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A FINITE VOLUME SCHEME FOR DIFFUSION EQUATIONS
ON DISTORTED QUADRILATERAL MESHES

ZHIQIANG SHENG and GUANGWEI YUAN

Laboratory of Computational Physics, Institute of Applied Physics and
Computational Mathematics, Beijing, China

A finite volume scheme is discussed for discretizing diffusion operators. Both
cell-center unknowns and cell-vertex unknowns are used originally in the con-
struction of the finite volume scheme. Then cell-vertex unknowns are eliminated
by expressing them locally as linear combinations of cell-center unknowns, which
is dertved by the following process. First we construct a special control-volume for
each cell-vertex and then design a finite volume scheme in this control-volume to
obtain a linear relation between cell-vertex unknowns and cell-center unknowns.
Hence cell-vertex unknown can be expressed by the combination of neighboring
cell-center unknowns, and the resulling scheme has only cell-center unknowns
like standard finite difference methods. Specially, the scheme can naturally treat
problems with discontinuous coefficients. Its another advantage is that highly
distorted meshes can be used without the numerical results being altered remark-
ably. We prove theoretically that the finite volume scheme is stable and has first-
order accuracy on distorted meshes. Moreover, we have tested the scheme on a few
elliptic and parabolic equations. Numerical vesults exhibit the good behavior of
our scheme.

Keywords: Finite volume scheme, Diffusion equation, Distorted mesh,
Control volume, Convergence

1. Introduction

Investigating the numerical schemes with high accuracy for
diffusion equations on distorted meshes is very important in
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Lagrangian hydrodynamics and magnetohydrodynamics. Like the
finite element method and the finite difference method, the fi-
nite volume method is a discretization technique for solving par-
tial differential equations (PDEs), which is obtained by integrat-
ing the PDE over a control volume, and it represents in general
the conservation of certain physical quantity of interest, such as
mass, momentum, or energy. Due to this natural association, the
finite volume method is widely used in practical problems such
as radiation hydrodynamics. Moreover, it is flexible enough to
be applied to complex space domains, and because it works di-
rectly on the physical domain rather than on the computational
domain through coordinate transformations, it can be easily used
with adaptive mesh strategies.

There are many articles on the finite volume method. A finite
volume scheme solving diffusion equations on nonrectangular
meshes is introduced in Li et al. (1980), which is reduced to the
so-called nine-point scheme on arbitrary quadrilateral meshes.
This scheme has only cell-center unknowns in which each cell-
vertex unknown is expressed by the simple algorithmic average of
neighboring cell-center unknowns. Numerical experiments show
that it loses significant accuracy on moderately and highly skewed
meshes. In Wu et al. (2003) this nine-point scheme is further dis-
cussed by introducing a weighted combination with the weighted
coefficients determined by the least-square minimization of the
truncation error. A similar scheme for the stationary diffusion
equation has been developed in Hermeline (2000) and Huang
et al. (1998) In Hermeline (2000), a finite volume scheme is con-
structed both at the cell center and the cell vertex (i.e., the cen-
ter of dual mesh) of primary mesh, hence it has both cell-center
and cell-vertex unknowns. This finite volume scheme cannot be
applied directly to diffusion problems with discontinuous coeffi-
cients due to the use of dual mesh. Numerical experiments show
that this scheme has indeed second accuracy, but it doesn’t give
the theoretical proof. In Huang et al. (1998) a continuous edge
flux scheme is proposed that is closely related to the Taylor series
expansion scheme, and no theoretical analysis of the scheme is
given there. We discussed in Yuan et al. (2007) the convergence
of the scheme of Hermeline (2000) and further extended the
construction of scheme to the diffusion problems with discon-
tinuous coefficients and nonstationary diffusion problems. The
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scheme in Kershaw (1981) is based on a smooth mapping be-
tween the logical mesh coordinates and the spatial ones, which
gives a nine-point scheme on structured quadrilateral meshes.
However, it is not conservative and suffers the loss of significant
accuracy on moderately and highly skewed meshes. The MDHW
scheme in Morel et al. (1992) has face-center unknowns in addi-
tion to cell-center unknowns, and the resulting diffusion matrix is
asymmetric. The support-operators method (SOM) in Shashkov
and Steinberg (1995), Morel et al. (1998), Lipnikov et al. (2006),
Klausena and Russell (2004), Shashkov (1996) generally has both
cell-center and face-center unknowns or has a dense diffusion ma-
trix, and especially no explicit expression for the normal flux is
given. In Lipnikov et al. (2006), Breil and Maire (2007) a new
cell-centered diffusion scheme on two-dimensional unstructured
meshes is proposed in which two normal fluxes and two tempera-
tures on each face are at first introduce. Then a local variational
formulation on each corner cell and the continuity of the nor-
mal fluxes on each face around a cell-vertex are used to obtain
a cell-centered scheme. The method of multipoint flux approx-
imations (MPFA) Aavatsmark (2002), Aavatsmark and Eigestad
(2006), and Aavatsmark et al. (1998), whose discrete flux is de-
fined on the sub-edge, obtains explicit discrete flux expression by
solving a small scale linear system and often leads to a nonsymmet-
ric coefficient matrix for general quadrilateral meshes. Shashkov
(1996), Klausena and Russel (2004) presents the relationships
among some locally conservative discretization methods.

In this article we present a new method of eliminating cell-
center unknowns in the finite volume scheme for discretizing
general diffusion operators. First we construct a special control-
volume for each cell-vertex, and then device a finite volume
scheme in this control-volume to obtain a linear relation between
cell-vertex unknowns and cell-center unknowns. In this way cell-
vertex unknowns are expressed by the weighted combination of
neighboring cell-center unknowns with the weighted coefficients
being determined explicitly. Hence, only cell-center unknowns re-
main in the resulting diffusion scheme, and it has a local stencil.
Specially, this method can naturally treat the problems with dis-
continuous coefficients. Moreover, compared with the SOM and
MPFA method, it keeps the advantage of simplicity and straight-
forward figure. We will prove that this method is stable and
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first-order convergent. Moreover, it is extended to nonstationary
diffusion problems.

