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A NEW CEMENT TO GLUE NON-CONFORMING GRIDS WITH
ROBIN INTERFACE CONDITIONS: THE FINITE ELEMENT CASE

CAROLINE JAPHET*, YVON MADAY', AND FREDERIC NATAF*

Abstract. We design and analyze a new non-conforming domain decomposition method based
on Schwarz type approaches that allows for the use of Robin interface conditions on non-conforming
grids. The method is proven to be well posed, and the iterative solver to converge. The error analysis
is performed in 2D piecewise polynomials of low and high order and extended in 3D for P; elements.
Numerical results in 2D illustrate the new method.
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1. Introduction. Our goal in writing this paper is to propose and analyze a
non-conforming domain decomposition generalization to P.L. Lions initial idea [B(]
in view of an extension of the approach to optimized interface conditions algorithms.
This type of algorithm has proven indeed to be an efficient approach to domain de-
composition methods in the case of conforming approximations ], [@] This paper
presents the basic material related to so called zero™ order (non optimized) method
in case of finite element discretizations, see [@] for a short presentation. In the com-
panion paper [E], the case of the finite volume discretization has been introduced and
analyzed.

We first consider the problem at the continuous level: Find u such that

L(u)=finQ (1.1)
C(u) = g on 09 (1.2)

where £ and C are partial differential equations. The original Schwarz algorithm is
based on a decomposition of the domain {2 into overlapping subdomains and the reso-
lution of Dirichlet boundary value problems in the subdomains. It has been proposed
in [B{] to use more general boundary conditions for the problems on the subdomains
in order to use a non-overlapping decomposition of the domain. The convergence rate
is also dramatically increased.

More precisely, let Q be a C1'! (or convex polygon in 2D or polyhedron in 3D)
domain of IR?, d = 2 or 3; we assume it is decomposed into K non-overlapping
subdomains:

Q=uf 0" (1.3)

We suppose that the subdomains Q% 1 < k < K are either C™! or convex polygons in
2D or polyhedrons in 3D. We assume also that this decomposition is geometrically con-
forming in the sense that the intersection of the closure of two different subdomains,
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if not empty, is either a common vertex, a common edge, or a common face in 3D. Let
n;, be the outward normal from QF. Let (Bk,e)1<k <K ke be the chosen transmission
conditions on the interface between the subdomains (e.g. B = ;’Tk + ag). What we
shall call here a Schwarz type method for the problem ([L1))-([L.9) is its reformulation:
Find (uk)lngK such that

L(uy) = f in QF
C(ux) = g on OQF N N
B;M(uk) = B/mg(Ug) on an N 8(2@.

Let us focus first on the interface conditions By . The convergence rate of as-
sociated Schwarz-type domain decomposition methods is very sensitive to the choice
of these transmission conditions. The use of exact artificial (also called absorbing)
boundary conditions as interface conditions leads to an optimal number of iterations,
see [, @], [@] and [@] Indeed, for a domain decomposed into K strips, the num-
ber of iterations is K, see [@] Let us remark that this result is rather surprising since
exact absorbing conditions refer usually to truncation of infinite domains rather than
interface conditions in domain decomposition. Nevertheless, this approach has some
drawbacks:

1. the explicit form of these boundary conditions is known only for constant
coeflicient operators and simple geometries,

2. these boundary conditions are pseudo-differential. The cost per iteration
is high since the corresponding discretization matrix is not sparse for the
unknowns on the boundaries of the subdomains.

For this reason, it is usually preferred to use partial differential approximations to the
exact absorbing boundary conditions. This approximation problem is classical in the
field of computation on unbounded domains since the seminal paper of Engquist and
Majda m] The approximations correspond to “low frequency” approximations of
the exact absorbing boundary conditions. In domain decomposition methods, many
authors have used them for wave propagation problems [L5], [Ld], 4], [, L), B
and [J] and in fluid dynamics [B1], (). Instead of using ”low frequency” in space
approximations to the exact absorbing boundary conditions, it has been proposed to
design approximations which minimize the convergence rate of the algorithm. Such
optimization of the transmission conditions for the performance of the algorithm was
done in, [@], [@] for a convection-diffusion equation, where coefficients in second order
transmission conditions where optimized. These approximations are quite different
from the ”low frequency” approximations and increase dramatically the convergence
rate of the method.

When the grids are conforming, the implementation of such interface conditions on
the discretized problem is not too difficult. On the other hand, using non-conforming
grids is very appealing since their use allows for parallel generation of meshes, for local
adaptive meshes and fast and independent solvers. The mortar element method, first
introduced in [B], enables the use of non-conforming grids. It is also well suited to
the use of the so-called "Dirichlet-Neumann” ([2{]) or ”Neumann-Neumann” precon-
ditioned conjugate gradient method applied to the Schur complement matrix ([@],
[E], [@]) In the context of finite volume discretizations, it was proposed in [@] to use
a mortar type method with arbitrary interface conditions. To our knowledge, such
an approach has not been extended to a finite element discretization. Moreover, the
approach we present here is different and simpler.
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Our final project is to use interface conditions such as OO2 interface conditions
(see [@], [@] ), this will be developed in a future paper. Here we consider only interface
conditions of order 0 : By = 667 + ag. The approach we propose and study was
introduced in and independently implemented in [@} for the Maxwell equations
but without numerical analysis.

2. Definition of the method and of the iterative solver.. We consider the
following problem : Find u such that

(Id—Au=f inQ
u=0 on 0%,

—~
N
N

where f is given in L?(Q).
The variational statement of the problem (R.1)-(R.d) consists in writing the problem
as follows : Find u € HJ () such that

/ (VuVo +w)de = | fvde, Yo € Hy(Q). (2.3)
Q Q

Making use of the domain decomposition (L.J), the problem (R.3) can be written as
follows : Find u € Hj () such that

Z/ (ujgr) V(vjgr) + umwmk) dx = / fiorviordz, Vv € Hi(Q).

Let us introduce the space H!(QF) defined by
HYOF) = {p e HY(QF), =0 over 90NN}

It is standard to note that the space Hg () can then be identified with the subspace
of the K-tuple v = (v1, ..., vk ) that are continuous on the interfaces:

V={v=(v,..,v EHH (Q"),

Vi, Ok #0, 1<k (<K, v,=uv over an N o).
This leads to introduce also the notation of the interfaces of two adjacent subdomains
&t = 90k nan’.

In what follows, for the sake of simplicity, the only fact to refer to a pair (k,¢)
preassumes that I'** is not empty. The problem (E) is then equivalent to the
following one : Find u € V such that

K K
Z/ (Vup Vo + ugor) de = Z frogdz, Vv eV.
— Jax = Jox

LEMMA 1. Forw € Hi;l H(QF), the constraint v, = v across the interface T**
s equivalent to

K
Vp = (pr) € H H71/2(8Qk) with py = —pe over TF,
k=1
K
Z H—1/2(00F) < Pk, Vg >H1/2(6Qk) =0. (24)
k=1
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Proof The proof is similar to the one of proposition III.1.1 in [@] but can’t be
directly derived from this proposition. Let p = (pi) € HkK:1 H~Y2(0Q%) with py =
—pg over T®* in (Holéz(l"kve))’ sense. Then, there exists over each QF a lifting of
the normal trace py, in H(div,2*). The global function P, which restriction to each
QF is defined as being equal to the lifting, belongs to H(div,Q) and is such that
(P.n)|por = px. Let now v € V. From the previously quoted identification, we know
that there exists v € H(€2) such that vigr = vy. In addition,

/vdivP — / PVv =0.
Q Q

K

/vdivP—/PVv:Z(/ vdivP—/ PVv)
Q Q Qk Qk

k=1

K K
= (Pmn)y = / DUk,

On the other hand,

so that (R.4) is satisfied.

Reciprocally, let v = (v1,...,vk) € Hszl H(Q%) such that (R-4) is satisfied. Let

T € FM, andletv, Cy, CI', CT'y C %t be open sets. There exists a function ¢ in

D(T';) such that ¢(y) =1 for all y in ~,. With any ¢ € (Héo/Q (Tz))’, let us associate

p = (px) defined by

H-1/2(3Qk) < Pk, Wk >H1/2(89k) = (HSSQ(FT))’ < g, pwg >H362(FI),VU}]€ S H1/2(89k),
H-1/2(3Q¢) < pg, Wy >H1/2(3Qz) = 7(H362(Fm))/ < q,pwy >H362(Fm)’vwe S Hl/Q(an),

and p; =0, Vj # k, /.

Then, by construction, p € Hle H~Y2(09%) and pp = —py over T®¢. Hence from

29,

K

Z H-1/2(3QF) < Pk, Uk >H1/2(6Qk): 0.
k=1

We derive
H-1/2(00F) < Dk> Uk > [H1/2(9Qk)= —H-1/2(9Q¢) < D>V > H1/2(9Q¢)>

thus,

(HYA 0y < © PR Z a2 T (i) S PV 2 gl r,)

and this is true for any g € (Hég2 (T'z))’, hence vy, = v, over I'y, and thus
Uk = Vg OVer vy,, Va € ke,

We derive v, = vy a.e. over I'®* which ends the proof of lemma .



