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Abstract

In this paper we investigate the parallel difference schemes of parabolic equation, in particular, two kinds of difference
schemes with intrinsic parallelism are constructed. Firstly we combine the values of previous two time levels at the interface
points to get the (Dirichlet) boundary condition for the sub-domain problems. Then the values in the sub-domains are
calculated by fully implicit scheme. And then finally the values at the interface points are computed by fully implicit
scheme. The unconditional stability of these schemes is proved, and the convergence rate of second order is also obtained.
Numerical results are presented to examine the accuracy, stability and parallelism of the parallel schemes.
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1. Introduction

There is rich literature on the parallel difference schemes for the parabolic equation (see [1-10]). Explicit
schemes are often naturally parallel and also easy to implement, but they usually require small time steps
because of stability constraints. Implicit schemes are necessary for finding steady state solution or computing
slowly unsteady problems where one needs to march with large time steps. However, implicit schemes are not
inherently parallel.

The alternating schemes in [1-5] use the explicit scheme and implicit scheme alternately in the time and
space direction, which can implement the parallel computation and are unconditionally stable, i.e., for any
positive constant C, when A < C, the scheme is stable. For the heat equation u, = u,, the classic explicit
scheme is not unconditional stable since C cannot be taken larger than i, however the classic implicit scheme
and some alternating schemes are unconditional stable. Note that these alternating schemes can not be imple-
mented directly by making use of the original sequential codes.
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Domain decomposition is a powerful tool for devising parallel PDE methods. Much of the work on domain
decomposition has been directed at elliptic equation (see [11]). In this paper, we present a finite difference
method which utilizes domain decomposition to allow us to divide the work of solving the heat equation.
The method differs from the methods mentioned in [11] that it is noniterative. It can be used to divide the glo-
bal problem into smaller sub-domain problems, which can be solved in parallel. The major difficulties with
such procedures involve defining values on the sub-domain boundaries and piecing the solutions together into
a reasonable approximation to the true solution. Once the interface values are available, the global problem is
fully decoupled and thus be computed in parallel. A domain decomposition scheme was proposed in [6], where
instead of using the same spacing / as for the interior points where the implicit scheme is applied, a larger
spacing Hp is used at each interface points where the explicit scheme is applied. Due to stability and accuracy
requirement, the method does not lead to satisfactory parallel efficiency, although the method can be imple-
mented with little extra effort using the original sequential codes. there also have some other schemes with
domain decomposition in [7,8]. These schemes are generally of second order global accuracy in space, i.c.,
O(Ar + h?), but all of them are conditionally stable.

The unconditional stable scheme is desirable in solving some application problems. Some unconditionally
stable schemes were proposed in [9], which firstly take the values of previous time step as the boundary con-
dition, then solve the sub-domain problems by implicit scheme in parallel, and then finally update the interface
values by implicit scheme. These schemes can be easily implemented using the original sequential codes, but
they are only of one order global accuracy in space. In order to improve the global accuracy, the parallel iter-
ative difference schemes based on interface correction were proposed in [10]. But it can not assure second order
global accuracy in theory.

Up until now the available parallel difference schemes at least have one of the following defects: (1) they are
conditionally stable (e.g. [6-8]), i.e., there exists a positive constant C < +oo such that the schemes are unstable
when A > C; (2) the accuracy of these parallel schemes is lower than fully implicit scheme (e.g. [1-5,9]); (3) the
design of algorithm is complex (e.g. [1-5,10]), and therefore the scheme can not be implemented with little
extra effort with the original sequential codes.

In this paper, we propose two kinds of parallel difference scheme with intrinsic parallelism. The resulting
schemes are of second order global accuracy in space and unconditionally stable. The principle of the method
lies mainly in the following steps. First we get the inner boundary condition by combining the values of pre-
vious two time levels at the interface points, then compute the values in the sub-domain by fully implicit
scheme, and then finally update the interface values by fully implicit scheme. When the interface values are
obtained by the linear combination, the global problem is fully decoupled and can thus be computed in par-
allel. No iterations between sub-domains are necessary. Hence, our method should be nearly optimal. The cal-
culations of updating the interface values are explicit, since the values adjacent to the interface points have
been obtained. The time needed to update the interface values is very small relative to the time needed to solve
sub-domain problems. There only need to pass information between neighboring sub-domains and no global
communication is necessary. Thus, the parallel algorithm is fully scalable. Furthermore, the method is easy to
incorporate into existing implicit codes.

The rest of this paper is organized as follows. In the next section, we propose two kinds of parallel difference
scheme for a one-space-dimensional problem. In Section 3, we prove the stable and convergence result for
these schemes. The resulting schemes are unconditionally stable and convergence in the sense of discrete H'
norm, and of second order accuracy in space, i.e., O(Ar + /). In Sections 4 and 5, we extend the one-dimen-
sional results to two space dimensions, and prove the stability and convergence results. In Section 6, we exam-
ine numerically the accuracy, stability and parallelism of the scheme on certain test problems. The numerical
results verify the theoretical results. Moreover it is shown that the super-linear speedup is achieved. In Section
7, we give some generalizations and conclusions.

2. Construction of one-dimensional schemes
2.1. Problem and notation

Let U(x,?) be the solution of the following model problem with the initial and boundary conditions.
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U =Ux, (xvt) € (07 1) X (01 T]v (21)
U0,0)=U(1,0)=0, t€(0,T], (2.2)
U(x,0) = Up(x), x€(0,1). (2.3)

The initial and boundary data satisfy the compatibility conditions Uy(0) = Uy(1) = 0.
Divide the domain (0, 1) x (0, T] by x; = ik, ' = nt. Let © = T/N, h = 1/J, /.= t/h*. For a function ¢(x, 1)
defined at the mesh points (x;¢"), let ¢! = ¢(x;,¢"). Define the difference operators
1 1 1
oulj = 7 W), —ul), Oul = 5 (Ou) —ou ), At = - (W —u).

