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Abstract

In this paper we investigate the parallel difference schemes of parabolic equation, in particular, two kinds of difference
schemes with intrinsic parallelism are constructed. Firstly we combine the values of previous two time levels at the interface
points to get the (Dirichlet) boundary condition for the sub-domain problems. Then the values in the sub-domains are
calculated by fully implicit scheme. And then finally the values at the interface points are computed by fully implicit
scheme. The unconditional stability of these schemes is proved, and the convergence rate of second order is also obtained.
Numerical results are presented to examine the accuracy, stability and parallelism of the parallel schemes.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

There is rich literature on the parallel difference schemes for the parabolic equation (see [1–10]). Explicit
schemes are often naturally parallel and also easy to implement, but they usually require small time steps
because of stability constraints. Implicit schemes are necessary for finding steady state solution or computing
slowly unsteady problems where one needs to march with large time steps. However, implicit schemes are not
inherently parallel.

The alternating schemes in [1–5] use the explicit scheme and implicit scheme alternately in the time and
space direction, which can implement the parallel computation and are unconditionally stable, i.e., for any

positive constant C, when k 6 C, the scheme is stable. For the heat equation ut = uxx the classic explicit
scheme is not unconditional stable since C cannot be taken larger than 1

2
, however the classic implicit scheme

and some alternating schemes are unconditional stable. Note that these alternating schemes can not be imple-
mented directly by making use of the original sequential codes.
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Domain decomposition is a powerful tool for devising parallel PDE methods. Much of the work on domain
decomposition has been directed at elliptic equation (see [11]). In this paper, we present a finite difference
method which utilizes domain decomposition to allow us to divide the work of solving the heat equation.
The method differs from the methods mentioned in [11] that it is noniterative. It can be used to divide the glo-
bal problem into smaller sub-domain problems, which can be solved in parallel. The major difficulties with
such procedures involve defining values on the sub-domain boundaries and piecing the solutions together into
a reasonable approximation to the true solution. Once the interface values are available, the global problem is
fully decoupled and thus be computed in parallel. A domain decomposition scheme was proposed in [6], where
instead of using the same spacing h as for the interior points where the implicit scheme is applied, a larger
spacing HD is used at each interface points where the explicit scheme is applied. Due to stability and accuracy
requirement, the method does not lead to satisfactory parallel efficiency, although the method can be imple-
mented with little extra effort using the original sequential codes. there also have some other schemes with
domain decomposition in [7,8]. These schemes are generally of second order global accuracy in space, i.e.,
O(Dt + h2), but all of them are conditionally stable.

The unconditional stable scheme is desirable in solving some application problems. Some unconditionally
stable schemes were proposed in [9], which firstly take the values of previous time step as the boundary con-
dition, then solve the sub-domain problems by implicit scheme in parallel, and then finally update the interface
values by implicit scheme. These schemes can be easily implemented using the original sequential codes, but
they are only of one order global accuracy in space. In order to improve the global accuracy, the parallel iter-
ative difference schemes based on interface correction were proposed in [10]. But it can not assure second order
global accuracy in theory.

Up until now the available parallel difference schemes at least have one of the following defects: (1) they are
conditionally stable (e.g. [6–8]), i.e., there exists a positive constant C < +1 such that the schemes are unstable
when k > C; (2) the accuracy of these parallel schemes is lower than fully implicit scheme (e.g. [1–5,9]); (3) the
design of algorithm is complex (e.g. [1–5,10]), and therefore the scheme can not be implemented with little
extra effort with the original sequential codes.

In this paper, we propose two kinds of parallel difference scheme with intrinsic parallelism. The resulting
schemes are of second order global accuracy in space and unconditionally stable. The principle of the method
lies mainly in the following steps. First we get the inner boundary condition by combining the values of pre-
vious two time levels at the interface points, then compute the values in the sub-domain by fully implicit
scheme, and then finally update the interface values by fully implicit scheme. When the interface values are
obtained by the linear combination, the global problem is fully decoupled and can thus be computed in par-
allel. No iterations between sub-domains are necessary. Hence, our method should be nearly optimal. The cal-
culations of updating the interface values are explicit, since the values adjacent to the interface points have
been obtained. The time needed to update the interface values is very small relative to the time needed to solve
sub-domain problems. There only need to pass information between neighboring sub-domains and no global
communication is necessary. Thus, the parallel algorithm is fully scalable. Furthermore, the method is easy to
incorporate into existing implicit codes.

The rest of this paper is organized as follows. In the next section, we propose two kinds of parallel difference
scheme for a one-space-dimensional problem. In Section 3, we prove the stable and convergence result for
these schemes. The resulting schemes are unconditionally stable and convergence in the sense of discrete H1

norm, and of second order accuracy in space, i.e., O(Dt + h2). In Sections 4 and 5, we extend the one-dimen-
sional results to two space dimensions, and prove the stability and convergence results. In Section 6, we exam-
ine numerically the accuracy, stability and parallelism of the scheme on certain test problems. The numerical
results verify the theoretical results. Moreover it is shown that the super-linear speedup is achieved. In Section
7, we give some generalizations and conclusions.

2. Construction of one-dimensional schemes

2.1. Problem and notation

Let U(x, t) be the solution of the following model problem with the initial and boundary conditions.
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Ut ¼ U xx; ðx; tÞ 2 ð0; 1Þ � ð0; T �; ð2:1Þ
Uð0; tÞ ¼ Uð1; tÞ ¼ 0; t 2 ð0; T �; ð2:2Þ
Uðx; 0Þ ¼ U 0ðxÞ; x 2 ð0; 1Þ: ð2:3Þ
The initial and boundary data satisfy the compatibility conditions U0(0) = U0(1) = 0.
Divide the domain (0, 1) · (0,T] by xi = ih, tn = ns. Let s = T/N, h = 1/J, k = s/h2. For a function /(x, t)

defined at the mesh points (xi,t
n), let /n

i ¼ /ðxi; tnÞ. Define the difference operators
dun
j ¼

1

h
ðun

jþ1 � un
j Þ; d2un

j ¼
1

h
ðdun

j � dun
j�1Þ; Dsunþ1

j ¼ 1

s
ðunþ1

j � un
j Þ:
The discrete norms are defined as follows:
kun
hk

2
2 ¼

XJ

j¼0

jun
j j

2h; kun
hk

2
1 ¼ max

06j6J
jun

j j
2
:

We will construct following two kinds of difference scheme with intrinsic parallelism.

2.2. Parallel scheme 1 (S1)

Let k be a positive integer such that 2 < k < J � 2, assume un�1
j and un

j are given. At first compute the values
of funþ1

j jj 6¼ kg by the following equations:
Dsunþ1
j ¼ d2unþ1

j ; j ¼ 1; 2; . . . ; k � 2; k þ 2; . . . ; J � 1; ð2:4Þ

Dsunþ1
k�1 ¼

1

h2
ðð2un

k � un�1
k Þ � unþ1

k�1 � ðunþ1
k�1 � unþ1

k�2ÞÞ; ð2:5Þ

Dsunþ1
kþ1 ¼

1

h2
ðunþ1

kþ2 � unþ1
kþ1 � ðunþ1

kþ1 � ð2un
k � un�1

k ÞÞÞ: ð2:6Þ
Then compute the value of unþ1
k by implicit scheme
Dsunþ1
k ¼ d2unþ1

k : ð2:7Þ
In Eqs. (2.4)–(2.7), (2.4) and (2.7) are fully implicit scheme, (2.5) and (2.6) are obtained by replacing unþ1
k

with 2un
k � un�1

k in a stencil of implicit scheme at j = k � 1 and k + 1, respectively, therefore, the global prob-
lem is fully decoupled and the values of funþ1

j jj < kg and funþ1
j jj > kg can thus be computed in parallel. Then

we can compute explicitly the values of unþ1
k by implicit scheme (2.7). It is obvious that the truncation error of

the scheme (2.4)–(2.7) is O(s + h2). Eqs. (2.5) and (2.6) need the values of previous two time levels at interface
points, so we use implicit scheme at the first time level, i.e.
Dsu1
j ¼ d2u1

j ; j ¼ 1; 2; . . . ; J � 1: ð2:8Þ
Eq. (2.5) is equivalent to
Dsunþ1
k�1 ¼

1

h2
ðun

k � unþ1
k�1 � ðunþ1

k�1 � unþ1
k�2ÞÞ þ kDsun

k

¼ 1

h2
ðun

k � unþ1
k�1 � ðunþ1

k�1 � unþ1
k�2ÞÞ þ kd2un

k :
Obviously it only need the values of previous time level.
Eqs. (2.4)–(2.7) are equivalent to the following equations:
Dsunþ1
j ¼ d2unþ1

j ; j ¼ 1; 2; . . . ; k � 2; k; k þ 2; . . . ; J � 1; ð2:9Þ
Dsunþ1

k�1 ¼ d2unþ1
k�1 � kDsunþ1

k þ kDsun
k ; ð2:10Þ

Dsunþ1
kþ1 ¼ d2unþ1

kþ1 � kDsunþ1
k þ kDsun

k : ð2:11Þ
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2.3. Parallel scheme 2 (S2)