The constrained space is then defined as follows

K K

V={(v,q e (H Hi(Qk)> % (H H1/2(an)> ,
k=1 k=1

v = ve and g = —qe over FM}

and problem (P.3) is equivalent to the following one : Find (u,p) € V such that

Yo € [T, HH(Q),

K K
Z/ (Vuvak + ukvk) dr — Z H—1/2(9Qk) < Pk, Vg >H1/2(8Qk)
k=1"2" k=1
K
= Z fkvkdx.
oy JF
Being equivalent with the original problem, where p;, = ;T“k_ over 90 (remind that f

is assumed to be in L?() so that % actually belongs to H~/2(9QF)), this problem
is naturally well posed. This can also be directly derived from the proof of an inf-sup
condition that follows from the arguments developed hereafter for the analysis of the
iterative procedure. First, let us describe this algorithm in the continuous case, and
then in the non conforming discrete case. In both cases, we prove the convergence of
the algorithm towards the solution of the problem.

2.1. Continuous case. Let us consider the interface conditions of order O :
Pr + Qur = —pg + auy  over [kt

where « is a given positive real number.

We introduce the following algorithm : let (u,pl) € HL(QF) x H=Y2(90F) be

an approximation of (u,p) in QF at step n. Then, (uzﬂ,pzﬂ) is the solution in

HI(QF) x H-1/2(00F) of
/ (VUZJerUk + UZJrlUk) dl‘—H71/2(an) < pZJrl, Uk > [1/2(90k)
Qk

= fropdx, Vv € Hi (Qk) (2.5)
Qk

1/2
<Pt au T v Spre=< —p} + auf, v >pre,  Yog € Hoé Tk (2.6)

It is obvious to remark that this series of equations results in uncoupled problems set
on every Q*. Recalling that f € L?(f), the strong formulation is indeed that

— Auftt pul T = f over QF
aunJrl
k
8nk

+ouf™ = —pf +auf  over T

n+1
n+l _ auk

% over 9QF (2.7)

al’lk

From this strong formulation it is straightforward to derive by induction that if each
pY, k=1,..,K,is chosen in [[, HY/?(I'"®*), then, for each k, 1 < k < K, and n > 0
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the solution u} ™' belongs to H'(QF) and p;'™ belongs to [, H/?(I'**) by standard

trace results (p), prt1 = —p} + a(u} —uyth)). This regularity assumption on pf) will be
done hereafter.

We can prove now that the algorithm (R.5)-(R.q) converges for all f € L2(Q). As

the equations are linear, we can take f = 0. We prove the convergence in the sense
that, in this case, the associated sequence ((u, p})), satisfies

nli{loo (”UZ”HI(QIC) + ||pZ||H71/2(BQk)) =0, for 1<k <K.

We proceed as in (,[@]) by using an energy estimate that we derive by taking
v = ’LLZ+1 in (E) and the use of the regularity property that pZ‘H € L?(00F)

/ (IVup ™ P + fup ™) da = / P tup T ds

QF 9Ok

that can also be written

/ (lvun+1|2 + |un+1|2) dr
Qk
1
=Y g L R e ) s
7 ,

By using the interface conditions (P.6) we obtain

/ (lvun+1|2 |un+1 de + — Z/ n+1 n+1)2ds
~ =X [ rauyas @)
7 Y

Let us now introduce two new quantities defined at each step n :

K
= [ ).
k=1

and

- —ZZ/ P — aup)ds.
k=1 t£k
By summing up the estimates (E) over k=1, ..., K, we have,
En+1 +Bn+1 < Bn

so that, by summing up these inequalities, now over n, we obtain :

> E"< B
n=1
We thus have lim,, .., E” = 0. Relation (2.7) then implies :

lim ||pZ||H71/2(BQk) =0, fork=1,... K.
n—aoo
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which ends the proof of the convergence of the continuous algorithm.
THEOREM 1. Assume that f is in L*(Q) and (p})1<k<k € [1, HY2(T**). Then,
the algorithm (2.3)-(2-4) converges in the sense that

n@w ([ = wrllgrony + 1R = Prllg-1/2(50%)) =0, for 1 <k < K,

. . . k . _ O
where uy is the restriction to Q% of the solution u to @)—@), and pr = B_ﬁf over
o 1<k<K.

2.2. Discrete case. We introduce now the discrete spaces. Each QF is provided
with its own mesh ’Z}f, 1 <k < K, such that

=k
Q == UTGTf T

For T € T,F, let hy be the diameter of T' (hy = sup, . d(x,y)) and h the discretiza-
tion parameter

h = max hp, with hi = max hp.
1<k<K TETF

At the price of (even) more techniques and care in the forthcomming analysis, possible
large variations in the norms of the solution u|gr can be compensated by tuning of
hi. This requires that the uniform A is not used but all the analysis is performed
with hy. For the sake of readability we prefer to use h instead of hy. Let pr be the

diameter of the circle (in 2D) or sphere (in 3D) inscribed in T, then op = Z—; is a

measure of the nondegeneracy of 7. We suppose that Thk is uniformly regular: there
exists o and 7 independent of h such that

VTE'Z?, or <o and Th < hr.

We consider that the sets belonging to the meshes are of simplicial type (triangles or
tetrahedron), but the analysis made hereafter can be applied as well for quadrangular
or hexahedral meshes. Let Py (T') denote the space of all polynomials defined over T
of total degree less than or equal to M. The finite elements are of lagrangian type, of
class C°. Then, we define over each subdomain two conforming spaces Y,f and X ,’j by

—k
th = {Uh,k S CO(Q ), vhvk\T S PM(T), VT € %k},
Xy = {vnk €Yy, Uh.kjparnon = 0}

In what follows we assume that the mesh is designed by taking into account the
geometry of the I'®* in the sense that, the space of traces over each I'** of elements
of th is a finite element space denoted by y,’j £, Again, at the price of more notations,
this assumption can be relaxed. Let k be given, the space y}f is then the product
space of the y,’j ** over each £ such that T'*+¢ # (). With each such interface we associate
a subspace Whe of y,’j” in the same spirit as in the mortar element method [E] in
2D or [H] and [L1] in 3D. To be more specific, let us recall the situation in 2D. If the
space X ,’f consist of continuous piecewise polynomials of degree < M, then it is readily
noticed that the restriction of X ,’f to % consists in finite element functions adapted
to the (possibly curved) side T'®* of piecewise polynomials of degree < M. This side
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k.0

has two end points that we denote as z;"" and 2% that belong to the set of vertices

of the corresponding triangulation of T*+* : xlg e, z’f e, . xﬁ 21, k.t The space Wh
then the subspace of those elements of y,’j that are polynomials of degree < M — 1
over both [z5, 2% and [zF*,, 25¢]. As before, the space W} is the product space

of the W,f ** over each ¢ such that Fk t L.
The discrete constrained space is then defined as

K
Vh*{uhaph (HXh> X <HW}?>5
k=1
/k [((ph,k + aun k) — (—phe + aune))n e =0, Ybn e € WY, (2.9)
Tk,

and the discrete problem is the following one : Find (u,,p,) € V5 such that

K
Vyh = ('Uh,h ---'Uh,K) S Hk:l X;f,

K K
Z/ (Vun Vo g + tn,kvnk) do — Z/ Ph, kU, kdS = Z/kfkvh,kdiﬂ- (2.10)
k= k=1

We introduce the discrete algorithm : let (u’,z k> Ph, p) € X ,’f X W,f be a discrete ap-

proximation of (u,p) in Q* at step n. Then, (uzzl,pzzl) is the solution in X x W}
of

/Qk (VUZ Vup. i +Uh & Uh k) dx — /6Q pZJlrcl’Uh’de = /Qk frvnpdx, Yo, € X;f (2.11)

< kb
/Fk (Pp ! + cup i ke = / E(—Pﬁ,e +oup )VUnke, Vnre € Wy (2.12)

In order to analyze the convergence of this iterative scheme, we have to precise the
norms that can be used on the Lagrange multipliers P, For any p € Hszl L2(00F),
in addition to the natural norm, we can define two better suited norms as follows

2

K K

ey =D Z HPkH 1 vy
b1 f—1
£k

1
where .|| _1 stands for the dual norm of HZ (I'**) and
H. 2 (Fk,l) 00

K 3
— 2
Ipl_y = (Z |pk|H%(6m)>

We also need a stability result for the Lagrange multipliers, and refer to [@] in 2D
and to the annex in 3D, in which it is proven that,

LEMMA 2. There ezists a constant c, such that, for any ph ke in W:’e, there
exists an element w'** in XF that vanishes over 9QF \ T™* and satisfies

/Fk Phkew™ ™t > ||phk€|| 1 (2.13)

2( k@)
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with a bounded norm

||’U_)h,k,f||H1(Qk) S Cx ||ph’k’l||H:% (kal). (214)

Let 7 ¢ denote the orthogonal projection operator from L?(T'**) onto W,lf’e.
Then, for v € L}(T**), 74 ¢(v) is the unique element of W,’:’e such that

