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Abstract. A nine point scheme is presented for discretizing diffusion operators on distorted
quadrilateral meshes. The advantage of this method is that highly distorted meshes can be used
without the numerical results being altered remarkably, and it treats material discontinuities rigor-
ously and offers an explicit expression for the face-centered flux; moreover, it has only the cell-centered
unknowns. We prove that the method is stable and has first-order convergence on distorted meshes.
Numerical experiments show that the method has second-order or nearly second-order accuracy on
distorted meshes.
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1. Introduction. Accurate and reliable discretization methods for the diffu-
sion equation on distorted meshes are very important for numerical simulations of
Lagrangian hydrodynamics and magnetohydrodynamics. As with the finite element
method and the finite difference method, the finite volume method is a discretization
technique for solving partial differential equations (PDEs). It is obtained by integrat-
ing the PDEs over a control volume, and it represents in general the conservation of
certain physical quantities of interest, such as mass, momentum, or energy. Due to
this natural association, the finite volume method is widely used in practical problems
such as computational fluid dynamics [18]. Moreover, it is flexible enough to be ap-
plied to complex space domains, and because it works directly on the physical domain
rather than on the computational domain through coordinate transformations, it can
be easily used in adaptive mesh strategies.

A finite volume scheme for solving diffusion equations on nonrectangular meshes
is proposed in [10], which is the so-called nine point scheme on arbitrary quadrilateral
meshes. This scheme has only cell-centered unknowns after cell-vertex unknowns are
eliminated by taking them as the arithmetic average of the neighboring cell-centered
unknowns. However, this simple interpolation loses significant accuracy on moderately
and highly skewed meshes. Some similar schemes are discussed in [8, 17].

The scheme in [7] has both cell-centered unknowns and vertex unknowns and
leads to a symmetric positive definite matrix. Although numerical experiments show
that this scheme indeed has second-order accuracy, no theoretical proof is given. In
[19], the authors analyze the scheme theoretically, and give a construction of a finite
volume scheme for diffusion equations with discontinuous coefficients. The theoretical
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analysis of the scheme is also given in [6]; moreover, the method is extended to Leray–
Lions-type elliptic problems in [5].

The scheme in [9] consists of a cell-centered variational method based on a smooth
mapping between the logical mesh coordinates and the spatial coordinates. This
scheme leads to a symmetric positive definite matrix. However, the assumption of a
smooth mapping is too restrictive. It also loses significant accuracy on moderately
and highly skewed meshes.

The MDHW scheme in [12] rigorously treats material discontinuities and yields
second-order accuracy regardless of the smoothness of the mesh. This scheme has
face-centered unknowns in addition to cell-centered unknowns. The support operators
method (SOM) in [11, 13, 15, 16] gives second-order accuracy on both smooth and
nonsmooth meshes either with or without material discontinuities, and SOM generally
leads to a symmetric positive definite matrix. However, SOM has both cell-centered
and face-centered unknowns or has a dense diffusion matrix, and there is no explicit
discrete expression for the normal flux on a cell edge.

The method of multipoint flux approximations (MPFA) [1, 2, 3, 4] has only cell-
centered unknowns and gives an explicit expression for the face-centered flux. The flux
is approximated by a multipoint flux expression based on transmissibility coefficients.
These coefficients are computed by locally solving a small linear system.

In this paper we present a nine point scheme for diffusion equations with contin-
uous and discontinuous coefficients on distorted quadrilateral meshes. The basic idea
for constructing the scheme is as follows. First, by integrating the diffusion equation
over a control volume (cell) and using the Gauss theorem, we obtain the expression
for the integral flux on a cell side. Second, we discretize the flux using cell-centered
unknowns, vertex unknowns, and face-centered unknowns on each cell. Third, we
eliminate the face-centered unknowns by continuity of the normal flux component
across a cell edge. Then we eliminate the vertex unknowns using the cell-centered un-
knowns, and the elimination procedure is a focus of this work. Hence, there are only
cell-centered unknowns in the expression of our discrete normal flux. Furthermore, it
is worth pointing out that the expression for the normal flux component has a specific
physical meaning and an intuitive geometric explanation, so it facilitates implemen-
tation in codes. In addition, we can obtain the vertex values, which are important in
some numerical methods of Lagrangian magnetohydrodynamics. Our scheme reduces
to the standard five point scheme on rectangular grids and often leads to a nonsymmet-
ric matrix for general quadrilateral meshes. We prove that our scheme is stable and
gives first-order convergence. Moreover, we extend the method to general model diffu-
sion problems. Although we prove only that the scheme is first-order accurate, the nu-
merical experiments show that it is nearly second-order accurate on distorted meshes.

The rest of this paper is organized as follows. In section 2, we describe the
construction of the finite volume scheme for stationary diffusion problems on dis-
torted quadrilateral meshes. In section 3, we prove that the scheme is stable and has
first-order accuracy. We extend the method to general model diffusion problems in
section 4. Then we present some numerical experiments to show their performance
on several test problems in section 5. Finally, we end with some concluding remarks.

2. Construction of scheme for diffusion equation.

2.1. Problem and notation. Consider the stationary diffusion problem

−∇ · (κ(x)∇u) = f(x) in Ω,(2.1)
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Fig. 2.1. The mesh stencil.

u(x) = 0 on ∂Ω,(2.2)

where Ω is an open bounded polygonal set of R2 with boundary ∂Ω.
Let us denote the cell and cell center by K and L, the vertex by A and B, and

the cell side by σ (see Figure 2.1). If the cell side σ is a common edge of cells K and
L, and its vertices are A and B, then we denote

σ = K|L = BA.

Let J be the set of all cells, E be the set of all cell sides, Eint be the set of all cell
sides not on ∂Ω, Eext be the set of all cell sides on ∂Ω, and EK be the set of all cell
sides of cell K. Denote h = (supK∈J m(K))1/2, where m(K) is the area of cell K.

