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Abstract In this paper some new parallel difference schemes with interface extrapolation terms for
a quasi-linear parabolic system of equations are constructed. Two types of time extrapolations are
proposed to give the interface values on the interface of sub-domains or the values adjacent to the
interface points, so that the unconditional stable parallel schemes with the second accuracy are formed.
Without assuming heuristically that the original boundary value problem has the unique smooth vector
solution, the existence and uniqueness of the discrete vector solutions of the parallel difference schemes
constructed are proved. Moreover the unconditional stability of the parallel difference schemes is
justified in the sense of the continuous dependence of the discrete vector solution of the schemes on the
discrete known data of the original problems in the discrete W2(2’1) (Qa) norms. Finally the convergence
of the discrete vector solutions of the parallel difference schemes with interface extrapolation terms
to the unique generalized solution of the original quasi-linear parabolic problem is proved. Numerical
results are presented to show the good performance of the parallel schemes, including the unconditional
stability, the second accuracy and the high parallelism.
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1 Introduction

Many kinds of unconditional stable parallel difference schemes for the parabolic problem are
constructed in [1-5]. The alternating group explicit (AGE) method for the diffusion equation
using the Saul’'yev’ scheme is constructed in [1]. The alternating segment explicit—implicit
(ASE-I) method in [2] is designed. The pure alternating segment explicit—implicit (PASE-T)
method is constructed in [3]. These schemes in [1-3] use the alternating explicit—implicit tech-
nique in the time direction, which not only bring some difficulties in implementing these parallel
schemes in applications and bring a new computational complexity, but also up to now make
the rigorous theory of the alternating explicit—implicit schemes for general nonlinear parabolic
equations not established completely, e.g. there is lack of rigorous analysis of stability and

convergence. In [4] a general modified alternating difference scheme for the linear and nonlin-
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ear problem is constructed, and the unconditional stability of these schemes is proved. The
alternating group explicit scheme, alternating segment explicit—implicit scheme and alternating
segment Crank—Nicolson scheme are the special cases of the general modified alternating differ-
ence scheme, and many new parallel schemes with the unconditional stability can be obtained
by taking some specific parameters in the general parallel schemes. In particular, the explicit
scheme in the sub-domains is not needed on each time layer, but the alternating movement of
the inner interface between sub-domains is needed on the odd—even time layers. These schemes
above are essentially three—layer schemes, and have certain difficulties to be implemented in
practice for the multi-dimensional problem. The parallel scheme in [5] uses the implicit scheme
in the sub—domains and the Du Fort-Frankel scheme at the inner interface, which is also a
three—layer explicit scheme.

There are also many researches on the two—layer schemes with unconditional or conditional
stability. A parallel scheme has been proposed in [6], where instead of using the same spacing
h as for the interior points where the implicit scheme is applied, a larger spacing Hp is used at
each interface point where the explicit scheme is applied. There are also some other schemes
with the domain decomposition in [7, 8]. These schemes are conditionally stable. In [9] some
specific parallel difference schemes are constructed for the parabolic problem. After dividing
the domain, these parallel schemes take the values of the previous time layer as the boundary
condition of sub-domains problems, and then parallel computation can be implemented. These
schemes are proved to be unconditionally stable and convergent in the sense of L°° norm and
H! norm. Although the truncation error of these schemes is O(1) at the interface point between
the sub-domains, the convergent order of the difference solution is O(7 + h). The method of
taking the values of the previous time layer near the inner interface point has been generalized to
the quasi—linear parabolic problems and two dimensional semilinear parabolic problems. These
parallel schemes are proved to be unconditionally stable and convergent, but the convergent
order is only one order. In order to avoid the loss of accuracy near the interface point, the
parallel iterative difference schemes based on the interface correction are constructed in [10],
in which the main idea is that the values at the interface points are corrected unceasingly or
periodically by the implicit scheme at the (nonlinear) iterative process of computing the values
in the sub-domains in order to get the unconditional stability and the second order accuracy.
No one of these parallel difference schemes can at one time satisfy the three requirements: (i)
the unconditional stability, (ii) the second order convergence, (iii) easy implementation.