/ (mre(v) —v)p =0, Ve W,f’e. (2.15)
k2

We are now in a position to prove the convergence of the iterative scheme

THEOREM 2. Let us assume that ah < ¢, for some constant ¢ small enough.
Then, the discrete problem has a unique solution (uy,,p,) € Vi. The algorithm
)—) is well posed and converges in the sense that

. n : noo_ = <k<K.
h_{nm lup & — wnkll mror) + Z 125 k.0 Ph,k,ZHH 0, for1<k<K

1
-2 k.2
Zh « 2(TR5)

Proof. For the sake of convenience, we drop out the index i in what follows. We
first assume that problems (R.10) and (R.11])-(R.19) are well posed and proceed as in
the continuous case and assume that f = 0. From (R.15) we have

Yo, € LQ(Fk’e), / pZJrlvk = / pZJrlﬂk’g(vk),
k. Tkt

and (R.19) also reads

pZH + aﬂ'kl(uzﬂ) = me(—py + auy) over kL,

By taking vy = u} ™! in (-11)), we thus have
[ (v ) e
Qk
1
= Z 1o / ((PZH + OHTk,é(“Z“)f - (PZH - aﬂk,é(“ﬁ“)f) ds.
7 O 1k,
Then, by using the interface conditions (P.13) we obtain

n n 1 7 n
/m (|Vuk+1|2 + |uk+1|2) dx + 1o g /Fk [(pkﬂ — aﬂkyg(uk"’l))st
7 :

1 n ny\\2
- %:/Fkl(wk,g(pé — auy))"ds.

It is straightforward to note that

[ et aupyds < [ - aupas
Tk

rk.e

— / (py — ame r(uy) + ame k(uy) — ozu?)st
k¢

:/‘oﬁfamkw%f+a%wkw®fu@%s
k¢
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since (Id — 7y;)(u}) is orthogonal to any element in W:™". We then recall that (see
[{] in 2D and [ or [L1] equation (5.1) in 3D)

[ meaa) = s < chlla By 210
Tk,
2
< ch|[ug [z e)-
With similar notations as those introduced in the continuous case, we deduce
E" 4 B < cahE™ + B"

and we conclude as in the continuous case: if cah < 1 then lim, .., E™ = 0. The
convergence of u towards 0 in the H' norm follows. The convergence of p} in the

H*_%(Fk’e) norm is then derived from (2.13) and (.11)). Note that by having f =0
and (u™,p") = 0 prove that (u"*!,p"*1) = 0 from which we derive that the square
problem ()-() is uniquely solvable hence well posed. Similarly, having f = 0
and getting rid of the superscripts n and n + 1 in the previous proof gives (with
obvious notations) :

FE + B < cahFE + B.
The well posedness of ( then results with similar arguments.

We shall address, in what follows this question through a more direct proof. This
will allow in turn, to provide some analysis of the approximation properties of this
scheme.

3. Numerical Analysis..

3.1. Well posedness.. The first step in this error analysis is to prove the sta-
bility of the discrete problem and thus its well posedness. Let us introduce over

(H?:1 HI(OF) x Hle L2(09%)) x Hle HL () the bilinear form

a((u,p),v)) = ; /Qk (Vur Vg + upor) de — ;/6 PrUEds. (3.1)

QFk

The space Hszl H} (%) is endowed with the norm

K
2]l = (Z Ivkllfrpmm)
k=1

1
2

LEMMA 3.
There exists a constant B > 0 independent of h such that

K
V(thﬁh) € Vh, Elyh € H Xl]fv

k=1
a((up, ) vn)) = Blluplls + lp, -3 Oz« (3.2)
Moreover, we have the continuity argument : there exists a constant ¢ > 0 such that
K
V(up:p,) € Vi, Yo, € H Xr,
k=1
a((wp,py)s0n)) < clllunll« + llp, 1= 1) (lupll)- (3.3)
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Proof of lemma B: In (16) and (17), we have introduced local H{ (T'y.¢) functions
that can be put together in order to provide an element w;, of Hi;l XF that satisfies

K
S [ pands 2l 2.
1 J OOk 2’

Let us now choose a real number v, 0 < v < % (where ¢, is introduced in (R.14)) and

choose v;, = u;, — yw,, in (B.1) that yields
K
a((up,p,),vp)) = Z/k (VupV (ur, — ywr) + uk(up — ywy)) do
k=1

K
*Z/ pr(uk — ywy)ds
— Joak

As already noticed in section @, we can write

1
/k , Prurds = ((pk + amie(ur))® — (pr — ampe(ug))?)ds
Tk,

Tkt
1
= ((Th,e(=pe + aug))? — (pr — ampe(ur))?)ds
a1k,
1
™ ((pe — que)® = (prx — ampe(uk))®)ds
a1k,
1
™ ((pe — amer(ue))® = (px — ampe(uk))®)ds
a1k,
1
+ o " 042(7Tg7k(’lu) — up)*ds

so that

(= melu))ds < cohlluy |2

K a K
> [ puts <53 |
k=1 0Q* 4D e

Coing back to (B.4) yields

a((wp, ) 0n) = (1= cah)up |12 = Yl s lwalls +lp, 12, .

1 2 2 72 2
2 (5 —cah)lup s +1lp, I . — 5wl

1 v2e2
> (5 = cah)lluy |2 + (v - 2

2 )HBhH—%,*

(3.4)

Due to the choice of vy, we know that, for ah small enough, @) holds. The continuity
(B.3) follows from standard arguments (note that the norm on the right hand side of

(B.3) is not the [l -1 ~—morm), which ends the proof of lemma B

From this lemma, we have the following result :

THEOREM 3. Under the hypothesis of theorem [, the discrete problem (£.14) has

a unique solution (gh,]_)h) € Vi, and there exists a constant ¢ > 0 such that

lupll« + N2l =1 4 < el fllL2e)-
11



From lemma E, we are also in position to state that for any (@h,]:)h) eV,
lw—wplls +llp—p,ll-1 « < clllu—apll+llp—p,l-1) (3.5)

and we are naturally led to the analysis of the best fit of (u,p) by elements in V4.

3.2. Analysis of the best fit in 2D. In this part we analyze the best approx-
imation of (u,p) by elements in V}. As the proof is very technical for the analysis of
the best fit, we restrict ourselves in this section to the complete analysis of the 2D
situation. The extension to 3D first order approximation is postponed to the next
subsection.

The first step in the analysis is to prove the following lemma

LEMMA 4. Assume the degree of the finite element approzimation M < 13, there
exists two constants c; > 0 and ca > 0 independent of h such that for all n. i in

yf;’“ N Hg(TR4), there exists an element 1y 1. in W,f’k, such that

[ s e = ellneal oo (36)

[VekllL2eey < callnesllzz ey (3.7)

Then, we can prove the following interpolation estimates :
THEOREM 4. For any u € H*(Q) N H(Q), such that u, = uge € H>T™(QF),
1<k<KwithM—-1>m2>0, u=(ux)i<k<r ond let pye = Du hper each TFE.

ony
Then there exists an element @, in Hszl X,’f and p, = (Pren), Dren € W,f’e such that
(@, Dp,) satisfy the coupling condition ®.9), and

K

- ch™
@, — ull« < ch'tm Z HukHHHm(Qk) + o Z ||pk,e||H%+m(Fk,e)
k=1 k<t
| Pren 7pk,e||H7%(l—\k’g) < cal® T ([Jug| gaem oy + el gzem e)

1+
+ch T Pkl g ey

where ¢ is a constant independent of h and «. If we assume more regularity on the
normal derivatives on the interfaces, we have
THEOREM 5. Let u € H?(Q) N H(Q), such that ur, = uge € H>T™(QF),
1<k<KwithM-1>m2>0, u=(ug)i<k<kx and pxe = ;T“k 18 in H%er(l"k,g).
. - K . - - k.0 JU
Tthn there exists @, n [[,_, Xk and p, = (Pren), Pren € W, such that (gh,]_)h)
satisfy (@), and

K

Iy, = ull < k'™ Y " fugl g2em o)
k=1

m—+1
(log 7)°T™ > " [Ip.¢|
k<t

C
+

H%*’"(rk,é)

< o™ ([lul gz ey + el 2 (ar))

_1
H™ 2 (Tk:t) —
+ ch ™ (log )P ||py |
12

1Pren — Prel

H%+m(1—‘k,€)



where ¢ is a constant independent of h and a, and f(m) = 0 if m < M — 2 and
Bm)=1ifm=M-—1.