We need the following two assumptions.
Assumption (H1): u(x) ∈ C2(K), κ(x) ∈ C1(K), and f(x) ∈ C1(K) for all

K ∈ J .
Assumption (H2): There is a constant C > 0 such that

1

C
|A−B| ≤ |K − L| ≤ C|A−B|, K ∈ J .

Assumption (H2) implies that the aspect ratio is bounded; i.e., there are no extremely
long and thin cells.

2.2. The expression of flux. By integrating (2.1) over the cell K and using
the Green formula, one obtains∑

σ∈EK

FK,σ =

∫
K

f(x)dx,(2.3)

where FK,σ is the normal face flux on the edge σ, defined by

FK,σ = −
∫
σ

κ(x)∇u(x) · �nK,σdl,(2.4)

with �nK,σ the outward unit normal on the edge σ of cell K (see Figure 2.2).
In Figure 2.2, I is the midpoint of σ = BA; �τBA and �τKI are unit tangential

vectors on BA and KI, respectively; and θK,σ is the angle between �nK,σ and �τKI .
Notice that
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Fig. 2.2. Some notation.

�nK,σ = − tan θK,σ�τBA +
1

cos θK,σ
�τKI ,

and the normal face flux can be written as

FK,σ = tan θK,σ

∫
σ

κ(x)∇u(x) · �τBAdl −
1

cos θK,σ

∫
σ

κ(x)∇u(x) · �τKIdl.(2.5)

By the Taylor expansion, one has

u(I) − u(K) = ∇u(x) · (I −K) +
1

2
(HI −HK),

u(A) − u(B) = ∇u(x) · (A−B) +
1

2
(HA −HB),

where HI = (∇2u(rx + (1 − r)I)(I − x), I − x), ∇2u(rx + (1 − r)I) is the Hessian
matrix of u at the point rx+(1−r)I, and r is a number in [0, 1]. The other notations
HK , HA, and HB have similar meanings. It follows that

κ(x)∇u(x) · �τKI =
κ(K)

|I −K| (u(I) − u(K)) − κ(K)
HI −HK

2|I −K|

− (∇κ(rK + (1 − r)x) · (K − x))∇u(x) · �τKI ,

κ(x)∇u(x) · �τBA =
κ(K)

|A−B| (u(A) − u(B)) − κ(K)
HA −HB

2|A−B|

− (∇κ(rK + (1 − r)x) · (K − x))∇u(x) · �τBA.

Substitute the above two equations into (2.5) to obtain

FK,σ = −τK,σ(u(I) − u(K) −DK,σ(u(A) − u(B))) + RK,σ,(2.6)
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where τK,σ = |A−B|κ(K)
|I−K| cos θK,σ

= |A−B|κ(K)
dK,σ

, DK,σ =
sin θK,σ|I−K|

|A−B| , and RK,σ = O(h2).

Similarly, we have

FL,σ = −τL,σ(u(I) − u(L) −DL,σ(u(B) − u(A))) + RL,σ,(2.7)

where τL,σ = |A−B|κ(L)
|I−L| cos θL,σ

= |A−B|κ(L)
dL,σ

, DL,σ =
sin θL,σ|I−L|

|A−B| , and RL,σ = O(h2).

By continuity of the normal flux component

FK,σ = −FL,σ,(2.8)

we can obtain

u(I) =
1

τK,σ + τL,σ
(τK,σu(K) + τL,σu(L) + (τK,σDK,σ − τL,σDL,σ)(u(A) − u(B)))

+
1

τK,σ + τL,σ
(RK,σ + RL,σ).(2.9)

Substitute (2.9) into (2.6) to obtain

FK,σ = −τσ(u(L) − u(K) −Dσ(u(A) − u(B))) + R̄K,σ,(2.10)

where τσ =
τK,στL,σ

τK,σ+τL,σ
= |A−B|

dK,σ
κ(K) +

dL,σ
κ(L)

, Dσ = (L−K,A−B)
|A−B|2 , and R̄K,σ =

τL,σRK,σ−τK,σRL,σ

τK,σ+τL,σ

= O(h2). By (2.8) and (2.10), we immediately get

FL,σ = −τσ(u(K) − u(L) −Dσ(u(B) − u(A))) + R̄L,σ,(2.11)

where R̄L,σ = −R̄K,σ.

The expressions for the normal flux components have specific physical meanings
and clear geometric meanings. For instance, FK,σ consists of two parts: one is the
flux from the cell center K to the cell center L, and the other is the flux from the
vertex B to the vertex A. If the lines KL and AB are perpendicular with each other,
then the normal flux component FK,σ is equal to the flux from the cell center K to
the cell center L, and the flux from the vertex B to the vertex A has no contribution
for FK,σ. If the lines KL and AB are not perpendicular with each other, then both
the flux from the cell center K to the cell center L and the flux from the vertex B to
the vertex A have contribution for FK,σ.

It is obvious that there are vertex unknowns u(A) and u(B) in addition to cell-
centered unknowns in the expressions (2.10) and (2.11) of the normal flux component.
In the next section, we will consider how to eliminate the vertex unknowns.