The rest of the article is organized as follows. In Sec. 2, we de-
scribe the construction of the finite volume scheme for stationary
diffusion problems on distorted quadrilateral meshes. In Sec. 3,
we prove that our scheme is stable and has first-order accuracy.
In Sec. 4, we extend the results to nonstationary diffusion prob-
lems. Then we present some numerical examples to show its per-
formance on several test problems in Sec. 5. Finally, in Sec. 6 we
end with some concluding remarks.

2. Construction of Finite Volume Scheme
2.1. Problem and Notation

Consider the stationary diffusion equation:

V- (k-Vu)=[ ing, (2.1)
u(x) =0 on 09, (2.2)

where Q is an open bounded polygonal set of R? with boundary
082.

In this article, we will denote cells by K, L, ..., and corre-
sponding cell-centers also by K, L, ..., and cell-vertex by A, B,
..., and cell sides by o (see Figure 1). If one cell side o is a com-
mon edge of cells K and L, and its vertices are A and B, then
we denote

o = K/L = BA.

Let J be the set of all the cells, which are assumed to be
quadrilateral. Let € be the set of all the cell sides, ¢;, the set of
all the cell sides not on 0%2, ¢, the set of all the cell sides on
092, and ek be the set of all the cell sides of cell K. Denote h =
(Supges m(K))/?, or h = SUPgc 7 diam(K)'/?, where m(K) is the
area of cell K, and diam (K) is the diameter of cell K.
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o

FIGURE 1 The mesh stencil.

2.2. Finate Volume Scheme on Cell-Center

Integrate (2.1) over the cell K, to obtain

Y Fo = fK f(x)dx, (2.3)

oEg,

where the continuous flux on the edge o is

Fro = — / K (x)Vu(x) - e gdl, (2.4)

where 7k , is the unit outer normal on the edge o of cell K (see
Figure 2).

In Figure 2, Tpa and Tg; are unit vectors along the directions
BA and KI respectively, I is the intersect point of BA and KI, and
0, is the angle between 7k , and Tg;. Noticing that

ngo = —tanf,Tps + + Tk1,

cos O,
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FIGURE 2 The unit vectors on side o.

we can write the continuous flux as

- 1 -
Fko =tanb, / kK (x)Vu(x) - tgadl — 7 /K(x)Vu(x) - Tk dl.

(e o

(2.5)
By the Taylor expansion, one has
u(l) — u(K) = Vu(x) - (I — K) + Al (H; — Hy) rdr,
() = u(B) = Vu() - (4= B + (Hy— Hy) v
where Hr = (Vu(rx+ 1 —=n) ) (I — x)I — x), and

VZu(rx+ (1 —r)I) is the Hessian matrix of u at the point
rx + (1 —r)I, x € 0. The other notations Hg, H4 and Hg have
the similar definiltion. Hence,

|A— B
I — K|

1
/(K(x)/ (H,—HK)rdr)dl
o 0

II - K| ’

f () Vu(x) - Trrdl = cxo () — u(K))
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/K(X)Vv(x) “Tpadl = kg o (W(A) — u(B))

/U (K(X) /01 (H, — HB)rdr> dl

|A— B ’

where kg, is the line integral average of « (x) over 7 in cell K.
Substitute the above two equations into (2.5) to obtain

Fko = —Tko (u(l) — w(K) = Dg o (u(A) — u(B))) + Rgo (2.6)
where 15, = ”_lﬁl;cﬁlseolqgg, Dk o = %, and Rk, = O(h?).
Similarly, we have

Fro=—Tro(u(l) —u(L) — Dp s (u(D) — u(A))) + R0, (2.7)
where 1, = ”_lél;cﬁ'seaiq,g, D, = %, Ry, = O(h?) and
k1. 1s the line integral average of k (x) over o in cell L.

Using the continuous condition of edge normal dux Fx, =
—Fr.0, We get

1
u(l) = ———— (ko u(K) + 11 0u(L))
‘EK,O' + TL,U'
+ (tk.oDk.o — TroDro) (u(A) — u(B))
1
———(Rko + RLo)- (2.8)
TK,O' + TL,O’

Substitute (2.8) into (2.6) to obtain

Fro =T (u(L) — u(K) = Dy (u(A) — u(B))) + Ry, (2.9)

TK.oTL.o — (I_K’A_B) R _ TLo RKJT —TK.o RL,O‘
Tkottro’ 0 — T [A-BE Ko = TKo+TLo
Similarly, we have

where 7, =

Fro = —T5 (u(K) = u(L) = Dy (w(B) — u(A))) + Rry, (2.10)

KoRro—TLoRko __ _RK
Koo Lo Ko o

where Ry , = P——
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2.3.  The Expression of Cell-Vertex Unknowns

The values of u at A and B appear in the expression of flux
(2.9) and (2.10). To calculate u(A), we first construct a special
control volume K’ for the cellvertex A. Two different cases are
distinguished according to the size of the angle between two ad-
jacent lines connecting the cell-center with the cell-vertex, which
is shared by the neighboring cells. Case 1 is that all these angles
with the vertex A are less than 180°, hence it forms a control vol-
ume CDEF for the cellvertex A (see Figure 3). In Case 2, there
has a angle—e.g., /L, AKy—which is larger than or equal to 180°,
hence it forms a control volume CDEFGA (see Figure 4). In Case 1,
we require that CD 1 AKy, DE1 AK, EF 1 ALand FC L AL,.In Case
2, CD1 AK,, DE1 AK, EF 1 AL and FG_1 AL, also are required.

2.3.1. Casel
At first, we consider Case 1. Integrate (2.1) over the cell K
(the quadrilateral CDEF), to obtain

> Fiao =/ f(x) dx (2.11)
.