In this paper we will construct some parallel schemes which satisfy all of the following six
requirements presented in [10]: (i) the unconditional stability, (ii) the second order convergence,
(iii) the high degree of parallelism, (iv) it can be used readily to modify the serial program into
the parallel program by putting the parallel scheme in practice, (v) the schemes constructed
are simple and can be easily implemented in the parallel computer, (vi) the conditional number
of algebraic systems resulting from the parallel schemes is relatively low in the sub-domain and
the highly efficient solver of the algebraic systems can be used.

In order to achieve the goal of getting a parallel scheme with both the unconditional stability
and the second order accuracy, we introduce a new method based on the time extrapolation

in this paper. We take the linear combination of values of previous two time layers at the
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inner interface among the sub-domains as the (Dirichlet) boundary condition of the sub-domain
problems in order to solve simultaneously the sub-domain problems. This method can guarantee
that the truncation error of the difference scheme near the interface point is still O(7 + h?),
which accords with the truncation error of the implicit scheme in the sub-domains. Hence
the accuracy of the difference solution near the interface point is improved compared with the
previous parallel schemes. Thus the convergent order of the difference solution in the whole
domain is O(7 + h?).

The general parallel difference schemes with interface extrapolation terms include, among
others, two new parallel schemes. In one of them, to obtain the interface values on the interface
of sub-domains an explicit scheme of the Jacobian type is employed, and then the fully implicit
scheme is used in the sub-domains. Here, in the explicit scheme of the Jacobian type, the values
at the points being adjacent to the interface points are taken as the linear combination of values
of previous two time layers at the adjoining points of the inner interface. For the construction
of another new parallel difference scheme, the main procedure is as follows. Firstly the linear
combination of values of previous two time layers at the interface points among the sub-domains
is used as the (Dirichlet) boundary condition for solving the sub-domain problems. Then the
values in the sub-domains are calculated by the fully implicit scheme. And finally the interface
values are computed by the fully implicit scheme, and in fact these calculations of the last step
are explicit since the values adjacent to the interface points have been obtained in the previous
step.

In sec. 2, a kind of new parallel difference schemes with the interface extrapolation for the
quasi-linear parabolic systems is constructed. In sec. 3, the priori estimate of the discrete
solution of these schemes is proved without the assumption that the unique smooth vector
solution of the original problems for the quasi-linear parabolic systems exists, hence we can
get the existence of the difference solution from the fixed point theorem. In secs. 4 and 5, the
uniqueness and the unconditional stability of the difference solution are proved. In sec. 6, we
prove that the difference solution converges to the unique generalized solution of the original
quasi—linear parabolic equations. In sec. 7, numerical experiments are presented to verify the
theoretical results. Moreover it is shown that the super—linear speedup is achieved. In the last

section, some remarks and future plans are given.

2 Difference scheme with interface extrapolation

2.1 Let us now consider the quasi—linear parabolic problem with the initial boundary value,

up = Az, t, W) uge + fz,t,u,uy), 0<az<l,0<t<<T (2.1)
u(0,t) =u(l,t) =0,0<t<T (2.2)
u(z,0) = p(x),0 <z <1 (2.3)
where u(z,t) = (ui(x,t),...,un(x,t)) is the m-dimensional vector unknown function (m > 1),
U = %,uz = % and Uy, = % are the corresponding vector derivatives. A(z,t,u) is an

m X m positive definite coefficient matrix, f(z,¢,u,p) and ¢(x) are the m-dimensional vector
functions. Denote Qr ={0< 2z <1,0<t < T}, wherel > 0,7 > 0.

Suppose that the following conditions are fulfilled.

(I) A(x,t,u) is continuous with respect to (z,t) € Qr and v € R™, and is uniformly
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Lipschitz continuous for u € R™. There exists a positive constant oy > 0 such that for any
e R™, (x,t) € Qr and u € R™,

(& Az, t,u)€) = ool¢]*.