2.3. The expression of vertex unknowns. The main goal of this section is
to obtain the local expression of the normal flux component with only cell-centered
unknowns. We will propose a method of eliminating the vertex unknowns in (2.10)
and (2.11) by locally approximating them with surrounding cell-centered unknowns.
Noticing that R̄K,σ = O(h2) in (2.10) and R̄L,σ = O(h2) in (2.11), we require that the
approximation of vertex unknowns be second order so as not to affect the approximate
accuracy of the normal flux. Now, we will describe in detail a method of eliminating
the vertex unknowns.
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2.3.1. Continuous coefficient. Let KA, LA,K, and L be the cells sharing the
vertex A. When the coefficient κ(x) is continuous, we use the following Taylor expan-
sions:

u(KA) = u(A) + uxxKAA + uyyKAA + O(h2),

u(K) = u(A) + uxxKA + uyyKA + O(h2),

u(L) = u(A) + uxxLA + uyyLA + O(h2),

u(LA) = u(A) + uxxLAA + uyyLAA + O(h2),

where xKAA = xKA
− xA, yKAA = yKA

− yA, and the others have similar definitions.
As referred to above, we will approximate u(A) by the linear weighted combination

of u(KA), u(LA), u(K), and u(L). In order to make this approximation second order,
we should select some coefficients such that the terms containing ux and uy vanish.
Specifically, multiply the above four equations by ωAi(i = 1, 2, 3, 4), respectively, and
add the resulting equations to obtain

u(A) = ωA1
u(KA) + ωA2u(K) + ωA3

u(L) + ωA4u(LA) + RA,(2.12)

where ωAi
(i = 1, 2, 3, 4) satisfy the following relation:⎧⎪⎨

⎪⎩
ωA1

+ ωA2
+ ωA3

+ ωA4
= 1,

xKAAωA1 + xKAωA2 + xLAωA3 + xLAAωA4 = 0,

yKAAωA1
+ yKAωA2

+ yLAωA3
+ yLAAωA4

= 0,

(2.13)

and RA = O(h2).
The matrix associated with the system of equations (2.13) is denoted by M , which

is of size 3 × 4. Thus the linear system (2.13) reduces to an underdetermined system
Mω = b, where ω = (ωA1 , ωA2 , ωA3 , ωA4)

T and b = (1, 0, 0)T . We can obtain the
solution ω by different methods. In this paper, we set ω = MTω′ and solve the system
of equations about ω′: MMTω′ = b. Since the meshes are convex quadrangles, the
four points KA,K, LA, and L are not on a straight line. It follows that the determinant
of MMT is not equal to zero. Once the solution ω′ is computed, the original unknown
ω can be obtained (see [14]).

In a similar way, we have

u(B) = ωB1u(K) + ωB2u(KB) + ωB3u(LB) + ωB4u(L) + RB ,(2.14)

where ωBi(i = 1, 2, 3, 4) are required to satisfy a similar relation and RB = O(h2).

2.3.2. Discontinuous coefficient. When the diffusion coefficient κ(x) is dis-
continuous (piecewise continuous), the gradient of u(x) is discontinuous across
the discontinuity. That is, ux and uy in the Taylor expansion formulae of the above
subsection may be discontinuous across the discontinuity. In this case, we use the
continuity of the normal flux components at a vertex and the continuity of the tan-
gential gradients on a cell side to eliminate the vertex unknowns. Next, we present
the elimination procedure in detail.

We use the following Taylor expansions:

u(KA) = u(A) + ∇u(A)|KA
· (xKA

− xA) + R̄KA
,(2.15)
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u(K) = u(A) + ∇u(A)|K · (xK − xA) + R̄K ,(2.16)

u(L) = u(A) + ∇u(A)|L · (xL − xA) + R̄L,(2.17)

u(LA) = u(A) + ∇u(A)|LA
· (xLA

− xA) + R̄LA
,(2.18)

where ∇u(A)|KA
is the gradient of u(x) on cell KA taking the value at the vertex A,

and ∇u(A)|K , ∇u(A)|L, and ∇u(A)|LA
have similar meanings. Moreover, R̄KA

=
O(h2), R̄K = O(h2), R̄LA

= O(h2), and R̄LA
= O(h2).

To approximate u(A) by the linear combination of u(KA), u(K), u(L), and u(LA)
with second-order accuracy, we choose the combination coefficients such that the terms
containing ∇u(A)|KA

,∇u(A)|K ,∇u(A)|L, and ∇u(A)|LA
vanish. This can be done

by using the continuity of the normal flux component at a vertex and the continuity
of the tangential gradients on a cell side.

The normal fluxes at vertex A on the sides S1, S2, S3, and S4 are denoted by f1,
f2, f3, and f4, respectively, where counterclockwise is taken to be the positive flux
direction (see Figure 2.3). By the continuity of the normal flux components at vertex
A for each edge, we have

κ(KA)∇u(A)|KA
· �nKAK + R̄1 = −κ(K)∇u(A)|K · �nKKA

+ R̄2 ≡ f1,(2.19)

κ(K)∇u(A)|K · �nKL + R̄3 = −κ(L)∇u(A)|L · �nLK + R̄4 ≡ f2,(2.20)

κ(L)∇u(A)|L · �nLLA
+ R̄5 = −κ(LA)∇u(A)|LA

· �nLAL + R̄6 ≡ f3,(2.21)

κ(LA)∇u(A)|LA
· �nLAKA

+ R̄7 = −κ(KA)∇u(A)|KA
· �nKALA

+ R̄8 ≡ f4.(2.22)

Here �nKAK is the unit normal vector to the common side of cells KA and K with the
direction from KA to K (the others have similar definitions), and R̄i = O(h), (i =
1, 2, . . . , 8).

From (2.19) and (2.22), we have⎧⎨
⎩

�nT
KAK · ∇u(A)|KA

= f1−R̄1

κ(KA) ,

�nT
KALA

· ∇u(A)|KA
= − f4−R̄8

κ(KA) .
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Fig. 2.3. The normal flux at vertex A.
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This system of equations can be written as

X∇u(A)|KA
=

⎡
⎣ f1−R̄1

κ(KA)

− f4−R̄8

κ(KA)

⎤
⎦ ,

where

X =

[
�nT
KAK

�nT
KALA

]
.