The discrete norms are defined as follows:
J
o2 =S o, = ma
Jj=0
We will construct following two kinds of difference scheme with intrinsic parallelism.

2.2. Parallel scheme 1 (S1)

Let k be a positive integer such that 2 <k <J — 2, assume ]~ "and uj are given. At first compute the values
of {uj* ! # k} by the following equations:

At =&t =12, k=2k+2,...,J — 1, (2.4)
1 n n n

Aty = ﬁ((zuk — ) =ty = (U - ), (2.5)
n 1 n hn n n—

Aaly = PE (it — iy — () — Quy —ui™")). (2.6)

Then compute the value of /™! by implicit scheme

A uZ-H 52 n+1 (27)

In Egs. (2. 4) (2.7), (2.4) and (2.7) are fully implicit scheme, (2.5) and (2.6) are obtained by replacing u}*'
with 2u} — u/~! in a stencil of implicit scheme at j =k — 1 and k + 1, respectively, therefore, the global prob-
lem is fully decoupled and the values of {u!*'|j < k} and {u}*'[j > k} can thus be computed in parallel. Then
we can compute explicitly the values of uk+1 by implicit scheme (2.7). It is obvious that the truncation error of
the scheme (2.4)~(2.7) is O(t + h%). Eqs. (2.5) and (2.6) need the values of previous two time levels at interface
points, so we use implicit scheme at the first time level, i.e.

A} =0}, j=12,...J—L (2.8)

Eq. (2.5) is equivalent to
1
A} = o =} = () = ) + A
= (0 — ] = (7 1) + 207
Obviously it only need the values of previous time level.
Egs. (2.4)—(2.7) are equivalent to the following equations:

A =St =12, k= 2k k+2,. T — 1, (2.9)
At = SPulth — AW+ JA L, (2.10)
Aty = Sult — A + A (2.11)



1018 Z. Sheng et al. | Applied Mathematics and Computation 184 (2007) 1015-1031
2.3. Parallel scheme 2 (S2)

Let k be a positive integer such that 2 <k <J — 2, and assume {«}'} and {u/} are given. At first compute
the values of {u”+1 |j # k} by the following equations:

A =0t =12, k=1 k41, T~ 1, (2.12)

A = 5 (uy — i) — 7 — @ ), (213)

A = gt = = G g — ), 2.14)
where

Fuptt = @ — ) - ] - ),

Pt} = s id = ] - gt - ),

There are different values at the mesh point x = x, in different subdomains. In order to make the value unique,
some average strategies must be taken. For simplicity, we take the arithmetic average of the two values as the
value at the mesh point x = xy, i.e.

n+1 __
Uy =

2( att . (2.15)
In the scheme (2. 12) (2.15), (2.12) is fully implicit, while (2.13) and (2.14) are obtained by replacing u} "}
with 2u} o T1 wZ) with 2uf | —u}"} in a fully implicit stencil at j = k, respectively. Therefore, the global
problem is fully decoupled, and we can simultaneously compute the values of u;’“ in the subdomains j < k and
j = k by Egs. (2.12), (2.13) and (2.12), (2.14), respectively. And then compute the value at the mesh point j =k
by Eq. (2.15).
For n> 0, Egs. (2.12)—(2.15) are equivalent to
A =%t =12, k=1 k41, T~ 1,
A un+1 52 n+1 _ AAT Zi]l +/1A‘Euz+l’
Al = & "+1 — A+ I,

1
uZJrl — ( —n+1 +ﬁz+l).

2
And it follows:
At =t =12, k=1 k+1,... 0 -1, (2.16)
1 1 1 1
Al = St — A A+ S Ay — S A ult! +5 A (2.17)

It is obvious that the truncation error of the scheme is O(t + A?). For n = 0, The implicit scheme (2.8) be used.
3. Unconditional stability and convergence of one-dimensional schemes
3.1. Theorem of stability and convergence

We have the following theorem of stability and convergence for the scheme constructed in previous section.

Theorem 3.1. Parallel difference schemes (S1) and (S2) are unconditional stable in the sense of discrete H' norm,
i.e., for any given . >0,

|out|l> < Cllodd|3, Vn=1,2,...,N. (3.1)

where C is a positive constant.
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Let ¢j = U7 — u}. Then the approximate solution satisfies the following a priori error estimate:
Theorem 3.2. Parallel schemes (S1) and (S2) are unconditional convergent, i.e., for any given 1> 0,
|6e}]l, < C(x+h*), ¥Yn=1,2,...,N. (3.2)
where C is a positive constant.
The proof of the Theorem relies on the following discrete Green formula.

Lemma 3.3. Let u; and v; be the discrete function defined at {xjj=0,...,J}, then

~

-1 J- 1
uj(v1 — vy) Uj_1)v; — oo + ty_1U;.
:1

~
Il

)
~.