(IT1) f(x,t,u,p) is continuous with respect to (z,t) € Q7 and u,p € R™, and is uniformly
Lipschitz continuous for u,p € R™. Then there exists a positive constant C' > 0 such that
|f(z,t,u,p)| < |f(x,t)] + C(lu] + |p|) for any (x,t) € Qr and u,p € R™, where f(z,t) =
f(z,t,0,0).

(III) o(x) € H[0,!] is an m-dimensional vector function satisfying ¢(0) = ¢(l) = 0.

2.2 Divide the domain Qr into small grids by z = z; (j = 0,1,...,J) and t = t" (n =
0,1,...,N), where ; = jh, t* = nr, J and N are the positive integers, h and 7 are
the step lengths of the grids. Denote Q} = {z; < = < z;41,t" < t < t" 1} where
j=0,1,....,J —1Lin=0,1,...,N — 1. Denote va = v = {v}[j =0,1,...,J;m=0,1,...,N}
as the m-—dimensional discrete vector function defined on the discrete rectangular domain
Qa ={(z;,t")]j =0,1,...,J;n=0,1,..., N} of the grid points.

v ol =l
Denote r = 7, A-,—’U;H_l 17 (51}J+§ = %, and for n > 1,
* 2 n+1 1 n+Aj -9 n+1 T+t
07T = v = 20 ),
n+A; n+1 n n—1y , ntp; ol n n—1
where v, 7 = A\jvl 4+ (1= Aj) (207 — vy ) 0,007 = vl + (1 — pg)(20) —vf 7). If

Aj = p; = 0 for some j, then a time extrapolatlon is used in the construction of 5 2 "+1 . When

n = 0, define
* 1
1 2,1 1 1 1
) 21);-” =0"v; = ﬁ(”jﬂ — 20 +v;_q).
Construct the general parallel difference schemes with the interface extrapolation for the

quasi-linear parabolic systems (2.1)—(2.3) as follows:

Pt yn *

%:A;?“a?v;““rff“, Gj=1,2,....,J-1;n=0,1,...,N—1); (2.4)
ottt ="t =0, (n=0,1,...,N —1), (2.5)
o) =, (j=0,1,...,J), (2.6)

where

@J:@(xj%(jzoa]wﬂj% SOOZSOJ:(L
AT = Ay, 7 5000, = fay, e, 8000 §on L),

For n > 1, define 6% "+1 50 "+1 , 0l "+1 as follows:

<0 n+1 n . n+l n+
v = Ajaful +ag ol + pasvlt 1+oz4j vy +ag;vl + agury
n—1
+a7] J+1+a8.7] +a9]] 1>
<0 n+1 n n+l n n+1 n n+1
0w _)‘Jﬁlj Jj+1 +52J J +M-753J Jj—1 +64J J+1+65J J +56] Jj—1

1 1 1
+B?J ?Jrl"'ﬁgjy +63J;11’
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n+A _ ,Un+1 Un+1 _ Uﬁ-HLj
Slyntl — n Yjt+1 J 4 A0 J Jj—1
j - 71] h 72] h
n n n n n—1
+ ’ygjdijr% + 741‘5“];% 75]51) i+ L4 ’yﬁjévj i (2.7)

For n = 0, define Ajl- = A(xj,tl,govjl-),fjl = f(xj,tl,sovjl»,glvjl-), where

50, 1 0 W0
0 vj = ag;v g+1 —|—0z2jv —|—o<3j J 1 —I—oz4J g+1 —|—0z5jv —|—o<6] -1
f0,1 _

6 v; = 51j”j+1 + 62]’”]’ + 53;'“;‘71 + 54j”j+1 + 55j“j + 66]’”]’—1;

_1t 7§j5vg+% + ’ygjév;L

Stol =0 6vl L+ 4250t
5 = 11500541 T V250051 3

2.3 The following assumption will be needed.

(IV) Suppose that r = ;& < A holds for 7 and A being small enough, where A is a given
positive constant. For 1 < j < J—1, there are 0 < Aj, pt; <1, A\j+p 41 > 1, and for a constant
C > 0 the coefficients in (2.7) satisfy