Introduce the matrix

R =

[
0 1

−1 0

]
.

Then, the determinant of X is TKA
= det X = �nT

KAK · R�nKALA
. TKA

is equal to
twice the area of the triangle spanned by the vectors �nKAK and �nKALA

(the vectors
�nKAK and �nKALA

form a right-handed system). The inverse of matrix X is given by

X−1 =
1

TKA

[R�nKALA
, −R�nKAK ].

It follows that

∇u(A)|KA
=

1

κ(KA)TKA

R�nKALA
(f1 − R̄1) +

1

κ(KA)TKA

R�nKAK(f4 − R̄8).(2.23)

In the same way, we have

∇u(A)|K =
1

κ(K)TK
R�nKKA

(f2 − R̄3) +
1

κ(K)TK
R�nKL(f1 − R̄2),(2.24)

∇u(A)|L =
1

κ(L)TL
R�nLK(f3 − R̄5) +

1

κ(L)TL
R�nLLA

(f2 − R̄4),(2.25)

∇u(A)|LA
=

1

κ(LA)TLA

R�nLAL(f4 − R̄7) +
1

κ(LA)TLA

R�nLAKA
(f3 − R̄6),(2.26)

where TK = �nT
KL ·R�nKKA

, TL = �nT
LLA

·R�nLK , and TLA
= �nT

LAKA
·R�nLAL.

Substitute (2.23) into (2.15) to obtain

u(KA) = u(A) + ωKA,4f4 + ωKA,1f1 + R̄′
KA

,(2.27)

where

ωKA,4 =
1

κ(KA)TKA

|KA −A| cos θ2, ωKA,1 = − 1

κ(KA)TKA

|KA −A| cos θ1,

and R̄′
KA

= O(h2). Here θ1 and θ2 are the angles between the segment KAA and two
cell sides (see Figure 2.4). Similarly, substitute (2.24), (2.25), and (2.26) into (2.16),
(2.17), and (2.18), respectively, to obtain

u(K) = u(A) + ωK,1f1 + ωK,2f2 + R̄′
K ,(2.28)

u(L) = u(A) + ωL,2f2 + ωL,3f3 + R̄′
L,(2.29)

u(LA) = u(A) + ωLA,3f3 + ωLA,4f4 + R̄′
LA

,(2.30)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

NINE POINT SCHEME 1349

AK AL

1 8

7

6
54

3

2

K L

A

AK AL

AL

L
K

AK

K L

A

Fig. 2.4. The angles associated with vertex A.

where

ωK,1 =
1

κ(K)TK
|K −A| cos θ4, ωK,2 = − 1

κ(K)TK
|K −A| cos θ3,

ωL,2 =
1

κ(L)TL
|L−A| cos θ6, ωL,3 = − 1

κ(L)TL
|L−A| cos θ5,

ωLA,3 =
1

κ(LA)TLA

|LA −A| cos θ8, ωLA,4 = − 1

κ(LA)TLA

|LA −A| cos θ7,

and R̄′
K , R̄′

L, and R̄′
LA

are all O(h2).
Multiply (2.27)–(2.30) by ωAi (i = 1, 2, 3, 4), respectively, and add the resulting

equations to obtain

ωA1u(KA) + ωA2u(K) + ωA3u(L) + ωA4
u(LA)

=
4∑

i=1

ωAiu(A) + (ωA1ωKA,1 + ωA2ωK,1)f1 + (ωA2ωK,2 + ωA3ωL,2)f2

+ (ωA3ωL,3 + ωA4ωLA,3)f3 + (ωA4ωLA,4 + ωA1ωKA,4)f4 + R̄A,(2.31)

where R̄A = O(h2).
In order to obtain second-order approximation, the coefficients of f1, f2, f3, and

f4 should be zero, and the coefficient of u(A) should be 1, which leads to five equations
about ωAi

. However, there are only four unknowns ωAi (i = 1, . . . , 4).
Note that the five equations are not independent. We will find their relations by

the continuity of the tangential gradients on the cell side. Specifically, the tangen-
tial gradient on the edge S1, which is the common edge of the cells K and KA, is
continuous; that is,

∇u(A)|KA
· (−R�nKAK) = ∇u(A)|K · (R�nKKA

).(2.32)

Substitute (2.23) and (2.24) into the above equation to obtain

a1f1 + a2f4 = a3f2 + a4f1 + (a1R̄1 + a2R̄8 − a3R̄3 − a4R̄2),(2.33)
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where a1 =
cos θKA

κ(KA)TKA
, a2 = − 1

κ(KA)TKA
, a3 = 1

κ(K)TK
, and a4 = − cos θK

κ(K)TK
. Here θKA

and θK are shown in Figure 2.4.
Similarly, note that the tangential gradients on the edge Si (i = 2, 3, 4) are con-

tinuous, respectively; that is,

∇u(A)|K · (−R�nKL) = ∇u(A)|L · (R�nLK),

∇u(A)|L · (−R�nLLA
) = ∇u(A)|LA

· (R�nLAL),

∇u(A)|LA
· (−R�nLAKA

) = ∇u(A)|KA
· (R�nKALA

).

It follows that

b1f2 + b2f1 = b3f3 + b4f2 + (b1R̄3 + b2R̄2 − b3R̄5 − b4R̄4),(2.34)

c1f3 + c2f2 = c3f4 + c4f3 + (c1R̄5 + c2R̄4 − c3R̄7 − c4R̄6),(2.35)

d1f4 + d2f3 = d3f1 + d4f4 + (d1R̄7 + d2R̄6 − d3R̄1 − d4R̄8).(2.36)

Here

b1 =
cos θK
κ(K)TK

, b2 = − 1

κ(K)TK
, b3 =

1

κ(L)TL
, b4 = − cos θL

κ(L)TL
,

c1 =
cos θL
κ(L)TL

, c2 = − 1

κ(L)TL
, c3 =

1

κ(LA)TLA

, c4 = − cos θLA

κ(LA)TLA

,

d1 =
cos θLA

κ(LA)TLA

, d2 = − 1

κ(LA)TLA

, d3 =
1

κ(KA)TKA

, d4 = − cos θKA

κ(KA)TKA

.