(St

'.° L,

~°L

Ko’

B
FIGURE 3 Case 1: All angles are less than 180°.
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FIGURE 4 Case 2: One angle is larger than or equal to 180°.

where the continuous flux on the edge o is

Fao = —/K(x)Vu(x) A dl, (2.12)

where 7, , is the unit outer normal on the edge o of cell K'(see
Figure 3).
Using the Taylor expansion, we have

1
u(Ky)—u(A) =Vu(x) - (Ky —A)+| (Hx, — Hy)rdr, x € 0=CD.
0

Hence, for o= CD,

n o C—D
/K(xwum el % (u(Kx) — u(A))
1 1
_M/Ux(x)(/o (Hx,— HA)TdT) dl,

(2.13)

where kg, is the line integral average of « (x) over o in the cell
K'. Denote Rg, = _IKAl——AI fa K (x) (fol (Hk, — HA)rdr)dl. It’s ob-
vious that there holds |Rg | = O(h?).
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Substitute (2.13) into (2.12) to obtain

KK o |C — D|

an =
’ | Ky — Al

(u(Ky) — u(A)) + Rg.o, 0= CD. (2.14)

In a similar way, we can obtain the normal flux on the other
sides,

kxpE |D — E

Fapp = ————— (u(K) — u(A)) + Rxpr,
|K — Al
K pr | E — F)
Fakr = —% (u(L) —u(A)) + Rxgr,
elF—C
Farc= _xrc|F — O (u (L) —u(A)) + Ryrc.
’ Ly — Al

Substitute the above four equations into (2.11) to obtain

—Tep(w(Ky) — u(A)) — tpe (uw(K) — u(A)) — ter (L) — u(A))

—tpc (u(La) —u(A)) + Re = | [f(x)dx, (2.15)
K/
where
N kx,cp|C — D| £ KK.DE |D — E| . _ kx g |E—F|
=" 7 WE=——7 7 EF=—7 7
|Ka — Al |K — Al |L — Al
kg rc |F — Cl
¢ = ———, Ry = Ryx'.cp + Rx'.pr + Rx' gr + Rx re.

[Ly — A
By (2.15), we get

w(A) = wgu(Ky) +wa,u (K) + wp,u (L)

+wg,u(la) +baf (A) + Ry, (2.16)
where
Tcp TDE
WA, = , a)A2 = ,
Tep + Tpe + Ter + Trc Tcp + TpE + Ter + Trc
TEF TFC
Was = wag =

9 b
Tcp + Tpe + Ter + Trc Tcp + TpE + Ter + Trc
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m(K") — Ry
ba = , Ry= .
Tcp + Tpe + TEF + Trc Tep + Tpe + TEF + Tre

It’s obvious that by = O(R?), Ry = O(h?), 0 <w,, < 1, and

Z;Ll wy, = 1.
Similarly, one has

u(B) = wp u(K) +wp, u(Kp) +wp, u(Lp) +wp,u(L) +bp f(b) + Rp,
(2.17)
where by = O(K2), Ry = O(K2), 0 < wp, < 1,and Y. wp, = 1.

2.3.2. CASE 2
Now we consider Case 2. Integrate (2.1) over the cell K’ (CDE-
FGA), to obtain

> fA,sz f(x)dx, (2.18)
oeeg K

Proceeding the same derivation as in Case 1, we can obtain the
expression of the flux on the sides CD, DE, EF, and FG as follows:

' cp|C — D
Frop= —K0lC= DL ey () + Reco, (2.19)
Ky — Al
kg pe |D — E|
Fapr = —% (u(Ky) — u(A)) + Rerpe, (2.20)
KK E—-F
FAEF = —% (u(L) —u(A)) + Rx.gr, (2.21)
TR F_ G
Farc = o6l Gl gy — ) + Ry e, (2.22)
|La — Al

For the flux on the sides GA, one has

KK'.GA |G — Al

Faca=— G — F]

(u(G) — u(F)) + Ry (2.23)

where R}(/,GA = O(K?). In the expression of Fy ¢ca,u(G) and u(F)
are unknowns. We should get their values by interpolation, and
the interpolation accuracy must be at least O(h?). The values of
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u(G) and w(F) can be obtained by using the linear interpolation
of the values at A, L and L4, e.g.,

|G — Ly| u(A) + MU(LA) + O(1?). (2.24)

u(G) = ——
|A — Lyl |A — Lyl

If the cells L4 and L are homogeneous, we have
w(F) = opu(A) — opu (L) + opu(Ly) + O(h%), (2.25)
where wr, (i = 1, 2, 3) satisfy the following relation,

W -f—(z)F2 —f—a)F% =1
XAFWER — XLFC()FQ + X[, FWOF = O, (226)

YAr@WR + YLrwR, + yr,rop =0

where xir = x4 — Xp, yar = Y4 — yr, and the others have similar
definition (Yuan and Sheng, 2007).

If the cells L4 and L are inhomogeneous, using the continu-
ous condition of edge normal flux Iy sr = — I, ar, we can get a
similar equation with (2.8) that is

1 /
w(F) = ————(tr saru(F") + 71, aru(G)
T, AF + Ti, AF

+ (trarDrar — TrarDr, ar) (W(A) — u(F))) + O(h?)
(2.27)

Denote I be the intersect point of AL and GI Obviously,

\F' — 1| IF' — Al

A
A= Wty

w(F') = w(L) + O(h%). (2.28)
Combine (2.24)—(2.28) to find w},.(i = 1, 2, 3) such that

u(F) = wpu(A) + wpu (L) + opu(Ly) + Oh).  (2.29)
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Substitute (2.24) and (2.25) or (2.29) into (2.23) to obtain

some coefficients (i =1, 2, 3) such that

kg.ca |G — Al
Faca= —%(wiu(m + whu (L) + wsu (La)) + R ca,
( (2.30)
where Ry ga = O(h?). Also, one has
KK AC A-C /
Faac = —% o u(A) + ou(Ky) + 0fu(K))
+Rk' ac, (2.31)

where o (i = 1, 2, 3) are obtained similarly and Rg' ¢ = O(h?).
Substituting (2.19)—(2.22), (2.30) and (2.31) into (2.18),

and doing some algebraic operations, we obtain

u(A) = wp, u(Ky) + wg,u(K) + wgyu (L) + wa,u(Ly)
+baf(A) + Ra, (2.32)

where Ry = O(h?). It’s obvious that there are similar expressions
of u(A) and u(B) for Case 1 and Case 2; hence we will consider
only Case 1 in the rest of this article.

2.3.3. ANOTHER CONTROL VOLUME

For Case 1, we can form another control volume (see
Figure 5). Here C, D, E, and F lie on the grid line, and there hold
CD1 AKy, DE1 AK, EF 1 AL, and FC1 AL 4.

It’s obvious that the flux F4 cp, Fa.pe, and F4 gr have the
same expressions as in Case 1 of the Subsection 2.3.1, and

e lF —C
Farc= —M(u(@,) — w(A)) + Ry (2.33)
|Ly — Al ‘

In the above expression of Fy r¢, the value of u(L/) is unknown.
From the same method as in Case 2 we can derive the expression
of F4 rc and it follows that the expression of u(A) is obtained.