Proof of lemma E: We first give the proof for P; finite element. The general
proof is quite technical and is based on Lemma E, given in Appendix . Remind that

we have denoted as xé’k,xf’k, ...,xfl’fl,xfl’k the vertices of the triangulation of I'¢:*

that belong to I'“*. To any e,k i yf;’k N H}(T**) we then associate the element Yok

in W ,f’k as follows
ok bk
ne,k (T zo") over ].’L‘g’k,ZEi’k[

(z—z5")
1/) _ NN
k=4 ek over oy |
ne k(@ =tk )

)

2,k

n—1 f{k[

over |x x

recalling that all norms are equivalent over the space of polynomials of degree 1 we
easily deduce that there exists a constant ¢ such that

19kl 2orey < cllnellp2or.ey.-

Moreover, it is straightforward to derive
/ (e + The(Mek)) e = / Nexbek + / (ke (Mek))?
Tkt Tkt Tkt
+/ Te,e (M) (Ve — Me,ke)-
Tkt
Then, by using the relation

1 1
Th,e(Mek) (Ve — Nek) > *i(ﬂk,l(n&k))Q - 5(1/14,1@ —neg)?

leads to
1 o 1 2
(e, + Theyo (e, k)) ek > nerder + 5 (Tr,e(Me.k))” — 3 (Ve —mek)”
Tkt Tkt Tkt Tkt
We realize now that, over the first interval,
1 (z —z5™) 1 (z—at®?2
(Mestoek — = (Ve —mex)?) = / (Lo 2) 1 L2,
g aetontes =3 sttt G a2 =

noticing that

0,k 0,k 0k
/ ( (:C*:L'O) 71 (xizl )2 ):/ (z*% )2
P R T e R R

0o %1 0 7T
by recalling that 1y . is constant on Jz5*, 25*[ and J25% |, 28], we derive that
/ (e + 7he(Mek)) Ve > / 7 1
k.2 k.2

which ends the proof of lemma .
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PROOF of Lemma E in the general case Using the definition of 7y g, (),
it is straightforward to derive

/ (e + The(Mek)) ek :/ Mook +/ (ke (ne,))?
k£ k£ k£
+/ T (Ne) (WVek — Nek)-
Tkt

Then, using the relation

Tt (Mek) Ve — Nek) > —(Tre(mer))? — i(w,k — o)’

leads to

1
/ (e + Tre(Me.k)) e > / NekPek — 1/ (e, — me,k)>.
k2 k.2 k2

0k 0k ok ok

Remind that we have denoted as 5", z7",...,,~ 1, z;" the vertices of the triangu-

lation of I'“* that belong to I'“*. By LemmaE of appendix B, and an easgl scaling
argument, there exists ¢,C' > 0, 11 from [zg’k,xf’k] into R and ,, from [z o xb¥)

n—1""n
into R such that
91l ootk tory + 1nll paarn prmy < CPUNl Lot gomy + 10l paguen pon)s

1

Yi(ay®) = nar"), on(ety) = n(ayt,) and

Ty T, Ty T,
2 2
[ =g =+ [ = qn =ty z el [ [ )
Ty’ Tp_1 Ty’ Tp_1
Taking 1, 1 in W,f’k as follows
11 over ]xé’;;czi’:l[c
Yo = e,k OVer ]311; az7{71[
¥y, over o))" wbF]

proves Lemma [] with ¢; = min(1, ¢) and ¢y = max(1,C).

Proof of theorem Ez In order to prove this theorem, let us build an element that
will belong to the discrete space and will be as close as the expected error to the
solution. Let ui, be the unique element of X% defined as follows :
. (u}ch)wm is the best fit of uy over 9QF in y,’j’f,
e u}, at the inner nodes of the triangulation (in Q*) coincide with the interpo-
late of ug.
Then, it satisfies

34m
ugn — urllL2a0r) < ch? T |lug || gem o), (3-8)
from which we deduce that

Hullch - uk||L2(Qk) =+ h||U11ch - UkHHl(Qk) < Ch2+mHukHH2+m(Qk)a (3.9)
14



and, from Aubin-Nitsche estimate

g, — < D ug g2 gy - (3.10)

H*% (Fk,l)

We define then separately the best fit pl,;, of pre = ;’—“k over each I'*¢ in VNV:’Z. These

n
elements satisfy for 0 < m < M — 1 the error estimate

1
ke — Prellzere) < 0h2+m||pk,e||H%+m(Fk,e) (3.11)

||pllc€h - pkyeHH*%(Fk,tZ) S Ch’1+m||pk,l||H%+m(Fk,£)' (312)

But there is very few chance that (uj,, p) ) satisfy the coupling condition (2.9). This
element of (Hszl X,’f) X (Hszl W}’f) misses (R.9) of elements e ¢ and 7, such that

/ (Dhen + €x,0 + gy )re = / (—Pirn + amek + oy, ) ke, Vi € W}f’e (3.13)
k.t

k€

/ (Plin + 0me ke + ugy )k = / (—Phen — € + 0ty o, Yibox € Wik, (3.14)

Tkt Tkt

In order to correct that, without polluting (B.§)-(B.19), for each couple (k,¢) we
choose one side, say the smaller indexed one, hereafter we shall also assume that each

couple (k,£) is ordered by k < ¢. Associated to that choice, we define e, € VNV:’Z,
Mok € ;)Jf;’k N HY (%), such that (4, D, ) satisty (£.9) where we define

Ton = upy, + ZRe,k(W,k)
k<t

Preh = Do + €exe (for k < ) (3.15)

where Ry, is a discrete lifting operator (see [Bd], [fi]) that to any element of yf;’k N
HE(T'®*) associates a finite element function over ¢ that vanishes over 90\ I'** and
satisfies

Vw € YF 0 HY (TR, (Rep(w))ir,, = w

Rk (W) ey < cljwl] (3.16)

1
HUZU(Fk’E)

where c is h-independent.
The set of equations ()-() for ey ¢ and 1 i, results in a square system of linear
algebraic equations that can be written as follows

/Fk [(Ek,e — ane k) ke = /Fk ) e1Pr,e, Yire € Wi* (3.17)

/Fk [(fk,l + ome i)tk = /Fk ) extur, Yibos € Wik (3.18)

15



with
€1 = —Phen — P + oug, — upy) (3.19)
and

€2 = —Phen — Pirn + (upy, — ugy). (3.20)

ProrosSITION 3.1. The linear system -) 1s well posed.
Proof: With these notations, (B.17) yields
€re = The(ane, + e1) (3.21)
and (B.19) yields
angr = T r(—€ke + €2). (3.22)

As ()-() is a square linear system, it suffices to prove uniqueness for e; and
eo null. From (B-21))-(B.29), we get

0= ek + o The(Nek)-
so that for all ¥, ) in VV:’Z,
0= / (1ek + e (10,1)) e k-
Tk,
By Lemma E, this proves that 7 is zero, thus by ), €k,¢ 1s zero.

Let us resume the proof of theorem fl: By (B.21) and (B.2d) we have

1 N
/k e(m”“ + The,o (Me,k)) ek = E/ (e2 — me(e1)) ek, Vibos € Wik, (3.23)
Tk,

Tkt

In order to estimate ||pren — pkve”H*%(rk,f) and ||ten — wel g1 (qe), we first estimate
||772,k||L2(F’M) :
from (B.4) and (B-23) we get
1
cillnerlzzney < ~llez = me(en)llaqomey Vel L2 owey (3.24)
and using (B.7) in (B.24)

C2
< = _
M.l L2(orey < o lle2 — mr,e(€1) || 2(rwe
hence
C2
me,kll L2 (rrey < a—cl(llezllmrw) + llerllpz(rwey) (3.25)

Now, from (B.19) and (B-20), for i = 1,2

”ei”L?(F"’f) < lelcéh + pbm”ﬂ(rw) + 04||U%h - ullchHLZ(Fkl)
16



Ou _ _ Ou _ —pe i over each Ikt

and recalling that pr ¢ = 7= = — &

IPken +p%kh”L2(Fkl) < |Ipken = Prell 2 (rrey + lPern — Pekll 2 (om0

||U%h - Uih“LZ(rN) < ||U11ch - Uk||L2(rw) + ||U%h - WHN(FM)

so that, using (B.§) and (B.1]), we derive for i = 1,2 and 0 <m < M —1

3 1
leill L2qrrey < cah® ™ (|[up raem ey + el mzem@ey) + k2T [Prell 1 m ey (3-26)

(ret)

and (B.25) yields for 0 <m < M —1

1im
3 ch?
ey < b2 T (lupll rzem ) + luell @) + =———lPkell e ey - (3:27)
We can now evaluate ||pren — p’“e”H*%(rw)’ using (B.17) :
1Ben = Proell - ey < lemell g ey + [ Dken = Phell g ey (3:28)

The term ||p},;, — pk’ZHH’%(kal) is estimated in (B:13), so let us focus on the term

€k, ell From (B.21]) we have,

H™2(0k)
lew.ell -4 (rney < @llmemll g ooy +leall g ey + 1UTd = ) (@men +en)ll ;g ey (3:29)

To evaluate ||el||H,%(Fk,£) we proceed as for [eq|z2(re.e) and from (B.1d) and B.13)
we have, for i = 1,2 and 0 < m < M:

e < cah® ™ ([Juk]| gram(ary + el rzem @ey) + b [ pre] (3.30)

”H*%(kal) H3+m (k)

The third term in the right member of (B.29) satisfies

H*%(pk,e) < c\/EHO‘W,k + €1||L2(Fk,g)_

1(1d = 7k,0) (e, + en) |
Then, using (B.27) and (B-26) yields

1(Id = mi.e)(aner, + e1) < cah® " (||ug]| ooy + el oen 0e)

HHf%(Fk,e)
+ Ch1+m||pk,€||H%+m(kal).