From (2.33)–(2.36), we can find the relation between fi0 and fi (i �= i0). Specifi-
cally, we can obtain the relation between f2 and f1, f4 from (2.33),

f2 = t1f1 + t2f4 + Rs1 ,(2.37)

where t1 = a1−a4

a3
, t2 = a2

a3
, and Rs1 = O(h). Substitute the relation (2.37) into (2.31)

to obtain

ωA1
u(KA) + ωA2

u(K) + ωA3
u(L) + ωA4

u(LA) =

4∑
i=1

ωAi
u(A)

+ (ωA1ωKA,1 + ωA2(ωK,1 + ωK,2t1) + ωA3ωL,2t1)f1 + (ωA3ωL,3 + ωA4ωLA,3)f3

+ (ωA4ωLA,4 + ωA1ωKA,4 + ωA2ωK,2t2 + ωA3ωL,2t2)f4 + R̄′
A,(2.38)

where R̄′
A = O(h2).

Letting the coefficients of f1, f3, and f4 be zero, we obtain four equations about
four unknowns ωAi (i = 1, . . . , 4). It follows that

u(A) = ωA1u(KA) + ωA2u(K) + ωA3u(L) + ωA4u(LA) + R′
A,

where R′
A = −R̄′

A = O(h2).
Similarly, we can obtain the relation between fi0 and fi (i �= i0) from (2.34) or

(2.35) or (2.36). Substitute this relation into (2.31) and let the coefficients of fi be
zero; then we can obtain the expression of u(A).
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It is obvious that we obtain four different expressions of u(A) with four groups

of combination coefficients (ω
(j)
A1

, ω
(j)
A2

, ω
(j)
A3

, ω
(j)
A4

) (1 ≤ j ≤ 4). In order to make the

expression of u(A) unique, we simply take ω = ω(j0) such that

4∑
i=1

|ω(j0)
Ai

| = min
1≤j≤4

4∑
i=1

|ω(j)
Ai

|.(2.39)

Hence, we get the unique expression of u(A) as follows:

u(A) = ωA1u(KA) + ωA2
u(K) + ωA3

u(L) + ωA4u(LA) + RA,(2.40)

where RA = O(h2).

2.4. The nine point scheme. Substituting the expression of vertex unknowns
into (2.10), we have

FK,σ = −τσ{u(L) − u(K) −Dσ[ωA1u(KA) + ωA2u(K) + ωA3
u(L) + ωA4

u(LA)

− (ωB1u(K) + ωB2u(KB) + ωB3u(LB) + ωB4u(L))]} + WK,σ,

where WK,σ = O(h2). Denote

F̄K,σ = −τσ{u(L) − u(K) −Dσ[ωA1u(KA) + ωA2u(K) + ωA3u(L) + ωA4u(LA)

− (ωB1
u(K) + ωB2

u(KB) + ωB3
u(LB) + ωB4

u(L))]}.

Therefore, Fn+1
K,σ = F̄n+1

K,σ + WK,σ.

Let

FK,σ = −τσ{uL − uK −Dσ[ωA1uKA
+ ωA2uK + ωA3uL + ωA4uLA

− (ωB1uK + ωB2uKB
+ ωB3uLB

+ ωB4uL)]};(2.41)

then the finite volume scheme of the problem (2.1)–(2.2) is given as follows:

∑
σ∈EK

FK,σ = fKm(K), K ∈ Ω,(2.42)

uK = 0, K ∈ ∂Ω,(2.43)

where fK = f(K), and K ∈ ∂Ω means that K is a boundary edge and also the
midpoint of the boundary edge.

It is obvious that the scheme at cell K is coupled with the eight cells around it;
hence there are nine cells in our stencil (see Figure 2.5), so we call the scheme a nine
point scheme. Our scheme reduces to the standard five point scheme on rectangular
grids (see Figure 2.6). The scheme often leads to a system with a nonsymmetric
matrix for general quadrilateral meshes. It is straightforward to extend our scheme
on distorted quadrilateral meshes to arbitrary polygonal meshes.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1352 ZHIQIANG SHENG AND GUANGWEI YUAN

K

Fig. 2.5. Nine point stencil.

K

Fig. 2.6. Five point stencil.

3. Stability and convergence of scheme. In order to obtain the theorems of
stability and convergence, we introduce the following assumption (H3):

τσD
2
σω

2
A1

≤ 1 − ε0 − ε

16
τKA|K , τσD

2
σω

2
A4

≤ 1 − ε0 − ε

16
τLA|L,

τσD
2
σω

2
B2

≤ 1 − ε0 − ε

16
τK|KB

, τσD
2
σω

2
B3

≤ 1 − ε0 − ε

16
τL|LB

,

Dσ(ωA3 + ωA4 − ωB3 − ωB4) ≤
ε0

2
,

where ε0 ∈ (0, 1) is a given constant, and ε > 0 is a small constant satisfying ε0+ε < 1.
The above assumption (H3) implies a geometric constraint on cell deformation.