10: 36 21 April 2009

Downl oaded By: [BIUS Jussieu/Paris 6] At:

184 Z. Sheng and G. Yuan

Ko’

B

FIGURE 5 Another control volume.

2.4.  Finite Volume Scheme
Substituting (2.16) and (2.17) into (2.9), we have

Fro = —To (u(L) — w(K) — Dy (wp, u(Ky) + wa,u(K)
+wa,u(L) — wpa,u(Ly) + ba f(A) — (wp u(K) + wp, u(Kp)
+ wp, u(Kp) + wp,u(L) + bp f(B)))) + Wk,

_ KkkolA—B] _ (K—L,A-B) _ 9
where 7, = st E=T]’ D, = ST ,and Wk . = O(h?%). Denote

Fxo = =75 (w(L) — w(K) — Dy (wa, u(Ka) + wa,u(K)
+ wa,u(L)wa, u(La) + ba f(A) — (wp u(K)
+ wp, u(Kp)wp,u(Lp) + wp,u(L) + bp f(B)))).

Therefore, Fx , = FK,U + Wko.
For o = K|L = BA € &;,, let
Fx o = — 1o (U, — ug — Dy (@p, ug, + wa, ux + wasur, + wa, ur,
— (wp, ux + wp,uk, + wpur, + wp,ur)))

+ 76Dy (ba fa — by f). (2.34)
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Foro = BA € ¢,, N ek, let
FK,U = To UK, (235)

where 7, = % and [ = B;A is the mid-point of BA.
The finite volume scheme of the problem (2.1)—( 2.2) is de-

fined as follows:

> Fxo= fxm(K), for KeJ, (2.36)

OEEK

Up = UB = U = 0, for o =BAc€ Eoxt (237)

where fx = f(K).

This scheme often leads to a nonsymmetric coefficient matrix
for general quadrilateral meshes. When the mesh line are orthog-
onal, the scheme reduces to the standard five-point scheme. It is
straightforward to extend this method on quadrangles meshes to
arbitrary polygon meshes.

3. Stability and Convergence of Finite Volume Scheme

In order to obtain the theorems of stability and convergence, we
introduce the following assumptions.

(HI): There is a given constant &) € (0,1) and a small con-
stant € > 0 satisfying g9 + ¢ < 1 such that

9 1—¢ey—¢ 9 1—¢gy—¢
. D a)Al =< 1—67K4|K, oD CUA4 = 16 TLAILs
1—gy—¢ I —¢g—¢
9 0 2 9 0
o Diwy, < g KK ToDo®h = —— T,
&o

Dy (wa, + wa, — wp, —wp,) < ER

(H2): Assume that there exists a constant C such that for any
K € J and the control volume K’ constructed at any vertex of K
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(see the Subsection 2.3)

The above assumption (H1) implies a geometric con-
straint on cell deformation. For any orthogonal mesh, there
holds D, = 0 for any o € &. When « is a constant, there has

__ «xlA—B] _ (L—-K,A=B) __ |L—K|sinf, 7, : .
To = [X-Icost,’ D, = B = TA-B . Itis obvious that the
: To 2 2  l=g—e ; : :
assumption —z= xD;wy < —¢— Is a constraint on the geometric

parameters, which include the size of the angle between the cell
side and the segment connecting neighboring cell-centers and the
ratio between the length of cell side and the length of segment
connecting neighboring cell-centers.

3.1. Stability

Now we prove that our scheme (2.36)—(2.37) is stable.

Theorem 3.1. Assume (HI) and (H2) are satisfied. Then there exists a
constant C, independent of h, such that for the solution of (2.36)—(2.37)
there holds following inequality

D to(up—ug)? < €Y | fxl? m(K).

oe€e KeJ

Proof. Making the scalar product of ug with (2.36) and summing
up the resulting products for K € J, we get

YD Frouk =Y frugm(K). (3.1)
KeJ oeek KeJ
Notice that

Z Z Froux = — Z Z To (ur — ug — Do (04, uk, + wa,ug

KeJ oeek KeJ oeek

+ wa, ur, + wa,ur, — (wp ug + wp, ux, + wp, Uz,

+wp,ur))) ux + Z Z To Dy (ba fa — bp fB) ux

KeJ oeeg
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= Z To (up, — UK)2 + Z To Dy (w4, Uk, + wa, ug

oEe oEe
+wp,ur + wa, ur, — (wp uk + wp, Uk, + Wp, UL,
+opu)) (ug — ) + Y 7o Dy (ba fa — by fi)
(A

x (ux — ur,)

=Y Tl — ux)® + Y 6Dy (@a, (ug, — ug)
oEe oEe
+wa, (up,—ur) + wp, (uxk—1ug,) + wps(ur—uz,)
+ (a)A2 + W4, + wp, — a)32)uK
+ (wa, + wa, + wp, — wp,)ur) (ug — uz)

+ Z To Dy (ba fa — bp fB) (ug — ur)

oEe
= to(ur — ug)® + Y 1o D (w4, (ug, — ug)
oeEe oee

+wa, (ur, — ur) + wp, (ug — ug,)
+wp, (ur, — ur,)) (ug — ur)

- Z IUDG' (wAg + C()A4 - a)Bg - a)B4) (uK - uL)Q
gee

+ D T Do (ba fa — by f) (uk—ur). (3.2)

oee

Substituting (3.2) into (3.1), we obtain

Y o (ur—uk)? — Y. 16Dy (0ay + wa,—wp,—wp,) (ug—ur)?

O €Ee oO€Ee

+ Y oDy [wa, (uk, — ux) + wa, (ur, — ur) + wp, (ug — UKB)(3 3)
oEe .

+ wp, (ur, — ur,) | (ug — uz)

= > Jfrugm (K) — Y oDy (ba fa — bp fp) (ug — ur) .

KeJ oece
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By the Cauchy inequality and (3.3),

Y ol — uk)? =Y oDy (@, + @4, — 0p, — @3,) (ug — )

gee gee

1 g 9/ g
<> o To (U = ug)? +2) 1, D2 (0, (uk,—ux)*

oE€e oEe

2 o 9 2, 9 2
+CUA4(UL4 —ur)” + wBQ(UK — ug,)” + 0p, (u, — ug,)?)