In order to estimate the term ”va”H*%(Fk,f) in (B:29), we use (B-23):

2/ NekVek = 2/ e,k Ve, k
k¢ Tkt
1
- (/ (e + The(Mek)) e — —/ (e2 — Ty.e(e1)) e k)
k.2 a Jr

kot

that is

1
2/ Ne ke = / (Nek — Th,ene e )Ve ke + —/ (€2 — mhe(€1)) Ve k-
Tk, Tk.L QO Jrk,e

17



Using the symmetry of the operator 7 we deduce

1
2/ NekVek = / (Ve,k — T, 0o k) Mo,k + —/ (e2 — mre(e1)) Ve k-
k.t k.t Q Jrk.e

then, from (R.16)) yields

1
I/W Nekek] < Cﬁllﬁe,kllm(rkﬁmIIW,kIIH%(Fk,Q + = llez = meelen)ll g oy [Vl 3 e
and thus, we have
c
ekl 3 ey < eVhl|ne k]| 2oy + ez = mwelell -3 ey

Then, using (B.27) and the fact that

llez = mkeCe)ll 3 ey < Neall g puey Fllenll g ey +ller = moelen)ll -3 ey

< lez]l + [leall + eVhllex|| p2(rr

1 1
H™3 (k) H™3 (k)

with (B.26) and (B.30)) yields for 0 <m < M — 1

1+m

1l oy < R sy + el s 2) = ol e

Using the previous inequality in (B.29), (B.29) yields

Pken = Drll - g gy < 0BT (Tl @) + el moemin) + B prell y 3am oy

Let us now estimate ||ten, — wel g1 (o)
[en — well o ary < llugy — well g o) + Z IR e,k (M) || 21 (020 (3.32)
k<t

and from (B.16)

IR ek (mese) | 1 (aey < Cllm,kllHi(Fk’g)

then, with an inverse inequality

_1
IRe.(mek) | 16y < ch™ 2 ||nekll 2 (0w
Hence, from (B.27) we have for 0 <m < M — 1

h1+m(

IR (nei)ll 1 ey < ¢ [urll z2em @ry + [[well 2em(ar))

ch™
=Pkl 3o e

and (B-39) yields

[den — well ey < '™ {|wg]| grasem ey + ch' T Z ([ wk || zr2+m (k)
k<t

ch™
t—- lepk,ellH%m(W). (3.33)
k<t
18
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As u € H*(Q),
HMHH%*’"(am) < C||“Z||H2+m(ﬂ£)

andfor0<m< M -1

ch™
@, —ulls < — Z el 2 +m (ry-

Proof of theorem E: The proof is the same that for theorem E, except that the
relation ) for 0 <m < M —1 is changed using the following lemma
LEMMA 5. p},, satisfy for 0 <m < M —1 the error estimate

(3.34)

ES m m
1 Pken — ey < ch2™™ (log )™ || p¢||

HET™ (k)
Therefore, (B.19) is changed in

1Pken = Prell - ey < B Qg WP llprcell e e,

and (B.31]) is changed in
Pken = prell g ey < 0B (e ) + el e ()

+eh? (log 7)™ g

3T (ke
and (B.33) is changed in

||ﬂgh — UgHHl(Qe) S Ch1+m||Ug||H2+m(Qe) + Ch1+m Z ||Uk||H2+m(Qk)
k<t

(log )™ 3 [|py, el g3 om ey
k<t
Proof of lemma f: For 0 < m < M — 1, B(m) = 0 and the estimate (B.39) is
standard. For m = M — 1, let pyep, be the unique element of W,’: ¥ defined as follows :
° (ﬁkgh)nze,k Lk 1 coincide with the interpolate of degree M of p .

1Ty ]
. (ﬁklh)uzg,k’zi,k] and (ﬁuh)‘[mﬁvz%k] coincide with the interpolate of degree

M —1 of YUNE
Then, we have

h1+m

+

1Pken = Pr.ellZaqoney < IBren — ProellZaqon.e)-

Using Deny-Lions theorem we have

0,k

d pkg Fn deké
2M 2 2(M 2M b2
Ipken — PielZaqrney < / . Sl Pl P

n—1

IVI
Let ¢ = —3#%. In order to analyse the two extreme contributions, we use Holder’s
1nequahty

h
1—1
/ & < B0l 0.
0
19



Then, we use the estimate
lelzrom < Pllell 3 0

where ¢ is a constant. Thus we have

h
/ & < P gl
0

H2(Oh)

Then,

d pké _1,dMpry
2M 2M 211 2
/ dJCM ch h H ||H2(Ilk zk)

Now we take p = log h and thus we obtain

d 1
hQM/ BLL < ok log )il

1 .
da™ H2 M (2g " oph)

In a same way we have

" d A pre 1
2M 2 M+ 2 2
h /e ‘. d:L'M | < C(h 2 log h) ||pk7€||H%+1vI(mﬁL,k 2lky’

—1tn

and thus we obtain

M+

IPken — Prellpaqosey < (W2 log h)lIpeell 3500

(Tk£)’
which ends the proof of lemma E
3.3. Error Estimates.. Thanks to (B.5), we have the following error estimates:

THEOREM 6. Assume that the solution u of (2.1)-(2.9) is in H*(Q)NHE(Q), and

up = ujgr € H2™(QF), with M —1 > m > 0, and let pyy = ;T“k over each T'F*.

Then, there exists a constant ¢ independent of h and a such that

K
g, = ulle + [lp, = pll-1 . < c(@h®™ 4+ BF™) Y " |ul| e ()
k=1
- K
+ c( +pltm) Z Z [F2 e||H2+m rhe)”

k=1 ¢

THEOREM 7. Assume that the solution u of (B14)-[2-4) is in H*(Q) N HL(Q),
up = ujor € H2™(QF), and pre = ;)Tuk is in H%*‘W(I‘M) with M —1 > m > 0.
Then there exists a constant ¢ independent of h and a such that

K
g, = ulle + [lp, = pll-1 . < c(@h®™ 4+ BN " |ul| e )
k=1
K

+ R Qog )P Y 0N vk el g oy

k=1 ¢

h1+m
+ ¢

20



with B(m)=0if m <M —2and B(m)=1if m=M—1.
REMARK 1. Let us consider a Py finite element approxzimation. If the solution
u of )-2.3) is in Hi;l H2(QF) and « is a constant independent of h then, from

theorem |},

K
2y = wlls < e llull =)
i=1

and this result is not optimal. In order to improve this fact, we have to choose a
parameter o which depends on h, or assume that u € Hiil H2(QF), or assume that

u e HkK:1 HZ(QF) and pyo = % € H3(Thy):
e If the solution u of (B-4)-[2-9) is in Hszl HZ(QF) and o = £, then

K
12y, — ulls < ch Y llullnz oy

i=1

o If the solution u of (2.1)-[2.3) is in Hiil H2(QF), pre = ;T"k is in H3 (T q)

and « is a constant independent of h then
@y, — ull« = O(h[log(R)]).

3.4. Analysis of the best fit in 3D. In this section, we prove lemma H for a
Py-discretization in 3D. We shall use the construction proposed in [[L1]. In order to
make the reading easy, we shall recall the notations of the above mentioned paper.
The analysis is done on one subdomain Q¥ that will be fixed in what follows. A typical
interface between this subdomain and a generic subdomain €); will be denoted by T.
We denote by 7 the restriction to I' of the triangulation 7,*. Let S(7) denote the
space of piecewise linear functions with respect to 7 which are continuous on I" and
vanish on its boundary. The space of the Lagrange multipliers on I', defined below,
will be denoted by M(7). In 2D, the requirement dim M(7) =dim S(7) can be
satisfied by lowering the degree of the finite elements on the intervals next to the end
points of the interface. In 3D, it is slightly more complex (see [{]). Thus, we shall use
the construction proposed in [@] in the case where all the vertices of the boundary
of T are connected to zero or two vertices in the interior of T' (figure B.1]). Let V, Vy,
OV denote respectively the set of all the vertices of 7', the vertices in the interior of
I', and the vertices on the boundary of I'. The finite element basis functions will be
denoted by ®,, a € V. Thus,

S(T) = span {®,:a € Vp}.
For a € V, let 0, denote the support of ®@,,
Oa ::U{TET:aET},
and let NV, be the set of neighboring vertices in Vy of a:
Ng:={beVy:be€o,}
Thus

)

N=U N
acdVy
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is the set of those interior vertices which have a neighbor on the boundary of I'. If
some triangle T' € 7 has all its vertices on the boundary of I'; then there exists one
(corner) vertex which has no neighbor in Vy. Let 7. be the set of triangles T € T
which have all their vertices on the boundary of I'. For T € 7., we denote by cr the
only vertex of T' that has no interior neighbour (such a vertex is unique as soon as
the triangulation is fine enough). Let N, denote the vertices ar of AV which belong
to a triangle adjacent to a triangle T' € 7.. Now, we define the space M (7) by

M(T) := span {®,, a € Vo},

where the basis functions i)a are defined as follows :

P,, a €V \N
b, + Z Ab,aq)b GGN\NC
P, = bedVNo,
q)aT + Z Ab,aT(I)b + q)cT a=ar € Nc
bedVNoa,.