3.2. Proof of stability for the scheme (S1)

Denote /™' = A" (0 < j<J). Making the scalar product of wi*'h (j=1,2,...,J — 1) with (2.9)-
(2.11), and summing up the resulting products for j=1,...,J — 1, we get

Z wit! I’h = Z S A h— dw T (Wit WD+ A (Wit + Wit (3.3)
=1

Denote M" = Z |5u *h. Since wii*! = w2t = 0, by Lemma 3.3, we have

J—1
1
ZézujﬂATuth — _Z(Mnﬂ n 2 Z | ;’Ill _ W;_Hrl |2h. (34)

j=1

Substitute (3.4) into (3.3) to obtain

3o 07— = [Z i =y %Z A AR SRR B (e +wZii)]
LZ it = P = il g = il Z | ]
i£k—1k
= (WP = ) < —2h(W T = L. (3:5)
Thus, there holds
M 203h|wi P < MM 4 203h(wi ], (3.6)
and it follows:
M" + 2)ah|w![> < M' + 2zh|w)|*. (3.7)
Next, consider
ul — 0
At} = &u) = 6" L— - Lt 8u) = 16° A} + 500, (3.8)
which gives, by the discrete extremum principle,
1A o < 110%43] - (3.9)
Obviously,

M < M. (3.10)
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Substitute (3.9) and (3.10) into (3.7) to obtain
M + 2)zh|w!| < M° + 232h| %[
Hence,
M" < CM°, (3.11)

where C is a positive constant. So the scheme (S1) is unconditionally stable.
3.3. Proof of stability for the scheme (S2)

Making the scalar product of wj*'h(j =1,2,...,J — 1) with (2.16), (2.17), and summing up the resulting
products for j=1,...,J — 1, we get

J—1
1 1
‘VV?+1|2]’1 252 n+1A n+1h_§)( er{u/wl wz+lwlz+l)+2j'(wk+lwk +Wk IWZ+1)' (312)
J=1
By (3.4),
1 n n n n n n n n 1 n noo|2
(M __L;k Wit = e g P b e
1 n+1 noo|2 2 S n+1)2 1, +12 n+l no|2
bt = P 2 S P g A g o b )
=
1 n n n 2
< _ZMGWJH + W +1| - ‘Wk+l| Wiy [9). (3.13)
Thus,
n 1 n n 1 n n
M +5/11h(|w,;{|2 +wHP <M +§irh(|wk+l\2 + w1, (3.14)

and it follows:
n 1 n 2 n 2 1 2 2
M +§irh(|wkﬂ| +wh) < M! +§)trh(|w,1(+1\ + wp_,[).
Hence,

Mn+l g CMO
So the scheme (S2) is unconditional stable. The proof of Theorem 3.1 is completed. [

3.4. Proof of convergence

At first, consider the parallel scheme (S1). {e}* 1} satisfies the following equations:

At =3 =G =12 k=2 kk+2,... . =1, (3.15)
Aeltl — §%et 4 JAeT — IAel = G;;+}, (3.16)
Al — 8t 4+ AL — JAe = G, (3.17)
el = =0, n=0,1,...,N—1, (3.18)
e)=0, j=01,..J. (3.19)

There holds |G”“| C\(t + h*), where C| is a positive constant.
Denote "' = A.ef*'. Making the scalar product of v/"'h (j=1,2,...,J — 1) with (3.15)~(3.17), and sum-
ming up the resultmg products for j=1,...,J — 1, we get
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J—1 J—1 J—1
SOl P =" e A h — (W + o+ A (ot R+ Y v G R (3.20)
j=1 j=1 j=1

Similar to the proof of stability for the scheme (S1), one has

ih 1 7 7 n 7 1 O 7 ?
(||5€ 2 lloe; IJZ e R e A [V B Vi as ;Z —V2u"! 1
h—1k =
Gn+1 )l’l n+1 éj Gn+l n+1 2 2
Z‘ (e = k| 42 v = o),
and then
1
16¢ 13 + 22chlvf ™ < ||d€f|l5 + 22thlo]* + 5 ThZIG”“
j=1
n||2 ) n2 1 2 212
< ||0e]l; + 2Ath|vy] +§‘EC1(‘E—|—}Z ). (3.21)
Therefore,
, 1
|6e |13 + 24th|vi P < ||deb||3 + 22th|ol ) + 3 TC3 (v + h?)*. (3.22)

Notice that
1 21 1
Afej =90 e, +G,.
Proceeding the same argument as that of (3.9) and (3.10), we have
(Acel] < )] + 1G] < |86 + Ci(x + 1),
J—1
2 2
18e,13 < [15€h5 +2 " le}lI G-
=1

Since |le,||, < C||del,, and e} = 0, we obtain
<

|Ace]| < Ci(x+77), (3.23)

16€;]3 < Calz+ 7)™ (3.24)
Substitute (3.23) and (3.24) into (3.22) to obtain

[0€/4 3 < C(t + h?)™. (3.25)

So the scheme (S1) is unconditional convergent and the convergence order is second order. The similar result
holds for the scheme (S2). The proof of Theorem 3.2 is finished. [

It is straightforward to extend the results on two subdomains to allow for multi-sub-domains.
4. Parallel schemes for two-dimensional problem

4.1. Problem and notation

In this section, we will construct the parallel difference scheme for the following two-dimensional parabolic
problem:

U=Us+U,, (@xy1t)eQx(0,T], (4.1)
Ulx,y,t) =0, (x,p,1) €0Q x (0,T], (42)
U(X;J’a 0) = Uo(x,y), (xay) € Qﬂ (43)

where Q = {(x,»)|0 <x < 1,0 <y <1}, Uy(x,y) is a initial value function. The initial and boundary data sat-
isfy the compatibility condition that Uy(x,y) =0 for (x,y) € 0Q.
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Divide the domain Q x (0,T] by x; =ih, y;=jh, {"=nt. Let t=T/N, h=1/J, .= t/l*. For a function ¢
(x,y,t) defined at mesh point (x;,;,1"), let ¢! = ¢(x;,y;,1"). Define the difference operators:

1 1
no__ ~(.n _n 2.n _ no__ n
51“1',,' ey (“m,j ”i,j)y 51“1",‘ 7 (51”1:]' 51”1'71,]‘)7
Sou” _l(un _un) 521/!” _1(5 U = Sou” ) Aun+1_1(un+l_un)
2Ry T Vi pjr 2%y T N2 T P21 iy T\ ij/

Define the discrete norm as follows:

J
2 2 2
el =Dl P12, l|ou 3

ij=0

J-1 J J J-1
I ILTIVEED 9y SIS
i=0 j=0 i=0 =0

Next, we will extend the schemes (S1) and (S2) to two-dimensional problem (4.1)—(4.3).

4.2. Parallel scheme 3 (S3)

Let k and / be a positive integer such that 2 <k <J — 2 and 2 </<J — 2, respectively. Assume {uf;l} and
{uj;} are given. Firstly compute the values of {u]} i # k,j # I} by the following equations.

A zafu;;1+5§u;§;1, itk—1kk+1;j#1—1,1,1+]1, (4.4)
n 1 n n— n n n .
Arukﬂ,j = 7 ((2”1@;' - uk‘jl) - 2”/:},/' + ukt;j) + 5%”/:},;’ JFEI=11L1+1, (4.5)

n 1 n n n n— 2 n .
Aru,{ﬂvj = ﬁ(ukgj - 2ukﬂ‘j + (2uy,; — uk‘jl)) + 52ukﬂd., JAEI-1,11+1,

1
Al = e (Quf, =y =20+l ) + S, iA k=1 k k1,

1
n+l n+1 n+1 n n—1 2 n+l .
Ay = h—(”i.1+2 = 2uiy + (2”i,1 — U ) + 51“i,1+17 i#k—1,kk+1,
Au 1 i ((21/!” _ u"*l ) _ 2un+1 + un+1 ) + i ((zun _ u”71 ) _ 2un+l + un+1 )
He11-1 7 05 k-1 k-1 k1,01 k—2,1-1 2 k1,1 k1,1 k1,11 k—1,1-2)>
1
n+1 _ n+1 n+1 n n—1 n n—1 n+1 n+1
Afuk+l,l—l = ﬁ (”k+2,1—1 - 2“k+1,1—1 + (zuk,l—l - “k<1—1)) + ; ((2uk+141 - “k+1,z) - 2“k+1,1—1 + “k+1,1—2)7
A un+1 _ i ((21,{” _ un—l ) _ 2un+1 + un+1 ) + i (un+1 _ 2un+l + (21/{” _ un—l ))
11 = 52 kI+1 kI+1 k—10+1 k—2,1+1 2 kL2 k—1,1+1 k—1,1 k—1,1))
A n+1 _i( n+1 ) n+1 + (2 n _ -l )) _"_l( n+1 ) n+1 +(2 n _n—l )) (4 6)
W11 = e Upi2141 Upi1,041 Up 1 — U gp1 e Up 1042 Up 1,041 Up1g — Ukrr1))- .

Eq. (4.4) is fully implicit. Egs. (4.5)-(4.6) are obtained by replacing /' with 2u, —u};' (i=k or j=1)in a
stencil of implicit scheme, respectively. Therefore, the global problem is fully decoupled and can thus be com-
puted in parallel. Then compute the interface values except the cross point (i,j) = (k,/) by the following
equations:

Al = St + st A =1L+ 1, (4.7)
A =0t + st iA=Lk k+ 1,

n 1 n n— n n n
Ar”kﬁl = 7 ((2uy, — ”k.,zl) - 2”1(21 + ”k,ﬁz) + 5%”;111» (4.9)

1
n+l n+1 n+1 n n—1 2 n+l
Ar”k,1+1 = P (uk,l+2 - 2“k,/+1 + (zuk,l — Uy ) + 51“k,1+1,
1
nt+l no -1\ n+1 n+1 2 n+1
Ay ((zuk,l Uy 1 ) = 2ulty, + ”kfz.,z) + 52”1(71,17

e

n 1 n n n n— n
Ar”kﬂ,z = 7 (ukg,l - Zukﬂ,l + (2uy, — uk,ll)) + 5§”kﬂj' (4.10)
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Eqgs. (4.9)-(4.10) are formulated by replacing uz_fll with 2ug , — u};" in a stencil of implicit scheme, respectively.
Therefore, the interface values except the cross point (7,j) = (k, /) can be computed in parallel. And then finally,
compute the value of cross point (i,j) = (k,/) by the fully implicit scheme:

At = Sttt + st (4.11)
It is obvious that the truncation error of the scheme (4.4)—(4.11) is O(t + h%). For n = 0, use implicit scheme

Aul; = dju; + Suj ;. (4.12)
Eqgs. (4.4)—(4.11) are equivalent to the following equations:

AT =S 4 U, iA=L k+ 1A= 11+, (4.13)