+ = Z il m(K) + = D fu*m(K) + 2 Dt (ug = w,)?

Kej Kej oee

2
+= )% D (ba fa = bp fu)*.

oece

It is easy to see the following discrete Poincaré inequality
holds

> ukPm(K) < €Y 1o (up — ug)®.

KeJ oee

From the above inequalities and the assumption (H1) it follows
that for a constant C = C(g)

Yt (u—ug)? < C Y| fxlPm(K)+C Y toD3 (ba fa—bp [fo)*.

oee KeJ oee

Note that |b4| < Cm(K') = O (h?). Applying the assumption
(H2) gives

D 1o (w—uk)® < CY | fxl*m (K) .

oe€e KeJ

Hence, our scheme is proved to be stable. O
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3.2. Convergence

The Equation (2.3) is equivalent to the following equation:

> Fro = fxm(K) + Sgm(K), (3.4)

OEEK

where fx = f(K), Sk = fK (f(x) = fk)dx/m (K). Obviously,
|Sk| < Ch. Let ex = u(K) — ug for Ke J. Subtract (2.36) from
(3.4) to obtain

Y Gro =Skm (K) — ) Wi, (3.5)

oeek OEEK

where Gk, = Fx.o — Fxs
We now state an error estimate for the scheme (2.36)—(2.37).

Theorem 3.2. Assume (H1) and (H2) are satisfied. Then there exists a
constant C, independent of h, such that,

1/2
<Z T (e — eK)Q) < Ch.

oee

Proof. Making the scalar product of e, with (3.5), and summing
up the resulting products for K € J, we get

YN Groex =) Skexm (K) = Y Y Wioex. (3.6)

KeJ oeek KeJ KeJ o€ek

Here

Z Z Gk otk = — Z oDy (wpy, + @y, — wp, — wp,) (ex — t‘/’L)2

KeJ oeek oee
+) to(er— k)’ + Y 1o Dy (w4, (ex,—ex)
oE€e o€Ee

+CUA4(€LA—€L) + sz(eK - eKB) + a)st(eL - ELB))

X(ex —er). (3.7)
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Notice that W , = — Wk, and Denote W, = Wk, Substitute
(3.7) into (3.6) to obtain

Z T, (er — ex)? — Z To Dy (w4, + @, — wp, — wp,) (ex — er)?

gEee gEe

+ > 1o Dy (wa, (ek, — ex,)

oEe
+wa, (er, —er) + wp,(ex — exy)

+wp, (eL —er,)) (ex — er)

=Y Skexm(K) =Y Wo(ex —er). (3.8)

KeTJ o€e

From the Cauchy inequality and (3.8) it gives

Z T, (er — ex)? — Z To Dy (w4, + wp, — wp, — wp,) (ex — er)?

gEee gEe

1 ( or (
< Z Efg(eL —ex)* +2 ZroDi[a)fh(eKA —ex)?
oe€eg o€E€e
2
+ o}, (e, — e1)® + wf, (ex — ex,)” + wy (e — e,)]

€ 2 2 2
+ ngg(eK_eL) +Z£|VVG|

gee gee

€ 2 2
+8—C1 > lexPm(K) + C.
KeJg

Applying the assumption (HI)-(H2) and the discrete
Poincaré inequality, we obtain

D Toler—ex)* < CI.

gee

The proof of Theorem 3.2 is finished. O
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4. Finite Volume Scheme for Nonstationary Diffusion Equation

Consider the construction of the following nonstationary diffu-
sion problem:

w—V.(k(x,t)-Vu) = f(x,2), in QU(O,T], (4.1)

u(x,t) =0 on 0QU (0, T], (4.2)

u(x,0) = ¢(x) on £, (4.3)

where  is an open bounded polygonal set of R? with boundary
082, and ¢ (x) =0 on d2. We shall use some notations and symbols

similar to those of stationary diffusion equation above.
Integrate (4.1) over the cell K to obtain

/ wdx + Zf,’;ﬁ = / f(x, ") dx, (4.4)
K K

OEEK

where the continuous normal flux on the edge o is
Fel=— / K (%, t"TYVau(x, (") - g g dl. (4.5)

By proceeding as for the stationary diffusion problem, we
have

Fpth =~ (L, ") — w(K, (™) — Dy (u(A, (™)
_U(B, thrl))) +R11€;19
Fil = — o (w(K, 1) — w(L, ") — Dy (w(B, ")

_U(A, tn+1))) +RZ:;1,

where 771
those in the stationary diffusion problem, and there holds R}:;l =
—Rﬂ;l = O(h?). It’s obvious that we need the values of u(x, t)

at (A, t""and (B, "™!)in the expression of these normal flux.

, Dy, Rf;l, and th,l have similar definitions with
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Integrate (4.1) over the cell K’ (see the subsection 2.3), to obtain

/ut(x, " dx+ Z Fit! =/ f(x, ") dx, (4.6)
K K’

oeeg

where the continuous normal flux on the edge o is
Fitl=— / K (e, " Vau(x, 1) -y o dlL (4.7)

where 74, is the unit outer normal on the edge o of cell K.
Equation (4.6) is equivalent to the following equation:

w(A, ") — w(A, ")
m
At

(KN4 > Fitl = f(A " ym(K)) + Sg,
ocegr ,
(4.8)
where fi™' = f(A, "), SpH = [ st (x) dx, and

wl (A, "y — u(A, )
SK/ -
At
—fCA, .