the weights A, , being defined in (B.35). For all boundary nodes ¢ € V connected
to two interior nodes a and b, if T, (resp. Tp) denote the triangle having an edge on
Il and a (resp. b) as the opposite vertex, then the weights are defined such that (see

()
Ac,a + Ac,b =1 and |Tb|Ac,a = |Ta|Ac,b- (335)

M (T) is the notation introduced in [@}, that we use here for the sake of clarity. Cor-
responding to our previous notation, M(7) = VNV:’Z.
Toany u € S(7), u =}, ¢y, u(a)®q, we associate v € M(7) wherev =3, u(a)®d,.
More explicitly, that means that to any u € S(7), we associate an element v € M (T
as follows (see figure B.1):

(i) v is a piecewise linear finite element on 7

(ii) for all interior nodes a, v(a) := u(a)
(iii) for all boundary nodes ¢, by assumption we have two situations:

- ¢ is connected to two interior nodes denoted by a and b.
Then, v(c) := Au(a) + Bu(b) where

A+ B=1and|Ty|A = |T,|B (3.36)

where Ty, (resp. Ty) is the triangle having an edge on OT" and a (resp. b) as the
opposite vertex.
- ¢ is not connected to any interior point. We consider the triangle adjacent
to the triangle to which ¢ belongs to. This triangle has one interior node denoted
by b. Then, we define v(b) := u(b).
Then, using the uniform regularity of 7, it is easy to check that there exists a constant
¢ independent of h such that

vl 2ry < ellullL2ry)-

We shall need the following technical assumption:
Assumption Let 0 < C < 2/3. For any triangle T., having all three vertices on the
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boundary of T (see figure @), we consider the two triangles T; . and Ty . surrounding
T.. We assume that

1 . C
S in(( Tl Ty el) > 5 [T

In order to prove lemma Q, we prove the following lemmas:
LEMMA 6. Let 0 < C < 2/3, we assume the above assumption and that T is
uniformly reqular. Let uw € S(T) and let v € M(T) constructed from u as explained

above ((i)-(iii)).

Then, there exists ¢ > 0 such that,
C 9 9
F(uv——2 (u—wv)7)>c Fu . (3.37)

Proof of lemma E: Let us introduce the notation
C
Qr = /(uv — E(u — U)Q).
r

We have

Qr = i/r(u—i—v)Q — (14 20) (u— v)?.

In order to estimate Qr, we remark that

QF:ZQT

TeT

where

Qr = l/T(uﬂ)? C (14 20)(u — v)2.

4
We have four kinds of triangles:
1. Inner triangles i.e they don’t touch the boundary of I'.
2. Triangles which have only one vertex on the boundary
3. Triangles which have two vertices on the boundary
4. Triangles which have three vertices on the boundary
Inner triangles. On an inner triangle T', u = v so that for all C' > 0, we have

QTZC/U2
T
for e < 1.

Triangles having only one vertex on the boundary. Let T; . be such a triangle (see
figure B.1)).We use the following notations: u; = u(a) = v(a), uir1 = u(b) = v(b) and
v; = v(c). First notice that we have (remember u(c) = 0)

Ti c Tl c
/ u? = [Ticl uf 4+ u g + (wi +uir)? )= [Ticl 2uF + 2u? g + 2utig
7. 12 12
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see for example [L]] (I1.8.4). As for Qr, ., we have

Ti,c
QTi,c = % ((2UZ>2 + (2ui+1)2 + (Auz + Bui+1)2

—|—(2u1 + 2ui+1 + Aui + Bui_,_l)Q - 2(1 + 20)(141&1 + Bui+1)2)

T
= % (8uf + 8u§+1 + 8u;uit1 + 4(ui + uH_l)(Aui + Bui_,_l)

If we take C' =1 and use A+ B =1, we get:

T
QTi,c = % (4U$ + 4u§+1 + dujuiy + 4AB(U1 — Ui+1)2 + 4(ui + ui+1)2)

>1/ u>.
=3 )

,C

Hence, for all 0 < C <1, we have:

Therefore,

Qr. > C/ u?
Ti,c

for 0 < C <1and 0 < ¢<1/2. We shall also use in the sequel the estimate:

Q > |Ti70|u2

Tie = Toy itl (3.38)

Triangles having two vertices on the boundary. We consider now a triangle T ,.
having two vertices on the boundary of the face T, see figure B.1|. Let N, = {i, T;,
has two vertices on the boundary of I'}. First notice that we have

T.
/ u? = —| 1z’2€| <2UJ12+1).
T r

And we have

T r
Qr,, = —| 4é | (4U§+1 +v; + Ui2+1 + (2uip1 + v +vip1)?

—(1+20)(v] +viy + (vi + vi+1>2>)

Ti,r
= % (8u§+1 — 40’012 — 4C’UZ-2+1 - 40’0{0i+1 + 4ui+1(vi + viJrl)) .

Then

)

|Tr |

>
@, 2 48

(8u12+1 — 6Cv} — GCU?H + 4 (v + vi+1)).
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Defining E; := uip1v; and Fy := u;y1041 (cf. [[L] page 11), we have:

Tir
QTi,r Z / u2 + % (60’0? + 4Ez — 601)1-2+1 + 4E) .
T.

i,7

Now we sum these terms over all the triangles having two vertices on the boundary
I.

2 |Ti,r| 2 2
> Q. > / ey 5 (—GC% +4E; — 6Cv2, —|—4Fi)

iEN, Vienr, Tior i€N,
1
> u? 2 D (Tir|(—6007 + 4Ei) + [Tim1 | (—6007 + 4F;1)).
Uien, Ti,r 48 iEN,
(3.39)

The condition (B.36) leads to the inequality
Tir|Ei + | Tim1 0| Fimr = (T30 + |Tiz1p )0}
(see equation after (3.19) in [L1]), so that we get:
| T.r| (=6C0} + 4E3) + [Tio1 [ (—=6C0] + 4F;1) = (|Tip| + [Tim1.0[)(4 = 6C)07.

This term cancels for C' = 2/3. Hence for 0 < C' < 2/3, inequality (B.39) becomes:

Z Qr, ., 2/ u’.

iEN, Uien, Ti,r

Therefore, for 0 < C <2/3 and 0 < ¢ < 1,

> Qrn, > c/ u?.

iEN, Uienr Ti,r

Triangles having all three vertices on the boundary. Let T, be such a triangle
(see figure B.1). We have to control:

c

C
Qr, = *§|Tc' [[eig1]?

by the integrals over the two triangles T; . and T}/ . surrounding T¢». This can be
achieved using the assumption

1 . C
o (| Ticl, [Tyr.el) > 5 1T
and using that from (.3§), we have

Q 2
T; UT ; us
eUTyr o 2 min(|7;.|, |7 ‘,’Cl)i—;l'

In conclusion, we have that (B.37) holds with ¢ = 1/4 for 0 < C' < 2/3.
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Vi—1 \

F1c. 3.1. Two different situations of 2D triangulation of the interface I', next to it’s boundary
(near cross points)

Boundary of '

4. Numerical results. On the unit square Q = (0,1) x (0,1) we consider the
problem

(Id = Au(z,y) = 2°(y* = 2) — 6zy® + (1 +2® +y*)sin(zy), (2,y) €Q,
u= 2"y’ +sin(zy), (z,y) € 0Q,

whose exact solution is u(x,y) = 2%y? + sin(ry). We decompose the unit square
into non-overlapping subdomains with meshes generated in an independent manner.
The computed solution is the solution at convergence of the discrete algorithm ()—
(R.12), with a stopping criterion on the jumps of interface conditions that must be
smaller than 1078,

REMARK 2. In the implementation of the method, the main difficulty lies in
computing projections between non matching grids. In 1@/ we present an efficient
algorithm in two dimensions to perform the required projections between arbitrary
grids, in the same spirit as in /@/ for finite volume discretization with projections on
piecewise constant functions.

4.1. Choice of the Robin parameter «. In our simulations the Robin pa-
rameter is either an arbitrary constant or is obtained by minimizing the convergence
rate (and depend of the mesh size in that case). In the conforming two subdomains
case, with constant mesh size h, the optimal theoretical value of o which minimizes
the convergence rate at the continuous level is :

opt = (7 + 1)((7)* + D1

In the non-conforming case, has the mesh size is different for each side of the interface,
we consider the following values :

Qmin = (7% + 1)((——)? + )]

hmin
@mean = (7 + 1)((——)* + 1)}
ez = [ + 1)((7—) + 1)

where Npin, Pmean and hy,q, stands respectively for the smallest meanest or highest
step size on the interface.
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4.2. An example of computed solution. We decompose the unit square into
four non-overlapping subdomains with meshes generated as shown in Figure @ The
Robin parameter is « = 10. On Figure @ we show that the computed solution is
close to the continuous solution.

Mesh
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Fic. 4.1. Domain decomposition with non-conforming meshes.

Computed solution
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Fia. 4.2. Computed solution.

4.3. H' error between the continuous and discrete solutions. In this
part, we compare the relative H' error in the non-conforming case to the error ob-
tained on a uniform conforming grid.