Ajat; + ay; + pias; + oy + ag; +ag; +af; 4 agg +ag; =1,

N BR + 55 B3+ B + B + B + B + B + B = 1,

Y1y + 25+ s s+ e = 1

(Ajadyl + leg;| + |jag;| + o] + lag;| + lag;] + az;] + |ag;| + [ag;| < C,
|)\'5{Zj| + |5§Zj| + |Mj5§lj| + |ﬁ£j| + |ﬁg]| + |5gj| + |ﬁ%| + |ﬁgj| + |5§Zj| <G,
51+ Ivasl 4 1|+ |+ sl + hesl < €

For n = 0, suppose that there hold similar conditions.

Remark. The constants o, 8 and 7} depend on j =1,2,...,J—landn=0,1,..., N —
1, A; and p; depend on j = 1,2,...,J — 1. They may be different for different j and n.
The scheme includes many difference schemes with the intrinsic parallelism, for example, the

resulting scheme when A; = 0 or u; = 0 at some grids.
2.4 Letl< k< J—1. When A\ =0, it is obvious that {v’?+1|j < k} in the left sub-domain

{z;]j < k} is independent of {v"+1|j > k} in the right sub-domain {z;|j > k}. Similarly, when
i =0, {U”+1|] k} in the right sub-domain {x;|j > k} is independent of {U?+1|j < k} in
the left sub-domain {z;|j < k}. Hence we can implement the parallel computation as long as
we let A\; = 0 or u; = 0. For example, taking Ay = pgyo = 0 for some k (2 < k < J — 2)
and A; = pj = 1 for others, we get a new parallel scheme. That is, we take the extrapolation
value 2up, | — vZ;ll as the inner boundary condition at the point j = k+ 1, and use the implicit
scheme in the sub-domains {j < k+ 1} and {j > k + 1} respectively, and then use the implicit

scheme at the point j = k + 1 to get vjf (by using of the values of vy ™

and v}'}, obtained).
In order to further understand the construction of (2.4)—(2.6), we specially consider the
parallel scheme for u; = uy,. First the values of {U;H_ll J # k} in the sub-domains {z;|j < k}

and {x;|j > k} are computed by using the following schemes:

1
ATUZJrll =73 ((2uy — vy~ hy— 211"“ + U"H)
1
Aot = ﬁ(vﬁf =207 oY), AR Lk k41,
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1
n+1 __ n+1 n+1 n n—1
Aol = ﬁ(vkw —2v5 + (2ug — v 7)),

Then UZ“ is computed using the following scheme:

1
n+l _ n+1 n+1 n+1
Arv, T = ﬁ(vkﬂ — 20+ ).

This scheme is a specific example, where Ay,_1 =0, yp+1 =0, and A\; =1 for any j # k—1, and
pj =1 for any j # k + 1 in (2.4). Notice that A;v} = §%v}. This scheme can be rewritten as

1
n+1 n n+1 n+1 2. n
Aﬁ,-l}k71 = _(Uk — 2’Uk 1 +Uk72) +rd Vg,

h2
1
At = ﬁ(vﬁf =207 o), AR L+,

1
n+l __ n+1 n+1 n 2. n
Aroply = ﬁ(“kw = 2u ) +op) +rétug,

It is obvious that this scheme is a two-layer scheme, and can implement the parallel computation
in nature. Although the scheme (2.4) involves the three-layer values at an inner interface, in
fact it can be reduced to be a certain two-layer scheme. Some examples of constructing specific
parallel schemes are presented in sec. 7.