Al = Sl + Sl — AN A, =k — L k+ 1 # - 11+ 1,

ATt =St + S — AN A, =1L+ LiE k=L k41,

n+1 _ 52 n+l 2. n+l _ n+1 D) n _ n+1 n
Afuk—l,l—l =0, + 52”/(71,/71 AU+ /“Afuk,l—l /“Afuk—l,l + A'Afuk—l,h

n+1 2 n+l 2 n+l n+1 1 n 1 n+1 n
Ar”k+1,/—1 = 51”k+1,1—1 + 52“k+1,1—1 — AAu -y + /“Afuk,l—l - /“Afuk+1,l + AAT”IH—I,I’
n+1 _ <2 n+l 2 n+l n+1 1 n 1 n+1 n
Afukfl,lﬂ = 51”k71,1+1 + 52uk—l,l+l - )“Ar”k.,m + AAUy — /“Afuk—l,l + /lAfuk—l,l’
n+1 52 n+l 2 n+l _ n+1 D) n _ n+1 n
Ar“k+1,z+1 = 01U+ 52”k+1,z+1 A+ /“Afuk,lﬂ /“Afukﬂ,l + /lAr”kH,l' (4.14)

4.3. Parallel scheme 4 (S4)

Let k and / be positive integers such that 2 <k <J — 2 and 2 </<J — 2, respectively. Assume {uf’j‘l} and
{uj;} are given. Firstly, compute the values of {u]} i # k, j # I} by the following equations.

Al = oql !+ sl i Ak # : (4.15)

At = %((mgw — i) = W =)+ st j# (4.16)

N = 5 Gl — i — = Qi — i) + S A

At = s (e — )~ — @ )+ S Ak

A = o gl — = G Q)+ B A @.17)

N = 5 (g = i) = 5 = G =] ) 5 (g — i) = 5 — G =),
(4.18)

N =t = = G Q=) ))) o (e =) = = = i),

AJ!Z?‘ = %((%‘ZH,I - ”Z;i:) - f‘ﬁll - (’V‘Ztl - “Zﬂl)) +%(”Z+141r1 - i‘ﬁl - (f‘ﬁl - (2142,1_1 - “Zil)))v

N = 5 Gl = 7 — G = (=i ))) oz G — 5 — G = (2 — )
(4.19)

There are different values at mesh points x = x; or y = y; in different processors. Similar to the parallel scheme
(S2), take the average of two values as the value at mesh points (x = xz, y # y;) and (x # X, ¥ = yy), respec-
tively, and take the average of the four values as the value at mesh point (x = x, y = y)), i.e.

1 —n ~n :

wyh =Sy g, J#L (4.20)
1

ui =S ), ik, (4.21)
1

) = 1 (" + gy + gt + . (4.22)
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In Egs. (4.15)(4.22), (4.15) is fully implicit, and (4.16)—(4.17) are obtained by replacing ”Zﬂ, with

n n—1 n+1 n n—1 n+l n—1 n+1 : n n—l 1 3 11
2up g — gy wtyy With 2u 5 — Ty with 2 — gy ugy with 2u], — )7 in the fully implicit

stencil, respectively; And similarly, (4.18)(4.19) are obtained by replacing uzﬂ i u,’zﬁl with 2uj  , —ul ],
n 1 +1 n+1 3 n n—1 n 1 +1 n+1 n—1

2up oy — Uiy, Wity Uiy with 2“k LT W QU — W W Mysy With 2u g — gty 2up g —

wl L ut uﬁll with 2u} |, — w7} ), 2u}, | —uj;!, in the fully implicit stencil, respectively. Therefore the

global problem is fully decoupled and the interior values in sub-domain can thus be computed in parallel.
The interface values can also be computed in parallel. It is obvious that the truncation error of the scheme
is O(t + ).

Eqgs. (4.15)—(4.19) are equivalent to the following equations.

A = ST sl i E k£ (4.23)
Ayt = S+ S5t DA+ A ) S OB A ), AL
Ar”ﬁl = 5?”;71 + 5%“71“ ;)(A ”7;111 +A “71“1) + %;L(ATMZIH + AT”Z!—])’ i #k, (4.24)
A = Syt Sy — S HA L+ A+ At + At

;X(AMZHI_FAMA A+ A ). (4.25)

5. Unconditional stability and convergence of the schemes (S3) and (S4)
5.1. Theorem of stability and convergence

Similar to one-dimensional problem, there are the following theorems of stability and convergence.

Theorem 5.1. Parallel difference schemes (S3) and (S4) are unconditional stable in the sense of discrete H' norm,
i.e., for any given 1,

|6ul]], < Clloud|3, Yn=1,2,...,N. (5.1)

where C is a positive constant.
Let e/, = U}, — u};. The approximate solution satisfies the following a priori error estimate:

Theorem 5.2. Parallel schemes (S3) and (S4) are unconditional convergent, i.e., for any given J.> 0,
|6€}]l, < C(r+h*), Yn=1,2,...,N. (5.2)

where C is a positive constant.

5.2. Proof of stability for S3

Let w”;“l A, u”+1 Making the scalar product of w”“h2 with (4.13)—-(4.14), and summing up the resulting
products for i,j, we get

J-1 J-1

E n+1 2 § : 2 r1+1 2 n+1 n+1 2 § n+l n+1 2 E n+l 2
‘ | h (bl iJj 52”1’,}‘ ) U ij h™— 4 Wi, 1 h +;L WA] ij h
ij=1 ij=1 = =
i= k 1k+1 i= k lk+l
J—1
) n+l. nt+lgp2 n+1 2
—2 Wi W+ wi Wi R (5.3)

J=l-1,0+1 j= s 11+1
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Let M} = S0 0w [Po, My = S0 |0xul [’i*. By the Lemma 3.3,

1 J—
E 52 n+1A un+1h2 2_T(M711+1 n § Trllj _ Wn+1| h2 (54)
i=0
J=1
52 n+1 n+1h2 i(MnH _Mn) _& <« | n+l n+1| h2 (5 5)
E , Acu ij 77 W2 2 2 Wiri .