Definition of the relative H! error : Let K be the number of subdomains. Let
27



u; = ujgi, 1 < i < K (where u is the continuous solution), and let (uy); = (u)|q:
where u;, is the solution of the discrete problem (R.10). Now, let E., = ||lul|, and let
Ei = ||(Qh)1 — ’U,ZHHl(Qz), 1 S 7 S K. Let

K
E= (> E})'.
i=1

The relative H! error is then E/E,,.

In this example, we take o = upeqn for the Robin parameter. This choice is motivated
by the results of section @, but we obtain similar results in the case of a = 10.

We consider four initial meshes : the two uniform conforming meshes (mesh 1 and
4) of figure [.3, and the two non-conforming meshes (mesh 2 and 3) of figure [L4.
In the non-conforming case, the unit square is decomposed into four non-overlapping
subdomains numbered as in figure @

Mesh 1 Mesh 4

Fi1G. 4.3. Uniform conforming meshes : mesh 1 (on the left), and mesh 4 (on the right)

Mesh 2 Mesh 3

Fic. 4.4. Non-conforming meshes : mesh 2 (on the left), and mesh 3 (on the right)

o3 o

ot 0?

Fic. 4.5. Non-overlapping domain decomposition of the unit square

28



Figure [.q shows the relative H! error versus the number of refinement for these
four meshes, and the mesh size h versus the number of refinement, in logarithmic
scale. At each refinement, the mesh size is divided by two. The results of figure @
show that the relative H' error tends to zero at the same rate than the mesh size,
and this fits with the theoretical error estimates of theorem [|. On the other hand,
we observe that the two curves corresponding to the non-conforming meshes (mesh 2
and mesh 3) are between the curves of the conforming meshes (mesh 1 and mesh 4).
The relative H' error for mesh 2 is smaller than the one corresponding to mesh 3,
and this is because mesh 2 is more refined than mesh 3 in subdomain Q*, where the
solution steeply varies.

H1 relative error versus the number of refinement
10 T T T T T

T
—— mesh 1
— mesh 2
— - mesh3
—k mesh 4
—A—h

H
Ow

log(H1 relative error)

,_.
S,
T

1
£

3 I I I I I I I I I
0 0.5 1 15 2 25 3 35 45 5
number of refinements

10°

~

FIG. 4.6. relative H' error versus the number of refinements for the initial meshes : mesh 1,
(diamond line), mesh 2 (solid line), mesh 3 (dashed line), and mesh 4 (star line). The triangle line
is the mesh size h versus the number of refinements, in logarithmic scale

More precisely, let us compare for mesh 2, the relative H! error in the domain
QLU Q2 U Q3 to the relative H error in the subdomain Q* (which is the subdomain
where the solution steeply varies). This comparison can be done in Table 1.

Refinement | (E2 + E2 + E2)/2/Eoy | Es/Eey | E/Eey
0 1.45e-01 1.46e-01 | 2.06e-01
1 7176-02 7.026-02 | 1.004e-01
2 3.59¢-02 3.49¢-02 | 5.01e-02
3 1.79¢-02 1.73¢-02 | 2.49e-02
1 8.73¢-03 8.46e-03 | 1.21e-02

Table 1: Comparison, in the case of mesh 2, for different refinements (column one),
of the relative H! error in the domain composed by subdomains Q', Q2 and 3
(column 2) to the relative H' error in the subdomain Q* (column 3). The fourth

column is the relative H! error in the whole domain.

We observe that, as expected, the relative H' error in the domain composed by

subdomains Q', Q2 and Q3 (second column of table 1) is close to the relative H'

error in the subdomain Q* (third column of table 1). Indeed, the mesh 2 is more

refined in the subdomain Q* where the solution steeply varies.
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Refinement | (E? + E2 + E2)'/2/E., | Fy/Eey | F/Ees
0 1.26e-01 2.04e-01 | 2.40e-01
1 5.57e-02 1.04e-01 | 1.18e-01
2 2.74e-02 5.22e-02 | 5.90e-02
3 1.36e-02 2.59e-02 | 2.93e-02
4 6.64e-03 1.26e-02 | 1.43e-02

Table 2: Comparison, in the case of mesh 3, for different refinements (column one),
of the H' relative error in the domain composed by subdomains Q', Q2 and Q3
(column 2) to the H'! relative error in the subdomain Q* (column 3). The fourth

column is the H' relative error in the whole domain.

Let us now do the same comparison in the case of mesh 3. This mesh is coarser in
the subdomain * where the solution steeply varies. In table 2, we observe that as
expected, the H' relative error in the domain composed by subdomains Q', Q2 and
Q2 (second column of table 2) is smaller (almost half) than the H! relative error in
the subdomain Q* (third column of table 2). That one is close to the H' relative
error in the whole domain (fourth column of table 2), because mesh 3 is coarser in
the subdomain Q* where the solution steeply varies.

4.4. Convergence : Choice of the Robin parameter. Let us now study
the convergence speed to reach the discrete solution, for different values of the Robin
parameter .. We first consider a domain decomposition in two subdomains, and then
in four subdomains.

4.4.1. 2 subdomain case. In this part, the unit square is decomposed in two
subdomains with non-conforming meshes (with 81 and 153 nodes respectively) as
shown in figure @ On figure @ we represent the relative H! error between the
discrete Schwarz converged solution and the iterate solution, for different values of
the Robin parameter a. We observe that the optimal numerical value of the Robin
parameter is close t0 ayneqarn and near iy and aunaz-
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Fic. 4.7. Domain decomposition in 2 subdomains with non-conforming grids

As the relative H' error didn’t show where the error is highest, we also look at the
relative L™ error between the discrete Schwarz converged solution and the solution
at iteration p, for different values of the Robin parameter a. We obtain similar results
as for the relative H' error (see figure [L.9).

The Schwarz algorithm can be interpreted as a Jacobi algorithm applied to an interface
problem (see ) In order to accelerate the convergence, we can replace the Jacobi
algorithm by a Gmres ([BJ)) algorithm. Figures and show respectively the
relative H' error and the relative L™ error between the discrete Gmres converged
solution and the iterate solution, for different values of the Robin parameter . In the
case where & = Qneqn, We observe that the convergence is accelerated by a factor 2 for
Gmres, compared to Schwarz algorithm. Also, the gap between the error values for
different «v is decreasing when using Gmres algorithm, compared to Schwarz method.
The Gmres algorithm is less sensitive to the choice of the Robin parameter.
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Schwarz : relative H error versus the number of iterations, for different values ofa
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—_5
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FIG. 4.8. relative H' error between the discrete Schwarz converged solution and the iterate
solution, for different values of the Robin parameter «

Schwarz : relative L™ error versus the number of iterations, for different values ofa
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F1a. 4.9. Relative L error between the discrete Schwarz converged solution and the iterate
solution, for different values of the Robin parameter «
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Fic. 4.10.

solution, for different values of the Robin parameter o
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Gmres : relative H* error versus the number of iterations, for different values ofa
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Gmres : relative L” error versus the number of iterations, for different values of a

and the iterate
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FiG. 4.11. Relative L>° error between the discrete Gmres converged solution
solution, for different values of the Robin parameter o

and the iterate

4.4.2. 4 subdomain case. In this part, the unit square is decomposed into four
subdomains with non-conforming meshes (with 189, 81, 45 and 153 nodes respectively)
as shown in figure . On figure and respectively, we represent the relative
H*' error and the relative L> error between the discrete Schwarz converged solution
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and the iterate solution, for different values of the Robin parameter a. We observe
that the optimal numerical value of the Robin parameter is close to aneqn and near
Qmin and Qunaez, as in the two subdomain case.
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Fic. 4.12. Domain decomposition in 4 subdomains with non-conforming grids

4.4.3. Conclusions. The numerical results on the relative H' error between
the continuous and discrete solutions correspond to the theoretical error estimates of
theorem . On the other hand, we observe that, for a fixed number of mesh points, the
relative H' error between the continuous and discrete solutions is smaller for a mesh
refined in the region of the domain where the solution steeply varies, than for a mesh
which is coarser in that region. In term of convergence speed to reach the discrete
solution, the Robin parameter o must depend of the mesh size, and our simulations
show that o = aupean is close to the optimal numerical value.
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FIG. 4.13. relative H' error between the discrete Schwarz converged solution
solution, for different values of the Robin parameter o
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Appendix A. Inf-sup condition.. The purpose of this annex is to show that

the proof of [ can be extended to the 3D situation. Indeed the main ingredients
required for the extensions have been proven in [m Let us first recall a standard
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stability result in higher norms of the L? projection operator 7y ¢ from L*(T*:¢) onto
y;f’e N Hg(T**%) orthogonal to VNV:’Z.

