~2221) (enp (~220) + exp (L4 ) (B 1) 79

Gathering estimates (7.2) to (7.5) and setting r = /3/8 we are led to the conclusion
of the Lemma.
([l
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