Let M" = M7 + M’, and substitute (5.4) and (5.5) into (5.3) to find

1 n+1 n /LhZ — n+1 n+1 n+1 n+1 2 Jﬁl n+112
Z(M -M ):_7 Z |Wi+lJ_w | + Z |WU+1_ ‘ +- Z|lej |
i=1 t,j:l
i#h—1k ;Az 11
J-1 5 J—1 5
+ > (e = wit P A Iy — Wi )+ D (wy, = Wi P 4w = i )
=1 =1
J—1 J—1 J—1

=AY (Wi 1P = i) = 2 Y (i = (wi ) < =2k Yy (il P = w1

j:l i=1 j=1
*Ahzz (w2 = W), (5.6)

and it follows:

J-1 J-1 J—1
M™ 4201k’ (Z Wi+ Z w1 ) <M+ 2/11h2< Wi P+ |w;{,|2>. (5.7)
J=1 Jj=1 i=1
Hence,
J-1 J—1
M"Y 4 20k’ (Z Wi+ Z Wit 2) <M 4 2k’ ( wi P+ |w,{,|2> : (5.8)
=1 j=1 i1
Similar to one-dimensional problem one finds
Mn-H < CMO, (59)

where C is a positive constant.
5.3. Proof of stability for S4

Making the scalar product of wﬁjlhz with (4.23)—(4.25), and summing up the resulting products for i, j, we
get

J— J—1 J—1

1
E W 1 2 _ E 2 u" 1 2 n+1 n+lyp2 E n+1 n+172
=1 + | : = 1(5 j o )Afu";'r h _zij:l( k“/+wn+ )ij h

1 - n n 1 J_l n n n
5) Z (Wi, +Wk+},) k}lhz _5)“ (W lz++11 ‘*‘W,zﬂl) th

n+1 n+1 2
)“ ( 11+|+W11 ]) h
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By (5.4) and (5.5),

l(MnJrl _Mn) — _L}ﬂ i |Wn+1 _ Wn+1|2 + JZ_I |Wn+l _ n+1 l JZ n+1 — 2
= Ny 1 k—1,
2t 2 = I W — W Wi 2 =
i£k—1k JAI-11
n+l o ont1)2 W n+1,2 n _ontl2 nt1 n+1
+|Wk+1/ Wk/| + | k+1,) Wk1| +|Wk—1/ Wi ‘ +|Wk—1/| + |w k+11|
1 J—
2 2
- |WZ—1,j| - |WZ+1/ 5 Z nH - szﬂl + |W71++11 - Wﬁ] + W] J+1 T W71+1|
2 2 2
+ W = Wﬁl + |W:€1+11 + |W,nl++11 = Wil =)

j'hz — 1 1 2 2
<= (Do P P = P = )

J=1

J-1
+ Z(‘Wﬁll + |W71++11 - |W,r‘l,171| W} z+1| iE (5.10)
i=1
and it follows:
. /lTh2 J—1 . 2 W J—1 i ., 5
MHJFT Z(|W1:%,| kﬂj +Z z-lHl i,7+11 )
j=1 i=1
a2 [ , , J-1 , ,
<M +—2 (|Wz—1,j| + |WZ+1,,'| )+ Z('Wz,'l,l—l| + |W;'1,1+1| )| (5.11)
=1 =1
Thus,
M < M. (5.12)

5.4. Proof of convergence for S3

Consider the parallel scheme S3. {¢/7'} satisfy

Al ' =0l + 8¢ + G it k=L k+ 1A L1141, (5.13)
Al =01l + 53¢l — QA + AN+ Gl =k =L k+ 1AL 1LLT+ 1,
Al = 5?4{}‘ Sl —IA€ T + Al + G =1 =14 i A k= Lk k1,

n+1 _ 52 n+l 2 n+l 1 n+1 1 n+1 n n+1
Aeyty =01 -1+ oy Li-1 /“Afek,l—l + lATekJ—l - /“Afek—l,l + AATek—l,l + Gk—l?l—la
n+1 _ 52 n+l 2 n+l 1 n+1 n 1 n+1 n n+1
A t€hy1,i-1 = oeii1 1 +0 2511 /“Afek,l—l + 2D, — ’“Arek+171 + lAfek-H,l + Gt

n+1 2 n+l 2 n+l n+1 n 1 n+1 n n+1
Aceply 1 = 01,7 14y + 03¢ 1,1+1 /“Afek,Hl + }“AfekJH — AAe” 1t MAel ,+ G

k—11+15
Aeity J4l = 52621{ T 52623 I+1 AA&Z,*;L + AAe] . — A 621} YN C/aR (5.14)
et =t =€l =t =0, ij=1,....J, (5.15)
egj:(), Lj=1,...,J. (5.16)
There holds |G”“| Cs(t+ h?), and Cj is a positive constant.