_ ut(x’ tn+1) + f(x’ tn+1)

Obviously,
|Ser] < C(AtL+ hy R
Similar to the stationary diffusion problem, we have

kx.cplC — D|

Filo === = (a7 — A ) + R,
Fipp = —%(u(m, "y — w(A, ) + R,
Filer = —%(u(m, Y = w(A, ) + RE
Fire = —%(u(u, Y — w(A, ) + RER

where R}g;l = O(h?) for 0 = CD, DE, EF, FC.
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Substituting the above four equations into (4.8), we obtain

w(A, ") — u(A, ")
At
—tpr (w(K, ") — w(A, ")) — tpp(u(L, ") — u(A, "))

—tpc(u(La, ") — u(A, "))

m(K') = tep(u(Ka, ") — u(A, "))

= f(A, ""Yym(K') + REH, (4.9)
where
S kk,cp|C — D| S kk.pelD — E|
cp="—p —— WE= "1,
|Ka — Al |K — A
S Kk pr|E —F|
EF — |L _ A| I
. Kk rcll — Cl

n+1 n+1
Trc = , RK’ = SKr

|La — A

n+1 n+1 n+1 n+1
_(RK’,CD + RK’,DE + RK’,EF + RK’,FC)‘

Denote ay = m(K')+At (tcp + Tpr + Ter + Trc). By (4.9) we con-
clude that
w(A, ") = wa u(Ky, ") + op,u(K, ") 4w u(L, ")
twa, u(La, ") + wau(A, ") + ba f(A, ")
+ R (4.10)

where

Attep Attpg Attgp Attrc
w4, = y WAy, = y WAy = , WA, = )
as a as as

m(K') Atm(K') ALRE!
Wy, = yba = s RA+1 =K .

aa as as
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It's obvious that by = O(At+ m(K')), Ry = O(At+ m(K')),
0 <wy, <1, and Z?:o wy, = 1. Similarly, one has
u(B7 tn+1) = Wp, u(K7 tn+1) + C()B2U(KB, tn+1) + ngu(LB’ tn+l)
+wpu(L, ") + wpu(B, ") + bpf(B, ") + Rs.
(4.11)
where by = O(At+ m(K')), Rg = O(At+ m(K')), 0 <wp <1,
and Y} wp, = 1.
Denote
B = —to[u(L, ") — w(K, ") — Dy (04, u(Ky, ")
+ wgu(K, " + wpu(L, ") + wa,u(Ly, ")
+ @y u(A, 1) + by f(A, ")
- (C()BIU(K, tn+1) + Q)B2H(KB, tn+1) = (I)BSM(LB, tn+1)
+ wp,u(L, ") 4+ wp,u(B, t") 4 by f(B, t"T1))]. (4.12)
Therefore, .7:1’}21 = F,’;j,l + WI?;I, where ngj,l = O(h?).
For o = K|L = BA € ¢;,,, let
F,?;l = 7, (Ut — T — Dy (wa, u,”afl + wp U+ wa !
+ wa, uﬁ_l + wa, “Z + bAff(H_l - (wBl u}?_l + wp, “gl

+ wggugl + wpuf™ + opul + by 1)) (4.13)

Foro = BAe€¢g,,;Ne,let

n+1 n+1
Fe, =toug (4.14)
ntl |A—B| n+l __ B+A
where t/"" = =0k, and [ = ==,

The finite volume scheme of the problem (4.1)—(4.3) is de-
fined as follows:

u"+1 — U n+1 n
%m(K)—i—ZFK:Z = [™mk) for KeJ (4.15)

OEEK

W =it =t =0, for 0 = BAc e,y (4.16)
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uy = ¢(K), forK € 7, (4.17)

where [t = f(K, 1"+,
5. Numerical Experiments

Let us now present some numerical results that illustrate the be-
havior of the proposed finite volume scheme.

The scheme (2.36)—(2.37) or (4.15)—(4.17), MPFA and the
scheme in Li et al. (1980) lead to a nonsymmetric system. The
scheme in Hermeline (2000) and Yuan and Sheng (2007) leads
to a symmetric system. The symmetric linear systems are solved by
the conjugate gradient method. The nonsymmetric linear system
is solved by the biconjugate gradient stabilized algorithm (see,
Saad, 1996).

Let Q be the unit square and let 925, 92, 0Qy, 02y be the
boundaries of 2. The first distorted mesh is a random mesh (e.g.,
Huang and Kappen, 1998). The random mesh over the physical
domain Q = [0, 1] x [0, 1] is defined by

1o i o

where o € [0, 1] is a parameter and R, and R, are two normalized
random variables. The second distorted mesh is a smooth mesh
given by the transformation

x(§,n) =&+ ap sin(27§) sin(2mn), y(§,n) =n+ a sin(2w§)
sin (27 n).

Figure 6 displays a random mesh generated with ¢ = 0.7 and
a smooth mesh generated with @y = 0.1. The scale of coarsest dis-
torted quadrilateral mesh is 12 x 12, the scale of finest distorted
quadrilateral mesh is 192 x 192, and the scale of finest regular
grid is also 192 x 192.
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FIGURE 6 Distorted quadrilateral mesh (24 x 24; left: random mesh, right:
smooth mesh).

5.1. Linear Elliptic Equation

In order to test the scheme given in Sec. 2 and compare it with
the known methods, we consider following linear elliptic problem
whose analytic solution is u = 2 + cos(m x)+ sin(w y):

—V - (Vu) = 7%(cos(m x) +sin(wy)) in Q,
u=2+cos (rx) on dQ25 U Ny,
Vu-v=0, on 02 U IQy.

Table 1 gives the error between exact solution and computed
solution on above-mentioned random meshes. From this table,
we can see that our scheme is nearly second order convergence
in the sense of L®-norm and L?norm, and is first-order con-
vergence in the sense of H I_norm, which verifies the theoretical
results.

Table 2 gives the error of scheme in Li et al. (1980) on ran-
dom meshes. The scheme in Li et al. (1980) has only cell-center
unknowns in which each cell-vertex unknown is expressed by the
simple algorithmic average of neighboring cell-center unknowns.
We can see clearly that this scheme fails to convergence as the
number of cells is increased.
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TABLE 1 Results of our scheme for the linear elliptic equation on random
meshes.

Ix] 12 x 12 24 x 24 48 x48 96 x 96 192 x 192
L*>®-norm 1.62E-2 3.94E-3 1.11E-3 3.04E-4 8.52E-5
Rate — 2.04 1.83 1.87 1.84
L[*norm 1.21E-2 3.06E-3 7.78E-4 1.97E-4 4.98E-5
Rate — 1.98 1.97 1.98 1.99
H'-norm 8.31E-2 3.56E-2 1.72E-2 8.40E-3 4.13E-3
Rate — 1.22 1.05 1.04 1.02
Time (second) — — 0.28 1.95 25.97

Table 3 gives the error of scheme in Hermeline (2000) on
random meshes. Comparing Table 1 and 3, we can see that our
scheme not only provides more accurate results than the scheme
in Hermeline (2000), butitis also less expensive than it. This is be-
cause our scheme has less than half the unknowns of the scheme
in Hermeline, i.e., our scheme only has the cell-center unknowns
and the scheme in Hermeline has both cell-center and cell-vertex
unknowns.