For an orthogonal mesh, Dσ = 0. The inequality τσD
2
σω

2
A1

≤ 1−ε0−ε
16 τKA|K can

be rewritten as τσ
τKA|K

D2
σω

2
A1

≤ 1−ε0−ε
16 . When κ = 1, we have τσ = |A−B|

|K−L| cos θ ,

Dσ = |L−K| sin θ
|A−B| . It is obvious that the assumption is a constraint on some geometric

parameters, which include the angle between the cell side and the segment connecting
neighboring cell centers, and the ratio between the length of the cell side and the
length of the segment connecting neighboring cell centers.
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3.1. Stability. Now we prove that our scheme is stable.
Theorem 3.1. Assume that (H1), (H2), and (H3) are satisfied. Then there exists

a constant C, independent of h, such that∑
σ∈E

τσ(uL − uK)2 ≤ C
∑
K∈J

|fK |2m(K).

Proof. Multiplying (2.42) by uK and summing up the resulting products for
K ∈ J , we get ∑

K∈J

∑
σ∈EK

FK,σuK =
∑
K∈J

fKuKm(K).(3.1)

Notice that∑
K∈J

∑
σ∈EK

FK,σuK = −
∑
K∈J

∑
σ∈EK

τσ(uL − uK −Dσ(ωA1uKA
+ ωA2uK + ωA3uL

+ωA4
uLA

− (ωB1uK + ωB2uKB
+ ωB3

uLB
+ ωB4uL)))uK

=
∑
σ∈E

τσ(uL − uK)2 +
∑

σ∈Eint

τσDσ(ωA1uKA
+ ωA2uK + ωA3uL

+ωA4uLA
− (ωB1uK + ωB2

uKB
+ ωB3

uLB
+ ωB4

uL))(uK − uL)

=
∑
σ∈E

τσ(uL − uK)2 +
∑

σ∈Eint

τσDσ(ωA1
(uKA

− uK)

+ωA4(uLA
− uL)

+ωB2
(uK − uKB

) + ωB3
(uL − uLB

) + (ωA2 + ωA1 − ωB1 − ωB2)

·uK + (ωA3
+ ωA4 − ωB3 − ωB4)uL)(uK − uL)

=
∑
σ∈E

τσ(uL − uK)2 +
∑

σ∈Eint

τσDσ(ωA1(uKA
− uK)

+ωA4(uLA
− uL) + ωB2(uK − uKB

)

+ωB3(uL − uLB
))(uK − uL)

−
∑

σ∈Eint

τσDσ(ωA3 + ωA4 − ωB3 − ωB4)(uK − uL)2.(3.2)

Substitute (3.2) into (3.1) to obtain∑
σ∈E

τσ(uL − uK)2 −
∑

σ∈Eint

τσDσ(ωA3 + ωA4 − ωB3 − ωB4)(uK − uL)2

+
∑

σ∈Eint

τσDσ(ωA1
(uKA

− uK) + ωA4
(uLA

− uL) + ωB2
(uK − uKB

)

+ωB3(uL − uLB
))(uK − uL) =

∑
K∈J

fKuKm(K).(3.3)
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By the Cauchy inequality,∑
σ∈E

τσ(uL − uK)2 −
∑

σ∈Eint

τσDσ(ωA3
+ ωA4

− ωB3
− ωB4

)(uK − uL)2

≤
∑

σ∈Eint

1

2
τσ(uL − uK)2 + 2

∑
σ∈Eint

τσD
2
σ

(
ω2
A1

(uKA
− uK)2 + ω2

A4
(uLA

− uL)2

+ ω2
B2

(uK − uKB
)2 + ω2

B3
(uL − uLB

)2
)

+
C

ε

∑
K∈J

|fK |2m(K) +
ε

4C

∑
K∈J

|uK |2m(K).

Apply the assumption (H3) and the Sobolev inequality to obtain

∑
σ∈E

ε

4
τσ(uL − uK)2 ≤ C

ε

∑
K∈J

|fK |2m(K),

and hence, ∑
σ∈E

τσ(uL − uK)2 ≤ C
∑
K∈J

|fK |2m(K).

Thus the scheme (2.42)–(2.43) is stable.

3.2. Convergence. Equation (2.3) is equivalent to the following equation:

∑
σ∈EK

FK,σ = fKm(K) + SKm(K),(3.4)

where fK = f(K), SK =
∫
K

(f(x)− fK)dx/m(K). Obviously, |SK | ≤ Ch by assump-
tion (H1).

Let eK = u(K) − uK , and subtract (2.42) from (3.4) to obtain

∑
σ∈EK

GK,σ = SKm(K) −
∑
σ∈EK

WK,σ,(3.5)

where GK,σ = F̄K,σ − FK,σ.
Now we present an error estimate for the scheme (2.42)–(2.43).
Theorem 3.2. Assume that (H1), (H2), and (H3) are satisfied. Then there exists

a constant C, independent of h, such that

(∑
σ∈E

τσ(eL − eK)2

)1/2

≤ Ch.

Proof. Multiplying (3.5) by eK , and summing up the resulting products for K ∈
J , we get ∑

K∈J

∑
σ∈EK

GK,σeK =
∑
K∈J

SKeKm(K) −
∑
K∈J

∑
σ∈EK

WK,σeK .(3.6)
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Notice that∑
K∈J

∑
σ∈EK

GK,σeK = −
∑

σ∈Eint

τσDσ(ωA3 + ωA4 − ωB3 − ωB4)(eK − eL)2

+
∑
σ∈E

τσ(eL − eK)2 +
∑

σ∈Eint

τσDσ(ωA1(eKA
− eK)

+ωA4
(eLA

− eL) + ωB2
(eK − eKB

) + ωB3
(eL − eLB

))(eK − eL).(3.7)

Denote Wσ = WK,σ, notice that WL,σ = −WK,σ, and substitute (3.7) into (3.6) to
obtain ∑

σ∈E
τσ(eL − eK)2 −

∑
σ∈Eint

τσDσ(ωA3 + ωA4 − ωB3 − ωB4)(eK − eL)2

+
∑

σ∈Eint

τσDσ(ωA1(eKA
− eKA

) + ωA4(eLA
− eL) + ωB2(eK − eKB

)

+ωB3(eL − eLB
))(eK − eL)

=
∑
K∈J

SKeKm(K) −
∑
σ∈E

Wσ(eK − eL).