Denote U”“ z A, e”+1 Making the scalar product of v”“hz with (5.13)—(5.14), and summing up the resulting
products for i, ], we get
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J-1 J-1 J-1
E n+l 2 § : 2 n+l 2 n+l n+1 2 E +l n+1 2 § nt1 2
| | h (51 ij 5261“]’ ) h ) ] h +/1 Ukj i,j h
ij=1 ij=1 =1
i= k 1k+l i=k—1k+1
J-1 J-1
n+l n+172 n+1 2 n+1 m+172
- g VTR A E v hT + E v Gl (5.17)
i=1 i=1
j=I-1,1+1 j=I-1,0+1

Similar to the proof of stability for the scheme (S3), it gives

1 n+112 ni2\ Mlz - n+] n+l n+1 n+] n+|
Sz le s = leglp) = == | D I, =o'+ Z ot = vl |+)Z

Jj=1
i£k—1k ﬁal 1 g

<~

-1 J-1

2
3 (lopy = o oy — o )+ Doy — o P o = o)
T )

<.
Il

J-1
— Z |Gn+l| 4+ Z ‘U Gn+1 _ )»hz Z(lvnH' _ |UZ,,-|2)
J=1
J-1 , J-1 , , J-1 , ,
— 2Ry (= 1) < =AY (= ) = A (et P = 1)
=1 =1 i=1
h2 J—1
+> G/, (5.18)
ij—1
and it follows:
ler )3 + 24tk Z o+ 242’ Z Canls
< et + 24th? Z |Ukj| + 2)Th? Z 4 /| + i’ Z |G”+l ) (5.19)

Hence

J—1 J-1
| Z“||2+2Mh22|v”“|2 +2)‘ch22|v”“ < lleplls + 222k Y " fop 1P + 20ak® > o} P + TC3(x + 7).

j=1 =1 i=1

(5.20)
By the inequality similar to (3.23) and (3.24), we have
ley™ 15 < C(x + 7). (5.21)

So the scheme (S3) is unconditional convergent and the convergent order is second order. The similar result
holds for the scheme (S4). The proof of Theorem 5.2 is completed.
It is straightforward to extend the results on four subdomains to allow for many subdomains.

6. Numerical results

In this section, we present numerical results examining the stability, accuracy and parallelism of the scheme
described above.
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6.1. One-dimensional test

For one-dimensional problems, consider the problem (2.1)—(2.3) with the initial value function
Uy(x) = sin(mx), and the exact solution U = e ™" sin(nx).

First, we examine the errors in the solution for the scheme (S1). The errors in the solution are presented in
Table 6.1. Here the time step t = 1.0e—06, the rate is the experimental rate of convergence, four mesh refine-
ments are used and two processors are used. It can be seen from this table that the errors appear to be O(/?).

Next, we examine the stability and parallelism of the scheme (S1). In order to demonstrate the uncondi-
tional stability of the scheme, we present the numerical results for 2 = 10, 100, 1000 in Tables 6.2-6.4, respec-
tively. Where 4 = t/h?, CPUs is the number of the processor, T,y is the amount of clock time computing
100,000 time steps, S, is the relative speedup and Ej is the parallel efficiency. When CPUs = 1, this represents
the fully implicit solution.

In these runs a uniform mesh is used with 100,000 grid blocks, i.e., J — 1 = 100,000. The direct solver is
used to solve the linear systems on each sub-domain. Table 6.2 shows that, for this test problem, the parallel
difference scheme produces results which are the same as the fully implicit scheme, and the amount of clock
time needed to solve the problem decreased essentially linearly with increasing the number of processors used.
In fact, the speed-up is super-linear. The same phenomena can be seen for 2 = 100 and 4 = 1000 in Tables 6.3

Table 6.1

The accuracy for one-dimensional problem (t = 1.0e—6, T'=0.01)

J—1 10 20 40 80

max; ,|u} — U?| 7.34E—4 1.84E—4 4.64E-5 1.19E-5
max; , 8.10E—4 2.03E—4 5.12E-5 1.32E-5

Rate - 2.00 1.9 1.96

Table 6.2

The stability and parallelism for one-dimensional problem (4 = 10)

CPUs 1 10 20 40 50
max;,u} — U!| 4.83E—007 4.83E—007 4.83E—007 4.83E-007 4.83E—007
Tan (s) 4564 337 173 91 74

S, 1 13.52 26.27 49.78 61.32
Egz (100%) 1 1.35 1.31 1.24 1.23
Table 6.3

The stability and parallelism for one-dimensional problem (/4 = 100)

CPUs 1 10 20 40 50
max;,u] — U!| 4.88E—007 4.88E—007 4.88E—007 4.88E—007 4.88E—007
Tan (s) 4553 339 173 92 75

S, 1 13.40 26.20 49.28 60.22

Egx (100%) 1 1.34 1.31 1.23 1.20

Table 6.4

The stability and parallelism for one-dimensional problem (4 = 1000)

CPUs 1 10 20 40 50

max; ,|u} — U?| 4.50E—007 4.50E—007 4.50E—007 4.50E—007 4.50E—007
Tan (8) 4481 340 174 93 74

S, 1 13.16 25.73 47.88 60.15

Egy (100%) 1 1.32 1.29 1.20 1.20
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and 6.4, respectively. Hence, the parallel scheme (S1) is stable for 2 = 10, 100 and 1000. Notice that the explicit
scheme of this test problem is stable for A < % These results indicate that the scheme is unconditional stable.

6.2. Two-dimensional test

Consider the following two-dimensional problem:
U = Uy + Uy + f(x,0,8), (x,y) €Q, t€(0,T].
The solution is chosen to be
u(x,y,1) = e (2 + sin(nx) sin(ny)).

The initial function is u(x, y,0) = 2 + sin(nx)sin(zny), f(x,y,t) = —47%¢ > and the Dirichlet boundary condi-
tions are used.

First, we examine the errors in the solution for the parallel scheme (S3). The errors in the solution are pre-
sented in Table 6.5. Here the rate is the experimental rate of convergence, four mesh refinements are used and
four processors (2 x 2) are used. We use the diagonally preconditioned conjugate gradient algorithm in [12] to
solve the linear systems on each sub-domains. As can be seen in this table, the errors appear to be O(/?).