Table 4 gives the error of MPFA in (Aavatsmark, 2002) on
random meshes. Comparing Table 1 and 4, we can see that MPFA
is more accurate than our scheme in the sense of L*°-norm; how-
ever, our scheme is more accurate than MPFA in the sense of L.2-
norm and H'-norm.

In order to further compare our scheme with MPFA, we give
the error of our scheme and MPFA on smooth meshes in Tables 5
and 6, respectively. We can see clearly that our scheme is more

TABLE 2 Results of the scheme in Li et al. (1980) for the linear elliptic
equation on random mesh.

Ix] 12 x 12 24 x 24 48 x48 96 x 96 192 x 192
L*®-norm 0.23 0.15 0.14 0.14 0.14
Rate — 0.62 0.10 0.00 0.00
I*norm 0.15 0.12 0.11 0.12 0.12
Rate — 0.32 0.13 —0.13 0.00
H'-norm 0.49 0.51 0.45 0.48 0.48
Rate — 0.06 0.18 —0.10 0.00

Time (second) — — 0.28 2.83 33.19
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TABLE 3 Results of the scheme in Hermeline (2000) for the linear elliptic

equation on random mesh.

Ix] 12 x 12 24 x 24 48 x 48 96 x 96 192 x 192
L*®-norm 1.67E-2 4.28E-3 1.25E-3 3.42E-4 9.31E-5
Rate — 1.96 1.77 1.92 1.82
L*norm 1.35E-2 3.42E-3 8.59E-4 2.14E-4 5.58E-5
Rate — 1.98 1.99 2.00 1.94
H'-norm 1.24E-1 5.28E-2 2.51E-2 1.24E-2 6.12E-3
Rate — 1.23 1.07 1.01 1.02
Time (second) — — 0.40 3.63 57.94

accurate than MPFA in the sense of L.®-norm and L?-norm. More-
over, the convergence order of our scheme in the sense of H'-
norm is almost 1.5.

5.2.  Linear Elliptic Equation with Discontinuous Coefficients

Consider the following linear elliptic problem with discontinuous
coefficients

=V (k(x,y)-Vu) = f(x,y) in £,
u(x,y) =0 on 09,

where

4, (xy)€(0,3]x(0,1)
k(x,y) = 2 1)
37

L (%) €( x (0,1),

TABLE 4 Results of MPFA for the linear elliptic equation on random mesh.

Ix] 12 x 12 24 x 24 48 x 48 96 x 96 192 x 192
L* -norm 1.49E-2 3.58E-3 1.05E-3 2.72E-4 6.99E-5
Rate — 2.06 1.77 1.95 1.96
L?*norm 1.26E-2 3.09E-3 7.99E-4 1.99E-4 5.01E-5
Rate — 2.03 1.95 2.01 1.99
H'-norm 8.53E-2 3.59E-2 1.76E-2 8.64E-3 4.27E-3
Rate — 1.25 1.03 1.03 1.01
Time (second) — — 0.30 2.02 24.55




10: 36 21 April 2009

[BIUS Jussieu/Paris 6] At:

Downl oaded By:

A Finite Volume Scheme 199

TABLE 5 Results of our scheme for the linear elliptic equation on smooth

mesh.
Ix] 12 x 12 24 x 24 48 x 48 96 x 96 192 x 192
L*®-norm 1.61E-2 3.84E-3 9.38E-4 2.36E-4 5.81E-5
Rate — 2.07 2.03 1.99 2.02
L?-norm 1.46E-2 3.68E-3 9.27E-4 2.32E-4 5.81E-5
Rate — 1.99 1.99 2.00 2.00
H'-norm 7.11E-2 2.46E-2 8.40E-3 2.89E-3 1.01E-3
Rate — 1.53 1.55 1.54 1.52
and

2072 sin 7« sin 27y, (x, y,¢) € (0, 2] x (0,1)

f(x, ) = )

2072 sin 4 x sin 2y, (%, y,1) € (3,1] x (0,1)°
The exact solution of the problem is

( 0 sin wx sin 27y,  (x,y,t) € (0,%] x (0,1)
u(x, y,t) = .
) sin 4w x sin 2wy, (x,9,%) € (% l] x (0, 1)

Since « is discontinuous at x = 2/3, we use the randomly dis-
torted mesh shown in Figure 7. Hence each mesh cell is homo-
geneous, but material properties may vary between cells. Table 7
gives the error of our scheme on the randomly distorted meshes.
From this table, one can see that our scheme has nearly second or-
der convergence in the sense of L*-norm and I?norm, and has
first order convergence in the sense of H'-norm, which verifies
our theoretical results. Table 8 gives the error of scheme in Yuan

TABLE 6 Results of MPFA for the linear elliptic equation on smooth mesh.

Ix] 12 x 12 24 x 24 48 x 48 96 x 96 192 x 192
L*®-norm 1.86E-2 4.83E-3 1.23E-3 3.08E-4 7.70E-5
Rate — 1.94 1.97 2.00 2.00
L?-norm 1.59E-2 4.06E-3 1.02E-3 2.55E-4 6.38E-5
Rate — 1.97 1.99 2.00 2.00
H'-norm 7.20E-2 2.44EF-2 8.34E-3 2.88E-3 1.01E-3

Rate — 1.56 1.55 1.54 1.51
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TABLE 7 Results of our scheme for the linear elliptic equation with
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discontinuous coefficients

Ix] 12 x 12 24 x 24 48 x 48 96 x 96 192 x 192
L>®-norm 8.54E-2 2.85E-2 9.88E-3 2.80E-3 8.16E-4
Rate — 1.58 1.53 1.82 1.78
I*-norm 2.81E-2 7.35E-3 1.81E-3 4.63E-4 1.17E-4
Rate — 1.93 2.02 1.97 1.99
H'-norm 5.51E-1 2.20E-1 1.01E-1 5.19E-2 2.58E-2
Rate — 1.32 1.12 0.96 1.01
Time (second) — — 0.30 2.32 38.68

and Sheng (2007) on the randomly distorted mesh. Comparing
Table 7 and 8, we can see that our scheme is more accurate than
the scheme in Yuan and Sheng.