By the Cauchy inequality, we have∑
σ∈E

τσ(eL − eK)2 −
∑

σ∈Eint

τσDσ(ωA3
+ ωA4

− ωB3
− ωB4

)(eK − eL)2

≤
∑

σ∈Eint

1

2
τσ(eL − eK)2 + 2

∑
σ∈Eint

τσD
2
σ

[
ω2
A1

(eKA
− eK)2 + ω2

A4
(eLA

− eL)2

+ ω2
B2

(eK − eKB
)2 + ω2

B3
(eL − eLB

)2
]
+

∑
σ∈E

ε

8
τσ(eK − eL)2

+
∑
σ∈E

2

ετσ
|Wσ|2 +

ε

8C1

∑
K∈J

|eK |2m(K) + Ch2.

Applying the assumption (H3) and the Sobolev inequality, we obtain∑
σ∈E

τσ(uL − uK)2 ≤ Ch2.

4. Extension to general model diffusion equation. Consider now the gen-
eral model diffusion problem

−∇ · (κ(x)∇u) = f(x) in Ω,(4.1)

u(x) = 0 on ∂Ω,(4.2)

where κ(x) is a positive definite 2 × 2 matrix.
Making the same operations as those at the beginning of subsection 2.2, and

noticing that

(κ∇u) · ν = ∇u · (κtν),
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we obtain ∑
σ∈EK

FK,σ =

∫
K

f(x)dx,(4.3)

where

FK,σ = −
∫
σ

∇u(x) · κ(x)t�nK,σdl.(4.4)

Since vectors �τBA and �τKI cannot be collinear, there exist α(x) and β(x) depend-
ing on κ such that

κ(x)t�nK,σ = −α(x)�τBA + β(x)�τKI ,(4.5)

where

α(x) =
1

cos θK,σ
�νKI · (κ(x)t�nK,σ), β(x) =

1

cos θK,σ
�nK,σ · (κ(x)t�nK,σ).

Using a similar derivation as in section 2, we have

FK,σ = −τσ {u(L) − u(K) −Dσ [u(A) − u(B)]} + RK,σ,

FL,σ = −τσ{u(K) − u(L) −Dσ[u(B) − u(A)]} + RL,σ,

where τσ = |A−B|
|I−K|
β(K) + |I−L|

β(L)

, Dσ = |I−K|α(K)
|A−B|β(K) + |I−L|α(L)

|A−B|β(L) , and RK,σ = −RL,σ = O(h2).

Let

FK,σ = −τσ {uL − uK −Dσ[ωA1uKA
+ ωA2uK + ωA3uL + ωA4uLA

− (ωB1uK + ωB2uKB
+ ωB3

uLB
+ ωB4uL)]} ,

where ωAi and ωBi satisfy relations similar to those in section 2. Then we obtain
the finite volume scheme of problem (4.1)–(4.2). It is obvious that we have theorems
similar to those in section 3.

5. Numerical experiments. Let us now present some numerical results to
illustrate the behavior of the proposed finite volume scheme.

The symmetric linear systems are solved by the conjugate gradient (CG) method,
and the nonsymmetric linear systems are solved by the biconjugate gradient stabilized
algorithm (BICGSTAB) (see [14]).

Let Ω be the unit square, and let ∂ΩS , ∂ΩE , ∂ΩN , ∂ΩW be the boundaries of
Ω. The first distorted mesh is a random mesh (see [8]). The random mesh over the
physical domain Ω = [0, 1] × [0, 1] is defined by xij = i

I + σ
I (Rx − 0.5), yij = i

J +
σ
J (Ry−0.5), where σ ∈ [0, 1] is a parameter and Rx and Ry are two normalized random
variables. The second distorted mesh is a Z-mesh as described in [9]. Figure 5.1
displays a random mesh generated with σ = 0.7 and a Z-mesh.

5.1. Linear elliptic equation. In order to test the scheme given in section 2
and compare it with some known methods, we consider the following linear elliptic
equation whose analytic solution is u = 2 + cos(πx) + sin(πy):

−∇ · (∇u) = π2(cos(πx) + sin(πy)) in Ω,

u = 2 + cos(πx) on ∂ΩS ∪ ∂ΩN ,

∇u · ν = 0 on ∂ΩE ∪ ∂ΩW .
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Table 5.1 gives the error between the exact solution and the numerical solution
on the above mentioned random meshes, where NPCT (nine point scheme with cell-
centered unknowns and Taylor expansion) is our new method, NPC is the method
of [10] in which all of the combination coefficients are 1

4 , NPCV is the method of
constructing the scheme on both cell centers and vertices (see [7, 19]), and MPFA
is the method of multipoint flux approximations in [1]. NPCT, NPC, and MPFA
lead to linear systems with a nonsymmetric matrix, and we use BICGSTAB to solve
them. NPCV leads to a linear system with a symmetric matrix, and we use CG to
solve it. From Table 5.1, one can see clearly that MPFA produces the best results
for this case and exhibits nearly second-order convergence. NPCT produces the next
best results for this case and also exhibits nearly second-order convergence. NPCV
also has nearly second-order convergence, while NPC is the worst, failing to converge
as the number of cells is increased. Compared with NPCV, our method not only
provides more accurate results, but also is less expensive. This is because our method
has less than half the unknowns of NPCV; i.e., our method has only the cell-centered
unknowns, and NPCV has both cell-centered unknowns and vertex unknowns.
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Fig. 5.1. Distorted quadrilateral mesh (24 × 24; left: random mesh, right: Z-mesh).