Next, we examine the stability of the scheme for the two-dimensional problem. In order to demonstrate the
unconditional stability of the scheme, we present the numerical results for different 1 in Table 6.6. Here
t=1.0e—4, T=0.1, and four processors are used. This table shows that, for this test problem, the parallel
difference scheme produces good results for different 4. Notice that the stability constraint for fully explicit
scheme is 4 < 1/4, our parallel difference scheme is still stable for A =400. These indicate that the scheme is
unconditional stable.

At last, we examine the parallelism of the scheme for the two-dimensional problem. In Fig. 6.1, we present
the speed-up for different number of processor. In these runs a uniform mesh is used with 1000 grid blocks in
each direction, i.e., the mesh scale is 1000 x 1000. The time step t = 1.0e—5, 7= 0.01 and 1 = 10. A diagonally
preconditioned conjugate gradient algorithm is used to solve the linear systems on each sub-domains. The x-
direction and y-direction have the same number of processor m, i.e., the number of processor is m x m. Notice
that the global problem is fully decoupled by using our parallel difference scheme, hence, some small scale sys-
tems on each sub-domain can be formed. No communication between different sub-domains is necessary to
solve the linear systems on sub-domain. And the communication only exists between the neighboring proces-
sors in order to update the interface values, i.e., the communication is local. So our scheme has high parallelism.

To show the performance of our new parallel difference schemes for two-dimensional problems, we will
compare them with the well-known parallelization method, the so-called parallel algebraic method, which uses
the parallel preconditioned conjugate gradient method to solve the global linear algebraic system arising from
the fully implicit scheme on the global space domain. That is, the standard fully implicit discretization for the
parabolic equations is used, and then the parallel algebraic solver (parallel preconditioned conjugate gradient

Table 6.5

The accuracy for two-dimensional problem (z = 1.0e—6, 7= 0.01)

J-DHx -1 10x 10 20 % 20 40 x 40 80 x 80
max;;,|Uj; — uf)| 1.33E-3 3.38E—4 8.84E-5 2.59E-5
max,, Ui S42E—4 1.37E—4 3.59E-5 1.05E—5
Rate - 1.97 1.93 1.77
Table 6.6

The stability for two-dimensional problem (t = 1.0E—4, T'=0.1)

A 1 16 25 64 100 400
max; ;| Uy, — uj; 8.88E—4 8.49E—4 1.39E-3 3.00E-3 4.08E-3 9.48E-3

max; i, e 1.66E—3 1.50E—3 2.50E—3 5.50E—3 7.50E—3 1.75E-2
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—o— Parallel difference scheme

o Parallel algebraic method
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Fig. 6.1. The parallelism for two-dimensional problem.
Table 6.7
The average number of iteration for parallel difference scheme
CPUs 1 4 16 25 64 100
it* 83 82 81 80 78 74

method, see [12]) is exploited to solve the linear system in parallel. The parallel algebraic method needs the
local communications between the neighboring processors and the global communications among all proces-
sors as well. Hence, its parallelism is low compared with our method, especially in the cases of CPUs number
being increased. The same criterion is used to decide whether the solution is convergence for the parallel dif-
ference method and parallel algebraic method.

In Fig. 6.1, the solid line expresses our method and the dot line expresses the parallel algebraic method. As
can be seen in this figure, the speed-up of our method is better than parallel algebraic method. Moreover, the
speed-up is over 240 when 100 processors were used. This is because that the iterative number of small scale
system is less than the large scale system. In Table 6.7, we present the iterative number of parallel difference
scheme, where ir* is the average number of iteration for solving linear system. For parallel algebraic method,
the iterative number is same as the case of parallel difference scheme when one processor is used, i.e., the iter-
ative number is 83, and there is no difference for different number of processor. When 100 processors are used,
the iterative number of parallel algebraic method is 83, however the iterative number of parallel difference
scheme is 74, hence our method converges faster.

7. Generalizations and conclusions

In this paper, the fixed time step be used. In fact variable time step can be used. Next we take the scheme
(S1) as an example, and extend it to variable time step. The scheme with variable time step is as follows:

A, ot =00t =12 k=2, k42, T — 1,

Tl 7

1 T
n+l __ n n+1 n n—1 n+1 n+1 n+1
A, upty = Uy — (wp —uwi ) ) —uly = (W —why) ),

e T

1 T

ntl n+1 n+1 n+1 n n+l oop n—1

A, ui = e U = Upyy — \ Uy — U — z (up —uy™) .
n
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It is equivalent to

At =00t =12 k= 2k k42, T -1,

Tn+1 ]
n+l _ 2 n+1 ] n+1 n
A"y = 0T = Jt A1y A Ana A1

n+l _ g2 n+l 1 n+1 n
A,y = 0T — At A,y A+ Ay A uy,

n+l_on

where A, ul"! = u"rn:l Lty =" = D = el

The other schemes (S2)—(S4) can also be extended to the schemes with variable time step. We can obtain the
similar theorem of stability and convergence for those schemes with variable time step.

The procedure constructing parallel difference scheme is clearly generalizable to three-dimensional space.

To conclude, in this paper we have presented a parallel difference scheme with unconditional stability and
second order accuracy for linear parabolic equation. The design of the schemes is simple, and it can be imple-
mented with little extra effort by modifying the original sequential codes. The numerical results demonstrate
the good performance of the parallel schemes, i.e., they are unconditionally stable, and have second order
accuracy and high degree of parallelism. In particular, the super-linear speedup is achieved.
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