Let k be a positive integer such that 2 < k < J � 2, and assume fun�1
j g and fun

jg are given. At first compute
the values of funþ1

j jj 6¼ kg by the following equations:
Dsunþ1
j ¼ d2unþ1

j ; j ¼ 1; 2; . . . ; k � 1; k þ 1; . . . ; J � 1; ð2:12Þ

Ds�unþ1
k ¼ 1

h2
ðð2un

kþ1 � un�1
kþ1Þ � �unþ1

k � ð�unþ1
k � unþ1

k�1ÞÞ; ð2:13Þ

Ds~unþ1
k ¼ 1

h2
ðunþ1

kþ1 � ~unþ1
k � ð~unþ1

k � ð2un
k�1 � un�1

k�1ÞÞÞ; ð2:14Þ
where
d2unþ1
k�1 ¼

1

h2
ð�unþ1

k � unþ1
k�1 � ðunþ1

k�1 � unþ1
k�2ÞÞ;

d2unþ1
kþ1 ¼

1

h2
ðunþ1

kþ2 � unþ1
kþ1 � ðunþ1

kþ1 � �unþ1
k ÞÞ:
There are different values at the mesh point x = xk in different subdomains. In order to make the value unique,
some average strategies must be taken. For simplicity, we take the arithmetic average of the two values as the
value at the mesh point x = xk, i.e.
unþ1
k ¼ 1

2
ð�unþ1

k þ ~unþ1
k Þ: ð2:15Þ
In the scheme (2.12)–(2.15), (2.12) is fully implicit, while (2.13) and (2.14) are obtained by replacing unþ1
kþ1

with 2un
kþ1 � un�1

kþ1, un�1
k�1 with 2un

k�1 � un�1
k�1 in a fully implicit stencil at j = k, respectively. Therefore, the global

problem is fully decoupled, and we can simultaneously compute the values of unþ1
j in the subdomains j 6 k and

j P k by Eqs. (2.12), (2.13) and (2.12), (2.14), respectively. And then compute the value at the mesh point j = k

by Eq. (2.15).
For n > 0, Eqs. (2.12)–(2.15) are equivalent to
Dsunþ1
j ¼ d2unþ1

j ; j ¼ 1; 2; . . . ; k � 1; k þ 1; . . . ; J � 1;

Ds�unþ1
k ¼ d2�unþ1

k � kDsunþ1
kþ1 þ kDsun

kþ1;

Ds~unþ1
k ¼ d2~unþ1

k � kDsunþ1
k�1 þ kDsun

k�1;

unþ1
k ¼ 1

2
ð�unþ1

k þ ~unþ1
k Þ:
And it follows:
Dsunþ1
j ¼ d2unþ1

j ; j ¼ 1; 2; . . . ; k � 1; k þ 1; . . . ; J � 1; ð2:16Þ

Dsunþ1
k ¼ d2unþ1

k � 1

2
kDsunþ1

kþ1 þ
1

2
kDsun

kþ1 �
1

2
kDsunþ1

k�1 þ
1

2
kDsun

k�1: ð2:17Þ
It is obvious that the truncation error of the scheme is O(s + h2). For n = 0, The implicit scheme (2.8) be used.

3. Unconditional stability and convergence of one-dimensional schemes

3.1. Theorem of stability and convergence

We have the following theorem of stability and convergence for the scheme constructed in previous section.

Theorem 3.1. Parallel difference schemes (S1) and (S2) are unconditional stable in the sense of discrete H1 norm,
i.e., for any given k > 0,
kdun
hk

2
2 6 Ckdu0

hk
2
2; 8n ¼ 1; 2; . . . ;N : ð3:1Þ
where C is a positive constant.
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Let en
j ¼ Un

j � un
j . Then the approximate solution satisfies the following a priori error estimate:

Theorem 3.2. Parallel schemes (S1) and (S2) are unconditional convergent, i.e., for any given k > 0,
kden
hk2 6 Cðsþ h2Þ; 8n ¼ 1; 2; . . . ;N : ð3:2Þ
where C is a positive constant.

The proof of the Theorem relies on the following discrete Green formula.

Lemma 3.3. Let uj and vj be the discrete function defined at {xjjj = 0, . . . , J}, then
XJ�1

j¼0

ujðvjþ1 � vjÞ ¼ �
XJ�1

j¼1

ðuj � uj�1Þvj � u0v0 þ uJ�1vJ :
3.2. Proof of stability for the scheme (S1)

Denote wnþ1
j ¼ Dsunþ1

j ð0 6 j 6 JÞ. Making the scalar product of wnþ1
j h ðj ¼ 1; 2; . . . ; J � 1Þ with (2.9)–

(2.11), and summing up the resulting products for j = 1, . . . ,J � 1, we get
XJ�1

j¼1

jwnþ1
j j

2h ¼
XJ�1

j¼1

d2unþ1
j Dsunþ1

j h� kwnþ1
k ðwnþ1

k�1 þ wnþ1
kþ1Þhþ kwn

kðwnþ1
k�1 þ wnþ1

kþ1Þh: ð3:3Þ
Denote Mn ¼
PJ�1

j¼0 jdun
j j

2h. Since wnþ1
0 ¼ wnþ1

J ¼ 0, by Lemma 3.3, we have
XJ�1

j¼1

d2unþ1
j Dsunþ1

j h ¼ � 1

2s
ðMnþ1 �MnÞ � k

2

XJ�1

j¼0

jwnþ1
jþ1 � wnþ1

j j
2h: ð3:4Þ
Substitute (3.4) into (3.3) to obtain
1

2s
ðMnþ1 �MnÞ ¼ � kh

2

XJ�1

j¼0

jwnþ1
jþ1 � wnþ1

j j
2 þ 2

k

XJ�1

j¼1

jwnþ1
j j

2 þ 2wnþ1
k ðwnþ1

k�1 þ wnþ1
kþ1Þ � 2wn

kðwnþ1
k�1 þ wnþ1

kþ1Þ
" #

¼ � kh
2

X
j 6¼k�1;k

jwnþ1
jþ1 � wnþ1

j j
2 þ jwnþ1

k�1 � wn
k j

2 þ jwnþ1
kþ1 � wn

k j
2 þ 2

k

XJ�1

j¼1

jwnþ1
j j

2

" #

� khðjwnþ1
k j

2 � jwn
k j

2Þ 6 �khðjwnþ1
k j

2 � jwn
k j

2Þ: ð3:5Þ
Thus, there holds
Mnþ1 þ 2kshjwnþ1
k j

2
6 Mn þ 2kshjwn

k j
2
; ð3:6Þ
and it follows:
Mn þ 2kshjwn
k j

2
6 M1 þ 2kshjw1

k j
2
: ð3:7Þ
Next, consider
Dsu1
j ¼ d2u1

j ¼ sd2
u1

j � u0
j

s
þ d2u0

j ¼ sd2Dsu1
j þ d2u0

j ; ð3:8Þ
which gives, by the discrete extremum principle,
kDsu1
hk1 6 kd

2u0
hk1: ð3:9Þ
Obviously,
M1
6 M0: ð3:10Þ
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Substitute (3.9) and (3.10) into (3.7) to obtain
Mn þ 2kshjwn
k j 6 M0 þ 2kshjd2u0

k j
2
:

Hence,
Mn
6 CM 0; ð3:11Þ
where C is a positive constant. So the scheme (S1) is unconditionally stable.