2.5 For the discrete function up = {u;|j =0,1,...,J}, where up = uy = 0, define the discrete

norm as follows:

J—1 J—1

— . 2 __ 2 2 __ 2

ol = g sl Nonll = 3 b 01 = 3 oo P
J= J=

We need some lemmas (see [11]) as follows:
Lemma 2.1 (The discrete Green formula). Let u; and v; be the discrete function defined on

{z;]7 =0,1,...,J}, then

J—1 J—1

Z Uj(’l}jJrl — Uj) = — Z(UJ — Ujfl)Uj — UgVy + UJ_1V].

j=0 j=1
Lemma 2.2 (The discrete Gronwall inequality). (i) Let w™ > 0 be a discrete function defined
on {t"In=0,1,...,N}, and satisfy

w" — ™ < Br(w"™ ") +Cpr, n=0,1,...,N —1,

where B and Cy, are nonnegative constant, NT =T. Then

N
w” < (wO+ZCkT)e4BT, n=0,1,...,N,
k=0

where T satisfies 4BT < %

(ii) Suppose that the discrete function w™ = {w™ 2 0ln=0,1,...,N}, N7t =T, satisfies
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where B and C are nonnegative constant. Then

w" < B(e*°T +1),
1

§ .
(iii) Let w™ > 0 be a discrete function defined on {t"|n=10,1,..., N} , and satisfy

where T is chosen such that Ct <

w"™ —w" < Br(w" ' +w" + 0"+ Cpr, n=1,...,N—1

where B and C,, are nonnegative constant, N7 =T. Then, when n > 1,

n+1
wntl <3BZwkT+G”, n=1,...,N —1,
k=0

and
w"™ < 3B(w’ 4+ w')T +2G™)eBT, n=1,...,N -1,
where G" = w' + Y1, Cx7, and 7 is assumed to satisfy 2BT < 1.
We only give the proof of (iii) here. Denote
n+1

n
F"H:Zwkr, G":ZC’kT—I—wl.
k=0 k=1

There holds w™t! < 3BF™+! 4+ G™. Hence

1 T
Fn+1 < Fn mn

1-3Bt1 + 1-3B1

1 T T

< Fl GQ . i

(1—3B a=3Brr 1~ i1 3Br

1 1

w! + w1 + = 4 -1)G"

< — -

S (11— BBT)"( 3B((1 —3Br)n1
Gn

<( (w0 1 6BT

\<(w +w )T+ 3B>e

So the proof of (iii) is completed.

Lemma 2.3(The interpolation formula).  For any discrete function up = {u;]j =0,1,...

(Jh =1), the following assertions hold.
(i) For all € > 0, there is

C
lunllZe < elldunl3 + {1+ = ) llunll3,
9

where C' is a constant depending on 1, and independent of €, h and uy,.
(ii) If up = uy =0, then

1 1
[unllz < Uldunlle, [lunllco < [|dunll3 [lunll3-
(iii) There exists a constant C independent of h and l, such that

1 1
1unllz < C(lunll3 16%unll3 + 17 lunll2).

259
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In this paper, C' is a constant independent of A and 7, and it may be different at different

places. Denote

|3 203 = Zlé2 PR, AR IR = ZIATU”“I h.

Jj=1

3 Priori estimate and existence
3.1 We will prove the existence of the discrete solution of the parallel scheme (2.4)—(2.6) in
this section. First the priori estimate of the discrete solution is derived.

Making the scalar product of 5 QU;ZJrlhT with (2.4) and summing up the resulting products
forj=1,2,...,J — 1, we get

J—1 J—-1
> (g2 ot —uh =71 2(5 2pnt A 52 ot YR, (3.1)
j=1 j=1

Obviously, there are

52 = 80 (1= A (A = Arol) 4 (1 - ) (Ao — Agel )],

and
= 1 1 1
(0 ot = o = — 2 6 + SllauRl3 - S Iauptt - oup 3

1

J
When()é)\j <1, Oéuj <1, /\j—l—,uj+1 > 1, there is

J—1
(1= A A = Alty) + (1= ) (Arvft] = A y), o0t — )
j=1
1 72
g = SR < g D0 = AAR — () A
+ (1= M)A [P+ (1= )| A0 2]
J—1
= = 5 2@ = N1 — ) (A0 P = A ).
j=1

The following elementary inequality is used,

1
—§|aj+1 —a;[* = (2= XN — pjs1)(aq1,a5) + (L= Nj)(bjg1, a5) + (1 — 1) (by, aj41)

1
=(1 = pjp1)|b;