5.3. Two Linear Parabolic Equations

At first, consider the following linear parabolic problem whose
exact solution is u = e‘”Q‘(Q + cos(mx) +sin(wy)):

>05F

w—V-(Vu) = 272" in Q

F
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FIGURE 7 Distorted quadrilateral mesh with mataerial discontinuities (24 x

24).
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FIGURE 8 Temperature at time ¢t = 4 x 1072 (top, regular grid; bottom, dis-
torted mesh).
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TABLE 8 Results of the method in Yuan and Sheng (2007) for the linear
elliptic equation with discontinuous coefficients.

Ix] 12 x 12 24 x 24 48 x 48 96 x 96 192 x 192
L*®-norm 1.81E-1 3.53E-2 1.12E-2 3.13E-3 8.63E-4
Rate — 2.36 1.66 1.84 1.86
L?*norm 5.46E-2 1.21E-2 3.00E-3 7.43E-4 1.90E4
Rate 2.17 2.01 2.01 1.97
H'-norm 1.24 4.20E-1 1.66E-1 '7.86E-2 3.82E-2
Rate — 1.56 1.34 1.08 1.04
Time (second) — — 0.32 2.48 34.00

u=e¢""(2+ cos(x) +sin(ry)) on IR U IQy
Vu-v=0 on 9QxUdQy.

Table 9 gives the error of our scheme on random meshes. In this
computation, we take At = h2, where hy = ]l From this table, we
can see the similar results to stationary diffusion problem; i.e.,
our scheme is nearly second order convergent in the sense of L>°-
norm and I%*norm, and is first order convergent in the sense
of H'-norm. Table 10 gives the error of scheme in Hermeline
(2000) on random meshes. Comparing Table 9 with 10, we can
see that our scheme not only provides more accurate results than
the scheme in Hermeline, but it is also less expensive than it.

Then we deal with the heat diffusion problem (see Herme-
line, 2000):

aT .
E—V-(KVT):O in

TO)=1Ty, in
kVT - v+g(T—-Ty)=0 on 09Qy
kVT -v=0 on 0QsUIQLEUIQy.
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TABLE 9 Results of our scheme for the linear parabolic equation on random
mesh (7 =0.1).

Ix] 12 x12 24 x24 48 x48 96 x 96 192 x 192
L*-norm 5.60e-2 1.48e-2 3.68e-3 9.42e-4 2.45e-4
Rate — 1.92 2.01 1.97 1.94
L?-norm 5.68E-2  1.45E-2  3.63E-3 9.08E-4 2.30E-4
Rate — 1.97 2.00 2.00 1.98
H'-norm 1.12E-1  3.05E-2  9.38E-3 3.57E-3 1.60E-3
Rate — 1.88 1.70 1.40 1.16
Time (second) — 0.52 8.27 122.35 3801

We choosek =1, g=1, Ty =30, Ty =1,and At =5 x 104,
and use the finest regular mesh and the finest random mesh men-
tioned above. Figure 8 displays the temperature at time ¢ =4 X
1072, One can see that the contour on random mesh accords with
the contour on regular mesh.

5.4.  Nonlinear Parabolic Equations
Consider the following nonlinear radiation diffusion problem:

10T 4 .
—— —=V-AVT) =0 in Q
C ot

T(0)=T, in Q
AVT* v+ T —TL =0 on 9Qn
AVT-v=0 on 9QsU3IQ;UIQy,

TABLE 10 Results of the scheme in Hermeline (2000) for the linear parabolic
equation on random mesh(7 = 0.1).

Ix] 12x 12 24 x 24 48 x 48 96 x 96 192 x 192
L*-norm 5.67E-2  1.49E-2 3.74E-3 9.54E-4 2.44E-4
Rate — 1.93 1.99 1.97 1.97
I*norm 6.58E-2  1.68E-2 4.21E-3 1.05E-3 2.66E-4
Rate — 1.97 2.00 2.00 1.98
H'norm 2.31E-1  6.17E-2 2.45E-2 1.23E-2 6.10E-3
Rate — 1.90 1.33 0.99 1.01

Time (second) — 0.78 12.47 178.07 5092
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FIGURE 9 Temperature 7/7, at time ¢t = 5 x 107* A, /c (top, regular mesh;
bottom, distorsted mesh).
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where
g4 1 7/2
A=16x10"*=T"~.
n2

Letu= T*/T!and « (u) = 7/8. The radiation diffusion problem
above becomes (see Hermeline, 2000)

3
8—Z‘—v-(x(u)vu) —0 in Q

u(0) =y in
k(wyVu-v+u—uy =0 on 09Qy

k(w)Vu-v=0 on 0QsU IQpU Q.

We choose uy = 8.1 x 10°, uy =1 (hence Ty = 30T, To=T,),
A t =5 x107%,, and use the finest regular mesh and the finest
random mesh mentioned above. Figure 9 displays the tempera-
ture at time ¢ = 5 x 107%4.. One can also see that the contour on
random mesh accord with the contour on regular mesh.

6. Conclusion

We present a kind of new expression of cell-vertex unknowns in
the nine-point scheme for discretizing diffusion operators on dis-
torted quadrilateral meshes. Although the scheme is designed
only on quadrilateral meshes, it is straightforward to extend the
method to arbitrary polygon meshes. The resulting algorithm
has only cell-center unknowns, and cell-vertex unknowns are
eliminated by expressing them as linear combination of neighbor-
ing cell-center unknowns through the following process. Firstly we
construct a special control-volume for each cell-vertex, and then
device a finite volume scheme in this control-volume to obtain the
linear relation between cell-vertex unknowns and cell-center un-
knowns. Hence cell-vertex unknowns are eliminated by express-
ing them as the linear weighted combination of cell-center un-
knowns and the discrete values of the source term. Moreover, this
scheme has a local stencil, and it reduces to the standard five-point
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scheme when the mesh lines are orthogonal. The arbitrary dis-
torted meshes can be used without the numerical results being
altered remarkably. Our scheme is compared with some exiting
cell-centered diffusion schemes by using numerical experiments,
and is shown to be nearly second order convergent in 1> and L™
norms, and first order convergent in H' norm.
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