3.3. Proof of stability for the scheme (S2)

Making the scalar product of wnþ1
j hðj ¼ 1; 2; . . . ; J � 1Þ with (2.16), (2.17), and summing up the resulting

products for j = 1, . . . ,J � 1, we get
XJ�1

j¼1

jwnþ1
j j

2h ¼
XJ�1

j¼1

d2unþ1
j Dsunþ1

j h� 1

2
kðwnþ1

kþ1wnþ1
k þ wnþ1

k wnþ1
k�1Þ þ

1

2
kðwn

kþ1wnþ1
k þ wn

k�1wnþ1
k Þ: ð3:12Þ
By (3.4),
1

2s
ðMnþ1 �MnÞ ¼ � kh

2

X
j 6¼k�1;k

jwnþ1
jþ1 � wnþ1

j j
2 þ 1

2
jwnþ1

k � wnþ1
kþ1j

2 þ 1

2
jwnþ1

k�1 � wnþ1
k j

2 þ 1

2
jwnþ1

k � wn
kþ1j

2

"

þ 1

2
jwnþ1

k � wn
k�1j

2 þ 2

k

XJ�1

j¼1

jwnþ1
j j

2

#
� 1

4
khðjwnþ1

kþ1j
2 þ jwnþ1

k�1j
2 � jwn

kþ1j
2 � jwn

k�1j
2Þ

6 � 1

4
khðjwnþ1

kþ1j
2 þ jwnþ1

k�1j
2 � jwn

kþ1j
2 � jwn

k�1j
2Þ: ð3:13Þ
Thus,
Mnþ1 þ 1

2
kshðjwnþ1

kþ1j
2 þ wnþ1

k�1j
2Þ 6 Mn þ 1

2
kshðjwn

kþ1j
2 þ jwn

k�1j
2Þ; ð3:14Þ
and it follows:
Mnþ1 þ 1

2
kshðjwnþ1

kþ1j
2 þ wnþ1

k�1j
2Þ 6 M1 þ 1

2
kshðjw1

kþ1j
2 þ jw1

k�1j
2Þ:
Hence,
Mnþ1
6 CM0:
So the scheme (S2) is unconditional stable. The proof of Theorem 3.1 is completed. h

3.4. Proof of convergence

At first, consider the parallel scheme (S1). fenþ1
j g satisfies the following equations:
Dsenþ1
j � d2enþ1

j ¼ Gnþ1
j ; j ¼ 1; 2; . . . ; k � 2; k; k þ 2; . . . ; J � 1; ð3:15Þ

Dsenþ1
k�1 � d2enþ1

k�1 þ kDsenþ1
k � kDsen

k ¼ Gnþ1
k�1; ð3:16Þ

Dsenþ1
kþ1 � d2enþ1

kþ1 þ kDsenþ1
k � kDsen

k ¼ Gnþ1
kþ1; ð3:17Þ

enþ1
0 ¼ enþ1

J ¼ 0; n ¼ 0; 1; . . . ;N � 1; ð3:18Þ
e0

j ¼ 0; j ¼ 0; 1; . . . ; J : ð3:19Þ
There holds jGnþ1
j j 6 C1ðsþ h2Þ, where C1 is a positive constant.

Denote vnþ1
j ¼ Dsenþ1

j . Making the scalar product of vnþ1
j h ðj ¼ 1; 2; . . . ; J � 1Þ with (3.15)–(3.17), and sum-

ming up the resulting products for j = 1, . . . ,J � 1, we get
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XJ�1

j¼1

jvnþ1
j j

2h ¼
XJ�1

j¼1

d2enþ1
j Dsenþ1

j h� kvnþ1
k ðvnþ1

k�1 þ vnþ1
kþ1Þhþ kvn

kðvnþ1
k�1 þ vnþ1

kþ1Þhþ
XJ�1

j¼1

vnþ1
j Gnþ1

j h: ð3:20Þ
Similar to the proof of stability for the scheme (S1), one has
1

2s
ðkdenþ1

h k
2
2�kden

hk
2
2Þ ¼�

kh
2

X
j6¼k�1;k

jvnþ1
jþ1 � vnþ1

j j
2þ jvnþ1

k�1� vn
k j

2þ jvnþ1
kþ1� vn

k j
2þ 1

k

XJ�1

j¼1

1ffiffiffi
2
p Gnþ1

j �
ffiffiffi
2
p

vnþ1
j

����
����
2

" #

þ h
4

XJ�1

j¼1

jGnþ1
j j

2� khðjvnþ1
k j

2� jvn
k j

2Þ6 h
4

XJ�1

j¼1

jGnþ1
j j

2� khðjvnþ1
k j

2� jvn
k j

2Þ;
and then
kdenþ1
h k

2
2 þ 2kshjvnþ1

k j
2
6 kden

hk
2
2 þ 2kshjvn

k j
2 þ 1

2
sh
XJ�1

j¼1

jGnþ1
j j

2

6 kden
hk

2
2 þ 2kshjvn

k j
2 þ 1

2
sC2

1ðsþ h2Þ2: ð3:21Þ
Therefore,
kdenþ1
h k

2
2 þ 2kshjvnþ1

k j
2
6 kde1

hk
2
2 þ 2kshjv1

k j
2 þ 1

2
TC2

1ðsþ h2Þ2: ð3:22Þ
Notice that
Dse1
j ¼ d2e1

j þ G1
j :
Proceeding the same argument as that of (3.9) and (3.10), we have
jDse1
k j 6 jd

2e0
k j þ jG1

j j 6 jd
2e0

k j þ C1ðsþ h2Þ;

kde1
hk

2
2 6 kde0

hk
2
2 þ 2

XJ�1

j¼1

je1
jkG1

j jh:
Since ke1
hk2 6 Ckde1

hk2, and e0
j ¼ 0, we obtain
jDse1
k j 6 C1ðsþ h2Þ; ð3:23Þ

kde1
hk

2
2 6 C2ðsþ h2Þ2: ð3:24Þ
Substitute (3.23) and (3.24) into (3.22) to obtain
kdenþ1
h k

2
2 6 Cðsþ h2Þ2: ð3:25Þ
So the scheme (S1) is unconditional convergent and the convergence order is second order. The similar result
holds for the scheme (S2). The proof of Theorem 3.2 is finished. h

It is straightforward to extend the results on two subdomains to allow for multi-sub-domains.

4. Parallel schemes for two-dimensional problem

4.1. Problem and notation

In this section, we will construct the parallel difference scheme for the following two-dimensional parabolic
problem:
Ut ¼ U xx þ Uyy ; ðx; y; tÞ 2 X� ð0; T �; ð4:1Þ
Uðx; y; tÞ ¼ 0; ðx; y; tÞ 2 oX� ð0; T �; ð4:2Þ
Uðx; y; 0Þ ¼ U 0ðx; yÞ; ðx; yÞ 2 X; ð4:3Þ
where X = {(x,y)j0 < x < 1,0 < y < 1}, U0(x,y) is a initial value function. The initial and boundary data sat-
isfy the compatibility condition that U0(x,y) = 0 for (x,y) 2 oX.
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Divide the domain X · (0,T] by xi = ih, yj = jh, tn = ns. Let s = T/N, h = 1/J, k = s/h2. For a function /
(x,y, t) defined at mesh point (xi,yj, tn), let /n

i;j ¼ /ðxi; yj; t
nÞ. Define the difference operators:
d1un
i;j ¼

1

h
ðun

iþ1;j � un
i;jÞ; d2

1un
i;j ¼

1

h
ðd1un

i;j � d1un
i�1;jÞ;

d2un
i;j ¼

1

h
ðun

i;jþ1 � un
i;jÞ; d2

2un
i;j ¼

1

h
ðd2un

i;j � d2un
i;j�1Þ; Dsunþ1

i;j ¼
1

s
ðunþ1

i;j � un
i;jÞ:
Define the discrete norm as follows:
kun
hk

2
2 ¼

XJ

i;j¼0

jun
i;jj

2h2; kdun
hk

2
2 ¼

XJ�1

i¼0

XJ

j¼0

jd1un
i;jj

2h2 þ
XJ

i¼0

XJ�1

j¼0

jd2un
i;jj

2h2:
Next, we will extend the schemes (S1) and (S2) to two-dimensional problem (4.1)–(4.3).