LEMMA 7. Making the hypothesis that the triangulation Thk is uniformly reqular,
there exists a constant ¢ > 0 such that

1
Vo € HE (TR, |7 = '
v e Hp(M), Imeel 3 ) Sellell g

Proof From (B.37) we deduce a uniform inf-sup condition between y,’j’e N H(TF4)

and W,f’e in L2(I'**). Tt results that the projection operator 7 is stable in L?(I'**)
and thus there exists a constant ¢; > 0 such that

1
Yo € HZ (TR, |lv — 7, ][ p2(rrey < c1h? ||1)||H2 ey’

1
Let g ¢ denote the orthogonal projection operator from Hg,(I'**) onto y,lf’eﬂH& (k%)
1 1
for Hg (T**) inner product. Then, for all v in Hg (I'**),
vl ey S ell g ) F 17ew = ol

1 .
( Tk 2) ’ HOZO(Fk,E) ’ HOZO(Fk,E)

Then, with an inverse inequality, there exists a constant co > 0 such that

—1l,- -
70l 3 ey S M08 ) e2h™ IR = vl agony.
Thus,
_ —1 4,1
H?Tk’eUHHO%O(Fk,z) = ||,U||H0%0(1"k,l) +ohTich HUHHO%O(N,Z)’

and then, with ¢ = 1 + ¢/co ,we have

1
< cllvll Vo € Hey(TR),

||7Tk,eU||H§)( \ ud owey

which ends the proof of lemma .

_1 -
Then from the definition of the H, *(I'***) norm, for any pj ., in W,’:’e, there ex-

1
ists an element w*¢ in H3 (I'**) such that

k.l _ k,l k.l
/m,zph““’ =gty ey < Pkt W > gz = enell g ) 0

and w® ! can be chosen such that

k4 _
i ey = 1Pkl

[Jw™
We apply now the prOJectlon operator on w** from lemma ﬂ We derive that
T (Wht) = wh € yh ﬁHO(Fk ) and

80t ey Sl p
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and

kel _ kol _ 2
/ Dh, koW, = / Phk W™ = |[phokell” 1 .
Tk.£ Tk.¢ (Hozo(rk’[))/
It remains to lift w,’j’e over ¥, this is done by prolongating w,’j’e by zero over 9QF\ T'**
and lifting this element of H2 (9Q) over Q% as proposed in -

Appendix B. Extension in 2D for high order approximations.
LEMMA 8. Let 1 < p < 13 be an integer. There exists ¢ and C' > 0 such that for
all n € PP([—1,1]) s.t. n(—1) = 0 there exists yp € PP~1([—1,1]) s.t.

and

J(in) = /11(771&—3(77—1#)2) 20/1 n?

1 1
/ P? < C/ .
—1 —1

This lemma has been proven in the case p = 1 at section . For p > 2, we prove
this lemma by studying for a given n € P?([—1,1]), n # 0 the maximization problem

and

Find ¢ € PP~1([—1,1]) such that

J(¥in) = max J(d;m). (B.1)
¢ € PPY([-1,1])
¢(1) =n(1)

The function J is strictly concave and there exists a function satisfying the constraint.
This problem admits a solution. The functional J(¢,n) being quadratic in (¢,n) and
the constraint being affine, the optimality condition shows that the problem reduces
to a linear problem whose right hand side depends linearly of . The affine constraint
being of rank one, the problem (EI) admits a unique solution which depends linearly
of n. Therefore, it makes sense to introduce the operator:

S:Ph([-1,1) — PPI([-1,1))
n +— 1 solution to )

where P5([—1, 1]) is the set of functions of PP([—1, 1]) that vanish at —1. In Lemma fJ,
we take 1) = S(n). The operator S is linear from a finite dimensional space to another
so that it is continuous for any norm on these spaces. Therefore there exists C > 0
such that f_ll P2 < C’f_ll n?. Moreover, the function

H:Ph([-L1\0} — R
J
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is continuous and such that H(n) = H(an) for any a # 0. Therefore, it reaches its
minimum and proving Lemma [§ amounts to prove

LEMMA 9. Let p < 13 and n € PP([-1,1]) s.t. n(—1) = 0 and n is not the null
function.
Then,

J(S(n);n) > 0.

Proof. We make use of the Legendre polynomials
Lo(z) =1, Li(z) =2z, (m+ 1) Lyp1(x) = 2m+1)x Lyp(z) — mLpym—1(z), m>1
Let us recall that for any m > 0,

1
L L. = —
J - Ln(®) Ly (%) dz = 6y 1

The polynomial n is decomposed on the Legendre polynomials

p

n= Z nm(Lm + Lm—l)

m=1
and 1 = S(n) is sought in the form
p—1
Y= Z YmLm

m=0

so that it maximizes the quantity J(i;n) under the constraint n(1) = (1). This
corresponds to the min-max problem

o e
e 1 ek 00

where
L, ) = J(bsn) — pu(p(1) = n(1)).

We have to prove that the optimal value is positive. The optimality relations w.r.t ¢
give

3 1 2m +1
S \Ulm m — 3¥Wm = ) 1< <p-1
5 (lhn +1mn1) = 5¥m = p=—y m<p
and
3 1 W
5771—51/10—5-
Therefore, we get
Y =3n—=3n Ly — pRp1 (B.2)
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p—1
where R,_1 = Z (2m +1)L,, and HRp—lH%Z(}q = 2p?. Hence, the dual problem

m=0
writes

Gl
min (k5 m)

where
Gpsn) = J(3n = 3mp Ly — pRp—15m) — p($(1) = (1))
and 1 satisfies (B.g). After some calculations, we get

2 9 7712)

p
G(usn) = 3#2 — u(2n(1) = 3mp) + 2l0ll72q_11p — 29+ 1

). (B.3)

The leading coefficient of G(;7) is positive so that proving min, G(u;n) is positive
(and hence Lemma ) is equivalent to prove
LEMMA 10. For p < 13, the discriminant of (@)

2
e 2 2 2 np
A(n) = (2n(1) = 3np)” +p* (=4Il 211 + 9m) (B.4)
is negative if n € PP([—1,1]), n(—=1) = 0 and n is not the null function. Proof. We
first treat separately the case p = 2. In this case, a direct computation shows that

80 , 40 133
A(n) = ——n; — —nem — 5

3 3 15 "

The discriminant of the corresponding bilinear form is —8632/9. It is negative and
the lemma is proved in this case.

We consider now the case p > 3. Let us introduce the vector space QF = {n €
PP([—1,1]) s.t. n(—1) = 0}. The function A(n) is quadratic so that it suffices to
study the extrema of A(m/HnH%zqu[) over QP or equivalently to prove that the
associated symmetric quadratic form in negative, i.e. its eigenvalues are negative.
They correspond to the Lagrange multiplier solutions u; of the following min-max
problem

i Le(n, B.5
Jnin max (n, 1) (B.5)

where

Le(n,pn) == Am) — m(Inll7zq_11p — -

We have to prove that 3 < 0. We have

oL,
0= )
< o n >

= 2(2n(1) — 3n,)(260(1) — 30m,) + p*(—8 <, 6n > +18

Tlp 5771)

-2 on >
2p+1) pa < 1,01

where <, > denotes the L? scalar product on L?(] — 1,1[) and dn € QP.
Let us consider the vector space (1 —2?)PP~3 C QP. Any function v in (1 — 2?)PP~3
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satisfies y(—1) = (1) = 0 and ~y, = 0. The optimality relation w.r.t. to (1 —z2)P?~3
gives

(—=8p* —2u1) < m,6n >=0, Vone (1 —z*)PP3.

We have either y; = —4p? < 0 or 7 solution to (B.]) belongs to the space {(1 —
22)PP=3}L N PP. The first case corresponds to a negative value for 1 which is in
agreement with the lemma to be proved. Let us study the latter case. We shall make
use of

LEMMA 11.
1
/ Ll (1 —2%)de =0, m#m/, (B.6)
—1
! 2
/ L2 = m(m+ 1), (B.7)
—1
1
/ L{m L;n+1 =0, (B-S)
—1
1
| B L = mm = 1), ©.9)
1

Ly (-1) = (-yre D

see /ﬂ] From Lemma , it can be proved that
LEMMA 12.

{(1 = 2®)PP3} N PP = Span{L,, L, L, ,}.
Proof. From (B.6), it can be checked easily that

{(1—2*)PP*}-NPP = Span{L},, L,, L, ,}.

Moreover, we have

Ly (@) = 2p+ 1) Lp(x) + Ly, (2))

and thus lemma .

Therefore, there exists A, A2, A3 € R st. n = AL, + )\QL; + )\3L;71. Since 7 is
defined up to a constant and we only have to consider the two cases Ay = 1 or A; = 0.
Casel )\ =1

From n(—1) = 0, we get

1 -1
p+ )+/\3p(p )

17’\2p( 2 2

=0,

so that

2 p—1
Ao = + A3 .
p(p+1) p+1

— 1) n2 (p? 1 24 p% — 20 p3 — 214
Al = —a @D @741 (24p7 = 20p" —8p7 +4p)
p+1 p+1)(2p+1)
C29p°+13p—1-p°

(p+1)(2p+1)
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Since p is supposed larger than 1, the leading coefficient of A(n) is negative. If
the discriminant of A(n) is negative, the polynomial is negative for any Az. This
discriminant has the value

(> —13p—-8)(p—1)p*

16
2p+1
and is negative for 2 < p < 13.
Case 2 \1 =0
From n(—1) = 0, we get
1 -1
IRV G R )707
2 2
so that
p—1
Ao = A .
? 3p+ 1

Since 7 is an eigenvalue, it is not zero and the above relation shows that we can take

A3 = 1. Then, we have \y = g—: so that

—4(p—)p*(p* + 1)

p+1) < 0.

An) =
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