Table 5.1

Results for the linear elliptic equation on a random mesh.

I × J 12 × 12 24 × 24 48 × 48 96 × 96 192 × 192
NPCT Maximum error 1.59e-2 4.01e-3 1.07e-3 3.05e-4 8.74e-5

time(s) – – 0.25 2.43 28.85
MPFA Maximum error 1.49E-2 3.58E-3 1.05E-3 2.72E-4 6.99E-5

time(s) – – 0.28 2.02 24.55
NPCV Maximum error 1.67e-2 4.28e-3 1.25e-3 3.30e-4 9.31e-5

time(s) – – 0.40 3.63 57.94
NPC Maximum error 0.23 0.15 0.14 0.14 0.14

time(s) – – 0.22 2.62 37.08

Figure 5.2 displays the error between the exact solution and the numerical solution
for the above-mentioned Z-mesh. The dashed line refers to first-order convergence,
the solid line refers to second-order convergence, and the dash-dotted line gives the
error of our method for the linear elliptic equation. One can see clearly that our
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Fig. 5.2. The results on Z-mesh.

method exhibits nearly second-order convergence in this case.
Although we proved our scheme to be first-order accurate in theory, numerical

experiments show that it appears to be second-order accurate for the tested problems.

5.2. The general model diffusion problem. In this subsection, we consider
the general model diffusion problem

−∇ · (κ(x)∇u) = f(x) in Ω,

u = sin(πx) sin(πy) on ∂Ω,

where κ(x) is a symmetric positive definite matrix, κ(x) = RDRT , and

R =

(
cos θ − sin θ

sin θ cos θ

)
, D =

(
d1 0

0 d2

)
,

θ = 5π
12 , d1 = 1 + 2x2 + y2, d2 = 1 + x2 + 2y2. The solution is chosen to be u(x, y) =

sin(πx) sin(πy).

Table 5.2

Results for the general model diffusion problem.

I × J 12 × 12 24 × 24 48 × 48 96 × 96 192 × 192
NPCT Maximum error 9.65e-3 2.55e-3 8.21e-4 2.12e-4 5.46e-5

time(s) – – 0.25 2.15 45.58
MPFA Maximum error 1.50E-2 3.27E-3 9.53E-4 2.52E-4 6.97E-5

time(s) – – 0.28 2.17 36.32
NPCV Maximum error 1.30e-2 3.24e-3 9.32e-4 2.48e-4 7.36e-5

time(s) – – 0.27 2.57 37.08
NPC Maximum error 8.45e-2 9.42e-2 7.71e-2 8.39e-2 8.09e-2

time(s) – – 0.23 2.12 40.77

Table 5.2 gives the error between the exact solution and the numerical solution.
From this table, one can see that NPCT produces the best results for this case and
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Fig. 5.3. Random mesh with a discontinuity in x = 2/3 (24 × 24).

Table 5.3

Results for the linear elliptic equation with discontinue coefficients.

I × J 12 × 12 24 × 24 48 × 48 96 × 96 192 × 192
NPCT Maximum error 8.56e-2 2.97e-2 1.04e-3 2.81e-3 8.01e-4

time(s) – – 0.30 2.32 37.53
MPFA Maximum error 9.10E-2 3.07E-2 1.03E-2 2.79E-3 8.22E-4

time(s) – – 0.30 2.42 34.20
NPCV Maximum error 1.81E-1 3.53E-2 1.12E-2 3.13E-3 8.63E-4

time(s) – – 0.32 2.48 34.00

exhibits nearly second-order convergence. NPCV and MPFA produce the next best
results for this case and also exhibit nearly second-order convergence, while NPC is
the worst, failing to converge as the number of cells is increased. In Figure 5.2, the
dotted line gives the error of our scheme for the general model diffusion equation on a
Z-mesh. One can see clearly that our scheme exhibits nearly second-order convergence
for this case.

5.3. Linear elliptic equation with discontinuous coefficients. Consider
the following linear elliptic equation with discontinuous coefficients:

−∇ · (κ(x, y)∇u) = f(x, y) in Ω,

u(x, y) = 0 on ∂Ω,

where

κ(x, y) =

{
4, (x, y) ∈ (0, 2

3 ] × (0, 1),

1, (x, y) ∈ ( 2
3 , 1) × (0, 1),

and

f(x, y) =

{
20π2 sinπx sin 2πy, (x, y) ∈ (0, 2

3 ] × (0, 1),

20π2 sin 4πx sin 2πy, (x, y) ∈ ( 2
3 , 1) × (0, 1).
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The exact solution is

u(x, y) =

{
sinπx sin 2πy, (x, y) ∈ (0, 2

3 ] × (0, 1),

sin 4πx sin 2πy, (x, y) ∈ ( 2
3 , 1) × (0, 1).

Since κ is discontinuous at x = 2/3, we use the randomly distorted mesh shown in
Figure 5.3. Hence each cell is homogeneous, but material properties may vary between
cells. We give the error between the exact solution and the numerical solution on a
randomly distorted mesh in Table 5.3. From this table, we see that our scheme has
nearly second-order convergence for this problem with discontinuous coefficients.

6. Conclusion. We present a new construction of vertex unknowns in the nine
point scheme for discretizing diffusion operators on distorted quadrilateral meshes.
The resulting scheme has only the cell-centered unknowns and has a local stencil;
moreover, it treats material discontinuities rigorously and offers an explicit expression
for the face-centered flux. Furthermore, the expression of the normal flux component
has a specific physical meaning. In addition, we can obtain the vertex values. Our
scheme is nonsymmetric in general and reduces to the standard five point scheme
on rectangular grids. Although the construction of our scheme is described only on
distorted quadrilateral meshes, it is straightforward to extend it to arbitrary polygonal
meshes.
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