4.2. Parallel scheme 3 (S3)

Let k and l be a positive integer such that 2 < k < J � 2 and 2 < l < J � 2, respectively. Assume fun�1
i;j g and

fun
i;jg are given. Firstly compute the values of funþ1

i;j ji 6¼ k; j 6¼ lg by the following equations.
Dsunþ1
i;j ¼ d2

1unþ1
i;j þ d2

2unþ1
i;j ; i 6¼ k � 1; k; k þ 1; j 6¼ l� 1; l; lþ 1; ð4:4Þ

Dsunþ1
k�1;j ¼

1

h2
ðð2un

k;j � un�1
k;j Þ � 2unþ1

k�1;j þ unþ1
k�2;jÞ þ d2

2unþ1
k�1;j; j 6¼ l� 1; l; lþ 1; ð4:5Þ

Dsunþ1
kþ1;j ¼

1

h2
ðunþ1

kþ2;j � 2unþ1
kþ1;j þ ð2un

k;j � un�1
k;j ÞÞ þ d2

2unþ1
kþ1;j; j 6¼ l� 1; l; lþ 1;

Dsunþ1
i;l�1 ¼

1

h2
ðð2un

i;l � un�1
i;l Þ � 2unþ1

i;l�1 þ unþ1
i;l�2Þ þ d2

1unþ1
i;l�1; i 6¼ k � 1; k; k þ 1;

Dsunþ1
i;lþ1 ¼

1

h2
ðunþ1

i;lþ2 � 2unþ1
i;lþ1 þ ð2un

i;l � un�1
i;l ÞÞ þ d2

1unþ1
i;lþ1; i 6¼ k � 1; k; k þ 1;

Dsunþ1
k�1;l�1 ¼

1

h2
ðð2un

k;l�1 � un�1
k;l�1Þ � 2unþ1

k�1;l�1 þ unþ1
k�2;l�1Þ þ

1

h2
ðð2un

k�1;l � un�1
k�1;lÞ � 2unþ1

k�1;l�1 þ unþ1
k�1;l�2Þ;

Dsunþ1
kþ1;l�1 ¼

1

h2
ðunþ1

kþ2;l�1 � 2unþ1
kþ1;l�1 þ ð2un

k;l�1 � un�1
k;l�1ÞÞ þ

1

h2
ðð2un

kþ1;l � un�1
kþ1;lÞ � 2unþ1

kþ1;l�1 þ unþ1
kþ1;l�2Þ;

Dsunþ1
k�1;lþ1 ¼

1

h2
ðð2un

k;lþ1 � un�1
k;lþ1Þ � 2unþ1

k�1;lþ1 þ unþ1
k�2;lþ1Þ þ

1

h2
ðunþ1

k�1;lþ2 � 2unþ1
k�1;lþ1 þ ð2un

k�1;l � un�1
k�1;lÞÞ;

Dsunþ1
kþ1;lþ1 ¼

1

h2
ðunþ1

kþ2;lþ1 � 2unþ1
kþ1;lþ1 þ ð2un

k;lþ1 � un�1
k;lþ1ÞÞ þ

1

h2
ðunþ1

kþ1;lþ2 � 2unþ1
kþ1;lþ1 þ ð2un

kþ1;l � un�1
kþ1;lÞÞ: ð4:6Þ
Eq. (4.4) is fully implicit. Eqs. (4.5)–(4.6) are obtained by replacing unþ1
i;j with 2un

i;j � un�1
i;j (i = k or j = l) in a

stencil of implicit scheme, respectively. Therefore, the global problem is fully decoupled and can thus be com-
puted in parallel. Then compute the interface values except the cross point (i, j) = (k, l) by the following
equations:
Dsunþ1
k;j ¼ d2

1unþ1
k;j þ d2

2unþ1
k;j ; j 6¼ l� 1; l; lþ 1; ð4:7Þ

Dsunþ1
i;l ¼ d2

1unþ1
i;l þ d2

2unþ1
i;l ; i 6¼ k � 1; k; k þ 1; ð4:8Þ

Dsunþ1
k;l�1 ¼

1

h2
ðð2un

k;l � un�1
k;l Þ � 2unþ1

k;l�1 þ unþ1
k;l�2Þ þ d2

1unþ1
k;l�1; ð4:9Þ

Dsunþ1
k;lþ1 ¼

1

h2
ðunþ1

k;lþ2 � 2unþ1
k;lþ1 þ ð2un

k;l � un�1
k;l ÞÞ þ d2

1unþ1
k;lþ1;

Dsunþ1
k�1;l ¼

1

h2
ðð2un

k;l � un�1
k;l Þ � 2unþ1

k�1;l þ unþ1
k�2;lÞ þ d2

2unþ1
k�1;l;

Dsunþ1
kþ1;l ¼

1

h2
ðunþ1

kþ2;l � 2unþ1
kþ1;l þ ð2un

k;l � un�1
k;l ÞÞ þ d2

2unþ1
kþ1;l: ð4:10Þ
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Eqs. (4.9)–(4.10) are formulated by replacing unþ1
k;l with 2un

k;l � un�1
k;l in a stencil of implicit scheme, respectively.

Therefore, the interface values except the cross point (i, j) = (k, l) can be computed in parallel. And then finally,
compute the value of cross point (i, j) = (k, l) by the fully implicit scheme:
Dsunþ1
k;l ¼ d2

1unþ1
k;l þ d2

2unþ1
k;l : ð4:11Þ
It is obvious that the truncation error of the scheme (4.4)–(4.11) is O(s + h2). For n = 0, use implicit scheme
Dsu1
i;j ¼ d2

1u1
i;j þ d2

2u1
i;j: ð4:12Þ
Eqs. (4.4)–(4.11) are equivalent to the following equations:
Dsunþ1
i;j ¼ d2

1unþ1
i;j þ d2

2unþ1
i;j ; i 6¼ k � 1; k þ 1; j 6¼ l� 1; lþ 1; ð4:13Þ

Dsunþ1
i;j ¼ d2

1unþ1
i;j þ d2

2unþ1
i;j � kDsunþ1

k;j þ kDsun
k;j; i ¼ k � 1; k þ 1; j 6¼ l� 1; lþ 1;

Dsunþ1
i;j ¼ d2

1unþ1
i;j þ d2

2unþ1
i;j � kDsunþ1

i;l þ kDsun
i;l; j ¼ l� 1; lþ 1; i 6¼ k � 1; k þ 1;

Dsunþ1
k�1;l�1 ¼ d2

1unþ1
k�1;l�1 þ d2

2unþ1
k�1;l�1 � kDsunþ1

k;l�1 þ kDsun
k;l�1 � kDsunþ1

k�1;l þ kDsun
k�1;l;

Dsunþ1
kþ1;l�1 ¼ d2

1unþ1
kþ1;l�1 þ d2

2unþ1
kþ1;l�1 � kDsunþ1

k;l�1 þ kDsun
k;l�1 � kDsunþ1

kþ1;l þ kDsun
kþ1;l;

Dsunþ1
k�1;lþ1 ¼ d2

1unþ1
k�1;lþ1 þ d2

2unþ1
k�1;lþ1 � kDsunþ1

k;lþ1 þ kDsun
k;lþ1 � kDsunþ1

k�1;l þ kDsun
k�1;l;

Dsunþ1
kþ1;lþ1 ¼ d2

1unþ1
kþ1;lþ1 þ d2

2unþ1
kþ1;lþ1 � kDsunþ1

k;lþ1 þ kDsun
k;lþ1 � kDsunþ1

kþ1;l þ kDsun
kþ1;l: ð4:14Þ
4.3. Parallel scheme 4 (S4)

Let k and l be positive integers such that 2 < k < J � 2 and 2 < l < J � 2, respectively. Assume fun�1
i;j g and

fun
i;jg are given. Firstly, compute the values of funþ1

i;j ji 6¼ k; j 6¼ lg by the following equations.
Dsunþ1
i;j ¼ d2

1unþ1
i;j þ d2

2unþ1
i;j ; i 6¼ k; j 6¼ l; ð4:15Þ

Ds�unþ1
k;j ¼

1

h2
ðð2un

kþ1;j � un�1
kþ1;jÞ � �unþ1

k;j � ð�unþ1
k;j � unþ1

k�1;jÞÞ þ d2
2�u

nþ1
k;j ; j 6¼ l; ð4:16Þ

Ds~unþ1
k;j ¼

1

h2
ðunþ1

kþ1;j � ~unþ1
k;j � ð~unþ1

k;j � ð2un
k�1;j � un�1

k�1;jÞÞÞ þ d2
2~u

nþ1
k;j ; j 6¼ l;

Ds�unþ1
i;l ¼

1

h2
ðð2un

i;lþ1 � un�1
i;lþ1Þ � �unþ1

i;l � ð�unþ1
i;l � unþ1

i;l�1ÞÞ þ d2
1�u

nþ1
i;l ; i 6¼ k;

Ds~unþ1
i;l ¼

1

h2
ðunþ1

i;lþ1 � ~unþ1
i;l � ð~unþ1

i;l � ð2un
i;l�1 � un�1

i;l�1ÞÞÞ þ d2
1~u

nþ1
i;l ; i 6¼ k; ð4:17Þ

Ds�unþ1
k;l ¼

1

h2
ðð2un

kþ1;l � un�1
kþ1;lÞ � �unþ1

k;l � ð�unþ1
k;l � unþ1

k�1;lÞÞ þ
1

h2
ðð2un

k;lþ1 � un�1
k;lþ1Þ � �unþ1

k;l � ð�unþ1
k;l � unþ1

k;l�1ÞÞ;

ð4:18Þ

Dsûnþ1
k;l ¼

1

h2
ðunþ1

kþ1;l � ûnþ1
k;l � ðûnþ1

k;l � ð2un
k�1;l � un�1

k�1;lÞÞÞ þ
1

h2
ðð2un

k;lþ1 � un�1
k;lþ1Þ � ûnþ1

k;l � ðûnþ1
k;l � unþ1

k;l�1ÞÞ;

Ds�unþ1
k;l ¼

1

h2
ðð2un

kþ1;l � un�1
kþ1;lÞ � �unþ1

k;l � ð�unþ1
k;l � unþ1

k�1;lÞÞ þ
1

h2
ðunþ1

k;lþ1 � �unþ1
k;l � ð�unþ1

k;l � ð2un
k;l�1 � un�1

k;l�1ÞÞÞ;

Ds�unþ1
k;l ¼

1

h2
ðunþ1

kþ1;l � �unþ1
k;l � ð�unþ1

k;l � ð2un
k�1;l � un�1

k�1;lÞÞÞ þ
1

h2
ðunþ1

k;lþ1 � �unþ1
k;l � ð�unþ1

k;l � ð2un
k;l�1 � un�1

k;l�1ÞÞÞ:

ð4:19Þ

There are different values at mesh points x = xk or y = yl in different processors. Similar to the parallel scheme
(S2), take the average of two values as the value at mesh points (x = xk, y 5 yl) and (x 5 xk, y = yl), respec-
tively, and take the average of the four values as the value at mesh point (x = xk, y = yl), i.e.
unþ1
k;j ¼

1

2
ð�unþ1

k;j þ ~unþ1
k;j Þ; j 6¼ l; ð4:20Þ

unþ1
i;l ¼

1

2
ð�unþ1

i;l þ ~unþ1
i;l Þ; i 6¼ k; ð4:21Þ

unþ1
k;l ¼

1

4
ðûnþ1

k;l þ �unþ1
k;l þ �unþ1

k;l þ �unþ1
k;l Þ: ð4:22Þ
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In Eqs. (4.15)–(4.22), (4.15) is fully implicit, and (4.16)–(4.17) are obtained by replacing unþ1
kþ1;j with

2un
kþ1;j � un�1

kþ1;j, unþ1
k�1;j with 2un

k�1;j � un�1
k�1;j, unþ1

i;lþ1 with 2un
i;lþ1 � un�1

i;lþ1, unþ1
i;l�1 with 2un

i;l�1 � un�1
i;l�1 in the fully implicit

stencil, respectively; And similarly, (4.18)–(4.19) are obtained by replacing unþ1
kþ1;l, unþ1

k;lþ1 with 2un
kþ1;l � un�1

kþ1;l,

2un
k;lþ1 � un�1

k;lþ1, unþ1
k�1;l, unþ1

k;lþ1 with 2un
k�1;l � un�1

k�1;l, 2un
k;lþ1 � un�1

k;lþ1, unþ1
kþ1;l, unþ1

k;l�1 with 2un
kþ1;l � un�1

kþ1;l, 2un
k;l�1�

un�1
k;l�1, unþ1

k�1;l, unþ1
k;l�1 with 2un

k�1;l � un�1
k�1;l, 2un

k;l�1 � un�1
k;l�1 in the fully implicit stencil, respectively. Therefore the

global problem is fully decoupled and the interior values in sub-domain can thus be computed in parallel.
The interface values can also be computed in parallel. It is obvious that the truncation error of the scheme
is O(s + h2).

Eqs. (4.15)–(4.19) are equivalent to the following equations.
Dsunþ1
i;j ¼ d2

1unþ1
i;j þ d2

2unþ1
i;j ; i 6¼ k; j 6¼ l; ð4:23Þ

Dsunþ1
k;j ¼ d2

1unþ1
k;j þ d2

2unþ1
k;j �

1

2
kðDsunþ1

kþ1;j þ Dsunþ1
k�1;jÞ þ

1

2
ðkDsun

kþ1;j þ Dsun
k�1;jÞ; j 6¼ l;

Dsunþ1
i;l ¼ d2

1unþ1
i;l þ d2

2unþ1
i;l �

1

2
kðDsunþ1

i;lþ1 þ Dsunþ1
i;l�1Þ þ

1

2
kðDsun

i;lþ1 þ Dsun
i;l�1Þ; i 6¼ k; ð4:24Þ

Dsunþ1
k;l ¼ d2

1unþ1
k;l þ d2

2unþ1
k;l �

1

2
kðDsunþ1

kþ1;l þ Dsunþ1
k�1;l þ Dsunþ1

k;lþ1 þ Dsunþ1
k;l�1Þ

þ 1

2
kðDsun

kþ1;l þ Dsun
k�1;l þ Dsun

k;lþ1 þ Dsun
k;l�1Þ: ð4:25Þ
5. Unconditional stability and convergence of the schemes (S3) and (S4)

5.1. Theorem of stability and convergence

Similar to one-dimensional problem, there are the following theorems of stability and convergence.

Theorem 5.1. Parallel difference schemes (S3) and (S4) are unconditional stable in the sense of discrete H1 norm,
i.e., for any given k,
kdun
hk2 6 Ckdu0

hk
2
2; 8n ¼ 1; 2; . . . ;N : ð5:1Þ
where C is a positive constant.

Let en
i;j ¼ U n

i;j � un
i;j. The approximate solution satisfies the following a priori error estimate:

Theorem 5.2. Parallel schemes (S3) and (S4) are unconditional convergent, i.e., for any given k > 0,
kden
hk2 6 Cðsþ h2Þ; 8n ¼ 1; 2; . . . ;N : ð5:2Þ
where C is a positive constant.
5.2. Proof of stability for S3

Let wnþ1
i;j ¼ Dsunþ1

i;j . Making the scalar product of wnþ1
i;j h2 with (4.13)–(4.14), and summing up the resulting

products for i,j, we get
XJ�1

i;j¼1

jwnþ1
i;j j

2h2 ¼
XJ�1

i;j¼1

ðd2
1unþ1

i;j þ d2
2unþ1

i;j ÞDsunþ1
i;j h2 � k

XJ�1

j¼1
i¼k�1;kþ1

wnþ1
k;j wnþ1

i;j h2 þ k
XJ�1

j¼1
i¼k�1;kþ1

wn
k;jw

nþ1
i;j h2

� k
XJ�1

i¼1
j¼l�1;lþ1

wnþ1
i;l wnþ1

i;j h2 þ k
XJ�1

i¼1
j¼l�1;lþ1

wn
i;lw

nþ1
i;j h2: ð5:3Þ
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Let Mn
1 ¼

PJ�1
i¼0;j¼1jd1un

i;jj
2h2, Mn

2 ¼
PJ�1

i¼1;j¼0jd2un
i;jj

2h2. By the Lemma 3.3,
XJ�1

i;j¼1

d2
1unþ1

i;j Dsunþ1
i;j h2 ¼ � 1

2s
ðMnþ1

1 �Mn
1Þ �

k
2

XJ�1

i¼0
j¼1

jwnþ1
iþ1;j � wnþ1

i;j j
2h2; ð5:4Þ

XJ�1

i;j¼1

d2
2unþ1

i;j Dsunþ1
i;j h2 ¼ � 1

2s
ðMnþ1

2 �Mn
2Þ �

k
2

XJ�1

i¼1
j¼0

jwnþ1
iþ1;j � wnþ1

i;j j
2h2: ð5:5Þ
Let Mn ¼ Mn
1 þMn

2, and substitute (5.4) and (5.5) into (5.3) to find
1

2s
ðMnþ1 �MnÞ ¼ � kh2

2

XJ�1

j¼1
i6¼k�1;k

jwnþ1
iþ1;j � wnþ1

i;j j
2 þ

XJ�1

i¼1
j 6¼l�1;l

jwnþ1
i;jþ1 � wnþ1

i;j j
2 þ 2

k

XJ�1

i;j¼1

jwnþ1
i;j j

2

0
BB@

þ
XJ�1

j¼1

ðjwn
k;j � wnþ1

k�1;jj
2 þ jwn

k;j � wnþ1
kþ1;jj

2Þ þ
XJ�1

i¼1

ðjwn
i;l � wnþ1

i;l�1j
2 þ jwn

i;l � wnþ1
i;lþ1j

2Þ

1
CCA

� kh2
XJ�1

j¼1

ðjwnþ1
k;j j

2 � jwn
k;jj

2Þ � kh2
XJ�1

i¼1

ðjwnþ1
i;l j

2 � jwn
i;lj

2Þ 6 �kh2
XJ�1

j¼1

ðjwnþ1
k;j j

2 � jwn
k;jj

2Þ

� kh2
XJ�1

i¼1

ðjwnþ1
i;l j

2 � jwn
i;lj

2Þ; ð5:6Þ
and it follows:
Mnþ1 þ 2ksh2
XJ�1

j¼1

jwnþ1
k;j j

2 þ
XJ�1

i¼1

jwnþ1
i;l j

2

 !
6 Mn þ 2ksh2

XJ�1

j¼1

jwn
k;jj

2 þ
XJ�1

i¼1

jwn
i;lj

2

 !
: ð5:7Þ
Hence,
Mnþ1 þ 2ksh2
XJ�1

j¼1

jwnþ1
k;j j

2 þ
XJ�1

i¼1

jwnþ1
i;l j

2

 !
6 M1 þ 2ksh2

XJ�1

j¼1

jw1
k;jj

2 þ
XJ�1

i¼1

jw1
i;lj

2

 !
: ð5:8Þ
Similar to one-dimensional problem one finds
Mnþ1
6 CM0; ð5:9Þ
where C is a positive constant.

5.3. Proof of stability for S4

Making the scalar product of wnþ1
i;j h2 with (4.23)–(4.25), and summing up the resulting products for i, j, we

get
XJ�1

i;j¼1

jwnþ1
i;j j

2h2 ¼
XJ�1

i;j¼1

ðd2
1unþ1

i;j þ d2
2unþ1

i;j ÞDsunþ1
i;j h2 � 1

2
k
XJ�1

j¼1

ðwnþ1
kþ1;j þ wnþ1

k�1;jÞwnþ1
k;j h2

þ 1

2
k
XJ�1

j¼1

ðwn
kþ1;j þ wnþ1

k�1;jÞwnþ1
k;j h2 � 1

2
k
XJ�1

i¼1

ðwnþ1
i;lþ1 þ wnþ1

i;l�1Þwnþ1
i;l h2

þ 1

2
k
XJ�1

i¼1

ðwn
i;lþ1 þ wnþ1

i;l�1Þwnþ1
i;l h2:
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By (5.4) and (5.5),
1

2s
ðMnþ1 �MnÞ ¼ � kh2

2

XJ�1

j¼1
i6¼k�1;k

jwnþ1
iþ1;j � wnþ1

i;j j
2 þ

XJ�1

i¼1
j6¼l�1;l

jwnþ1
i;jþ1 � wnþ1

i;j j
2 þ 1

2

XJ�1

j¼1

ðjwnþ1
k;j � wnþ1

k�1;jj
2

0
BB@

þ jwnþ1
kþ1;j � wnþ1

k;j j
2 þ jwn

kþ1;j � wnþ1
k;j j

2 þ jwn
k�1;j � wnþ1

k;j j
2 þ jwnþ1

k�1;jj
2 þ jwnþ1

kþ1;jj
2

� jwn
k�1;jj

2 � jwn
kþ1;jj

2Þ þ 1

2

XJ�1

i¼1

ðjwnþ1
i;l � wnþ1

i;l�1j
2 þ jwnþ1

i;lþ1 � wnþ1
i;l j

2 þ jwn
i;lþ1 � wnþ1

i;l j
2

þ jwn
i;l�1 � wnþ1

i;l j
2 þ jwnþ1

i;l�1j
2 þ jwnþ1

i;lþ1j
2 � jwn

i;l�1j
2 � jwn

i;lþ1j
2Þ

1
CCA

6 � kh2

4

XJ�1

j¼1

ðjwnþ1
k�1;jj

2 þ jwnþ1
kþ1;jj

2 � jwn
j�1;jj

2 � jwn
kþ1;jj

2Þ
"

þ
XJ�1

i¼1

ðjwnþ1
i;l�1j

2 þ jwnþ1
i;lþ1j

2 � jwn
i;l�1j

2 � jwn
i;lþ1j

2Þ
#
; ð5:10Þ
and it follows:
Mnþ1 þ ksh2

2

XJ�1

j¼1

ðjwnþ1
k�1;jj

2 þ wnþ1
kþ1;jj

2Þ þ
XJ�1

i¼1

ðjwnþ1
i;l�1j

2 þ jwnþ1
i;lþ1j

2Þ
" #

6 Mn þ ksh2

2

XJ�1

j¼1

ðjwn
k�1;jj

2 þ jwn
kþ1;jj

2Þ þ
XJ�1

i¼1

ðjwn
i;l�1j

2 þ jwn
i;lþ1j

2Þ
" #

: ð5:11Þ
Thus,
Mnþ1
6 CM0: ð5:12Þ
5.4. Proof of convergence for S3

Consider the parallel scheme S3. fenþ1
i;j g satisfy
Dsenþ1
i;j ¼ d2

1enþ1
i;j þ d2

2enþ1
i;j þ Gnþ1

i;j ; i 6¼ k � 1; k þ 1; j 6¼ l� 1; lþ 1; ð5:13Þ
Dsenþ1

i;j ¼ d2
1enþ1

i;j þ d2
2enþ1

i;j � kDsenþ1
k;j þ kDsen

k;j þ Gnþ1
i;j ; i ¼ k � 1; k þ 1; j 6¼ l� 1; l; lþ 1;

Dsenþ1
i;j ¼ d2

1enþ1
i;j þ d2

2enþ1
i;j � kDsenþ1

i;l þ kDsen
i;l þ Gnþ1

i;j ; j ¼ l� 1; lþ 1; i 6¼ k � 1; k; k þ 1;

Dsenþ1
k�1;l�1 ¼ d2

1enþ1
k�1;l�1 þ d2

2enþ1
k�1;l�1 � kDsenþ1

k;l�1 þ kDsen
k;l�1 � kDsenþ1

k�1;l þ kDsen
k�1;l þ Gnþ1

k�1;l�1;

Dsenþ1
kþ1;l�1 ¼ d2

1enþ1
kþ1;l�1 þ d2

2enþ1
kþ1;l�1 � kDsenþ1

k;l�1 þ kDsen
k;l�1 � kDsenþ1

kþ1;l þ kDsen
kþ1;l þ Gnþ1

kþ1;l�1;

Dsenþ1
k�1;lþ1 ¼ d2

1enþ1
k�1;lþ1 þ d2

2enþ1
k�1;lþ1 � kDsenþ1

k;lþ1 þ kDsen
k;lþ1 � kDsenþ1

k�1;l þ kDsen
k�1;l þ Gnþ1

k�1;lþ1;

Dsenþ1
kþ1;lþ1 ¼ d2

1enþ1
kþ1;lþ1 þ d2

2enþ1
kþ1;lþ1 � kDsenþ1

k;lþ1 þ kDsen
k;lþ1 � kDsenþ1

kþ1;l þ kDsen
kþ1;l þ Gnþ1

kþ1;lþ1; ð5:14Þ
enþ1

i;0 ¼ enþ1
i;J ¼ enþ1

0;j ¼ enþ1
J ;j ¼ 0; i; j ¼ 1; . . . ; J ; ð5:15Þ

e0
i;j ¼ 0; i; j ¼ 1; . . . ; J : ð5:16Þ
There holds jGnþ1
i;j j 6 C3ðsþ h2Þ, and C3 is a positive constant.

Denote vnþ1
i;j ¼ Dsenþ1

i;j . Making the scalar product of vnþ1
i;j h2 with (5.13)–(5.14), and summing up the resulting

products for i, j, we get



Z. Sheng et al. / Applied Mathematics and Computation 184 (2007) 1015–1031 1027
XJ�1

i;j¼1

jvnþ1
i;j j

2h2 ¼
XJ�1

i;j¼1

ðd2
1enþ1

i;j þ d2
2enþ1

i;j ÞDsenþ1
i;j h2 � k

XJ�1

j¼1
i¼k�1;kþ1

vnþ1
k;j vnþ1

i;j h2 þ k
XJ�1

j¼1
i¼k�1;kþ1

vn
k;jv

nþ1
i;j h2

� k
XJ�1

i¼1
j¼l�1;lþ1

vnþ1
i;l vnþ1

i;j h2 þ k
XJ�1

i¼1
j¼l�1;lþ1

vn
i;lv

nþ1
i;j h2 þ

XJ�1

i;j¼1

vnþ1
i;j Gnþ1

i;j h2: ð5:17Þ
Similar to the proof of stability for the scheme (S3), it gives
1

2s
ðkenþ1

h k
2
2 � ken

hk
2
2Þ ¼ �

kh2

2

XJ�1

j¼1
i6¼k�1;k

jvnþ1
iþ1;j � vnþ1

i;j j
2 þ

XJ�1

i¼1
j 6¼l�1;l

jvnþ1
i;jþ1 � vnþ1

i;j j
2 þ 1

k

XJ�1

i;j¼1

jvnþ1
i;j j

2

0
BB@

þ
XJ�1

j¼1

ðjvn
k;j � vnþ1

k�1;jj
2 þ jvn

k;j � vnþ1
kþ1;jj

2Þ þ
XJ�1

i¼1

ðjvn
i;l � vnþ1

i;l�1j
2 þ jvnþ1

i;l � vnþ1
i;lþ1j

2Þ

� 1

k

XJ�1

i;j¼1

jGnþ1
i;j j

2 þ 1

k

XJ�1

i;j¼1

jvn
i;j � Gnþ1

i;j j
2

1
CCA� kh2

XJ�1

j¼1

ðjvnþ1
k;j j

2 � jvn
k;jj

2Þ

� kh2
XJ�1

i¼1

ðjvnþ1
i;l j

2 � jvn
i;lj

2Þ 6 �kh2
XJ�1

j¼1

ðjvnþ1
k;j j

2 � jvn
k;jj

2Þ � kh2
XJ�1

i¼1

ðjvnþ1
i;l j

2 � jvn
i;lj

2Þ

þ h2

2

XJ�1

i;j¼1

jGnþ1
i;j j

2
; ð5:18Þ
and it follows:
kenþ1
h k

2
2 þ 2ksh2

XJ�1

j¼1

jvnþ1
k;j j

2 þ 2ksh2
XJ�1

i¼1

jvnþ1
i;l j

2

6 ken
hk

2
2 þ 2ksh2

XJ�1

j¼1

jvn
k;jj

2 þ 2ksh2
XJ�1

i¼1

jvn
i;lj

2 þ sh2
XJ�1

i;j¼1

jGnþ1
i;j j

2
: ð5:19Þ
Hence
kenþ1
h k

2
2 þ 2ksh2

XJ�1

j¼1

jvnþ1
k;j j

2 þ 2ksh2
XJ�1

i¼1

jvnþ1
i;l j

2
6 ke1

hk
2
2 þ 2ksh2

XJ�1

j¼1

jv1
k;jj

2 þ 2ksh2
XJ�1

i¼1

jv1
i;lj

2 þ TC2
3ðsþ h2Þ2:

ð5:20Þ
By the inequality similar to (3.23) and (3.24), we have
kenþ1
h k

2
2 6 Cðsþ h2Þ2: ð5:21Þ
So the scheme (S3) is unconditional convergent and the convergent order is second order. The similar result
holds for the scheme (S4). The proof of Theorem 5.2 is completed.

It is straightforward to extend the results on four subdomains to allow for many subdomains.

6. Numerical results

In this section, we present numerical results examining the stability, accuracy and parallelism of the scheme
described above.
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6.1. One-dimensional test

For one-dimensional problems, consider the problem (2.1)–(2.3) with the initial value function
U0(x) = sin(px), and the exact solution U ¼ e�p2t sinðpxÞ:

First, we examine the errors in the solution for the scheme (S1). The errors in the solution are presented in
Table 6.1. Here the time step s = 1.0e�6, the rate is the experimental rate of convergence, four mesh refine-
ments are used and two processors are used. It can be seen from this table that the errors appear to be O(h2).

Next, we examine the stability and parallelism of the scheme (S1). In order to demonstrate the uncondi-
tional stability of the scheme, we present the numerical results for k = 10, 100, 1000 in Tables 6.2–6.4, respec-
tively. Where k = s/h2, CPUs is the number of the processor, Tall is the amount of clock time computing
100,000 time steps, Sp is the relative speedup and Eff is the parallel efficiency. When CPUs = 1, this represents
the fully implicit solution.

In these runs a uniform mesh is used with 100,000 grid blocks, i.e., J � 1 = 100,000. The direct solver is
used to solve the linear systems on each sub-domain. Table 6.2 shows that, for this test problem, the parallel
difference scheme produces results which are the same as the fully implicit scheme, and the amount of clock
time needed to solve the problem decreased essentially linearly with increasing the number of processors used.
In fact, the speed-up is super-linear. The same phenomena can be seen for k = 100 and k = 1000 in Tables 6.3
Table 6.1
The accuracy for one-dimensional problem (s = 1.0e�6, T = 0.01)

J � 1 10 20 40 80

maxi;njun
i � U n

i j 7.34E�4 1.84E�4 4.64E�5 1.19E�5

maxi;n
jun

i �Un
i j

jUn
i j

8.10E�4 2.03E�4 5.12E�5 1.32E�5
Rate – 2.00 1.99 1.96

Table 6.2
The stability and parallelism for one-dimensional problem (k = 10)

CPUs 1 10 20 40 50

maxi;njun
i � U n

i j 4.83E�007 4.83E�007 4.83E�007 4.83E�007 4.83E�007
Tall (s) 4564 337 173 91 74
Sp 1 13.52 26.27 49.78 61.32
Eff (100%) 1 1.35 1.31 1.24 1.23

Table 6.3
The stability and parallelism for one-dimensional problem (k = 100)

CPUs 1 10 20 40 50

maxi;njun
i � U n

i j 4.88E�007 4.88E�007 4.88E�007 4.88E�007 4.88E�007
Tall (s) 4553 339 173 92 75
Sp 1 13.40 26.20 49.28 60.22
Eff (100%) 1 1.34 1.31 1.23 1.20

Table 6.4
The stability and parallelism for one-dimensional problem (k = 1000)

CPUs 1 10 20 40 50

maxi;njun
i � U n

i j 4.50E�007 4.50E�007 4.50E�007 4.50E�007 4.50E�007
Tall (s) 4481 340 174 93 74
Sp 1 13.16 25.73 47.88 60.15
Eff (100%) 1 1.32 1.29 1.20 1.20
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and 6.4, respectively. Hence, the parallel scheme (S1) is stable for k = 10, 100 and 1000. Notice that the explicit
scheme of this test problem is stable for k 6 1

2
. These results indicate that the scheme is unconditional stable.

6.2. Two-dimensional test

Consider the following two-dimensional problem:
Table
The ac

(J � 1)

maxi;j;n

maxi;j;n

Rate

Table
The st

k

maxi;j;n

maxi;j;n
ut ¼ uxx þ uyy þ f ðx; y; tÞ; ðx; yÞ 2 X; t 2 ð0; T �:

The solution is chosen to be
uðx; y; tÞ ¼ e�2p2tð2þ sinðpxÞ sinðpyÞÞ:

The initial function is u(x,y, 0) = 2 + sin(px)sin(py), f ðx; y; tÞ ¼ �4p2e�2p2t, and the Dirichlet boundary condi-
tions are used.

First, we examine the errors in the solution for the parallel scheme (S3). The errors in the solution are pre-
sented in Table 6.5. Here the rate is the experimental rate of convergence, four mesh refinements are used and
four processors (2 · 2) are used. We use the diagonally preconditioned conjugate gradient algorithm in [12] to
solve the linear systems on each sub-domains. As can be seen in this table, the errors appear to be O(h2).

Next, we examine the stability of the scheme for the two-dimensional problem. In order to demonstrate the
unconditional stability of the scheme, we present the numerical results for different k in Table 6.6. Here
s = 1.0e�4, T = 0.1, and four processors are used. This table shows that, for this test problem, the parallel
difference scheme produces good results for different k. Notice that the stability constraint for fully explicit
scheme is k 6 1/4, our parallel difference scheme is still stable for k = 400. These indicate that the scheme is
unconditional stable.

At last, we examine the parallelism of the scheme for the two-dimensional problem. In Fig. 6.1, we present
the speed-up for different number of processor. In these runs a uniform mesh is used with 1000 grid blocks in
each direction, i.e., the mesh scale is 1000 · 1000. The time step s = 1.0e�5, T = 0.01 and k = 10. A diagonally
preconditioned conjugate gradient algorithm is used to solve the linear systems on each sub-domains. The x-
direction and y-direction have the same number of processor m, i.e., the number of processor is m · m. Notice
that the global problem is fully decoupled by using our parallel difference scheme, hence, some small scale sys-
tems on each sub-domain can be formed. No communication between different sub-domains is necessary to
solve the linear systems on sub-domain. And the communication only exists between the neighboring proces-
sors in order to update the interface values, i.e., the communication is local. So our scheme has high parallelism.

To show the performance of our new parallel difference schemes for two-dimensional problems, we will
compare them with the well-known parallelization method, the so-called parallel algebraic method, which uses
the parallel preconditioned conjugate gradient method to solve the global linear algebraic system arising from
the fully implicit scheme on the global space domain. That is, the standard fully implicit discretization for the
parabolic equations is used, and then the parallel algebraic solver (parallel preconditioned conjugate gradient
6.5
curacy for two-dimensional problem (s = 1.0e�6, T = 0.01)

· (J � 1) 10 · 10 20 · 20 40 · 40 80 · 80

jUn
i;j � un

i;jj 1.33E�3 3.38E�4 8.84E�5 2.59E�5
jUn

i;j�un
i;j j

jUn
i;j j

5.42E�4 1.37E�4 3.59E�5 1.05E�5
– 1.97 1.93 1.77

6.6
ability for two-dimensional problem (s = 1.0E�4, T = 0.1)

1 16 25 64 100 400

jUn
i;j � un

i;jj 8.88E�4 8.49E�4 1.39E�3 3.00E�3 4.08E�3 9.48E�3
jUn

i;j�un
i;j j

jUn
i;j j

1.66E�3 1.50E�3 2.50E�3 5.50E�3 7.50E�3 1.75E�2



Fig. 6.1. The parallelism for two-dimensional problem.

Table 6.7
The average number of iteration for parallel difference scheme

CPUs 1 4 16 25 64 100

it# 83 82 81 80 78 74
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method, see [12]) is exploited to solve the linear system in parallel. The parallel algebraic method needs the
local communications between the neighboring processors and the global communications among all proces-
sors as well. Hence, its parallelism is low compared with our method, especially in the cases of CPUs number
being increased. The same criterion is used to decide whether the solution is convergence for the parallel dif-
ference method and parallel algebraic method.

In Fig. 6.1, the solid line expresses our method and the dot line expresses the parallel algebraic method. As
can be seen in this figure, the speed-up of our method is better than parallel algebraic method. Moreover, the
speed-up is over 240 when 100 processors were used. This is because that the iterative number of small scale
system is less than the large scale system. In Table 6.7, we present the iterative number of parallel difference
scheme, where it# is the average number of iteration for solving linear system. For parallel algebraic method,
the iterative number is same as the case of parallel difference scheme when one processor is used, i.e., the iter-
ative number is 83, and there is no difference for different number of processor. When 100 processors are used,
the iterative number of parallel algebraic method is 83, however the iterative number of parallel difference
scheme is 74, hence our method converges faster.

7. Generalizations and conclusions

In this paper, the fixed time step be used. In fact variable time step can be used. Next we take the scheme
(S1) as an example, and extend it to variable time step. The scheme with variable time step is as follows:
Dsnþ1
unþ1

j ¼ d2unþ1
j ; j ¼ 1; 2; . . . ; k � 2; k þ 2; . . . ; J � 1;

Dsnþ1
unþ1

k�1 ¼
1

h2
un

k �
snþ1

sn
ðun

k � un�1
k Þ

� �
� unþ1

k�1 � ðunþ1
k�1 � unþ1

k�2Þ
� �

;

Dsnþ1
unþ1

kþ1 ¼
1

h2
unþ1

kþ2 � unþ1
kþ1 � unþ1

kþ1 � un
k �

snþ1

sn
ðun

k � un�1
k Þ

� �� �� �
:
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It is equivalent to
Dsnþ1
unþ1

j ¼ d2unþ1
j ; j ¼ 1; 2; . . . ; k � 2; k; k þ 2; . . . ; J � 1;

Dsnþ1
unþ1

k�1 ¼ d2unþ1
k�1 � knþ1Dsnþ1

unþ1
k þ knþ1Dsn un

k ;

Dsnþ1
unþ1

kþ1 ¼ d2unþ1
kþ1 � knþ1Dsnþ1

unþ1
k þ knþ1Dsn un

k ;
where Dsnþ1
unþ1

j ¼ unþ1
j �un

j

snþ1
, sn+1 = tn+1 � tn, knþ1 ¼ snþ1

h2 .

The other schemes (S2)–(S4) can also be extended to the schemes with variable time step. We can obtain the
similar theorem of stability and convergence for those schemes with variable time step.

The procedure constructing parallel difference scheme is clearly generalizable to three-dimensional space.
To conclude, in this paper we have presented a parallel difference scheme with unconditional stability and

second order accuracy for linear parabolic equation. The design of the schemes is simple, and it can be imple-
mented with little extra effort by modifying the original sequential codes. The numerical results demonstrate
the good performance of the parallel schemes, i.e., they are unconditionally stable, and have second order
accuracy and high degree of parallelism. In particular, the super-linear speedup is achieved.
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