1 1
~(1 = pje)|as)® + 5(1 = A)lbjal® + 5

1
-5 - M)laji]? — 5
Vaj, aj+1, bj, bj+1 €R™
Then there are

J—1
[0 13 — H5vhllz+272 5 2l AL 20
Jj=1
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J—1
+7r Y (2= N1 — i) (A7 = A )R
j*l
— J—1 N
Z 2 n+1 fn+1) < or Z(a ZU;_erl,fJnJrl)h
Jj= Jj=1
J—1

Y2 ntl gntl 52 ntl - |fn+1|2
(5 20t A 5 VR 20y L, (3.2)

<
n+1
] o o(ATT)

-
2

J

where the Cauchy inequality is used in the right hand of the above inequality, and we denote

e (A9

3.2 Using the equality (2.4), for any € > 0, there is

5Z|A vn+1|2h_ €Z|An+1 52 n+1 f;l+1|2h

AnJrl) y " J—1
282 AT (6 208 AT 5 200 b 2 Y |7 PR, (3.3)
j=1
where 4
p(A) = sup A1
cerm |€]

By using the condition (IT) and the definition (2.7), there is

J—1
DO FTPR < O llop M IE + o I3 + llop I3 + 6o~ 13
+ 100 13 + lou 13 + TAIA- oI + TA Arvp ). (3-4)

Combining (3.2)—(3.4) and taking £ > 0 such that

2

p~(4) _1

€ max < -,

(z.t)eQruehm o(A) ~ 4

we get
J—1
8013 = 10w 13 + 7Y (2 = Aot — s (A2 — [AnorP)h

j=1

+27.Z 2 n+l An+1 52 n+1)h+€T||A ,Un+1||2
j=1

J—1 J—1
n n n 1 n
TZ 2 +1 A +1 62U +1 h+27_z( ( +€>|fj+l|2h

= UA;H_l)

TZ 2 n+1 An+1 52 n+1)

Jj=1
+ O(L+ 180p 2 + 160113 + 1807112 + TAI AR + A Ao+ 2),
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where the condition (I) and Lemma 2.3 (ii) are used. Taking C7A < £, we have

J—1
1805113 = NI07 113 + 77 Y (2 = A1 = ) (A0 TP = |A 07 *)R
j=1

J—1
+TUoZ|52v"+1|2h+ (1Ar0p 13 = 1 Arog]13)
j=1
< O7(L+ (oo ™13 + [lowg ][5 + [ldvy 1 13). (3.5)

3.3 Therefore, for n > 1, there is

J—1 J—1
160 3 + 7 S (2 = Ajmt — sy | AP P o S [ 5 20 PR+ IIA P
Jj=1 Jj=1
n+1
0(1+Z ||5v’,§||§r+rr||ATv,§||§>. (3.6)
k=0

For n =0 in (2.4), it follows
16vR113 + T Arvill3 < C(L + [|6vp]]3)-
Combining the previous two inequalities and using Lemma 2.2 and Lemma 2.3, we have

max_ ([|0vy |2, lvill2) < C(L+[|0¢nll2), (3.7)

1<n

(Z |52 ”+1||QT) , (Z 1A, Un+1||27>1 <C. (3.8)

Obviously,

§20i =5 2P [(1 = A (Ao — Arvf) + (1= ) (Aot — Acof )]

By using (3.7)—(3.8) and Lemma 2.3, we have

1

(ZW )L o < C (39)

Ly N—

3.4 Then we have proved the following result.

Theorem 1. Suppose that the conditions (I)—(IV) hold, and for any 1 < j < J — 1, there
are 0 < A < 1,0 < py <L, Aj+ pjpr = 1. Then there is a positive constant 7o depending on A
such that, when T < 19, the solutions of the parallel difference schemes (2.4)—(2.6) satisfy the
estimates (3.7)—(3.9).

By using the Leray-Schauder fixed point theorem in a finite dimensional space (see [11])
and the inequalities (3.7)—(3.9), we can get the existence of the solution va = vj = {v}[j =
0,1,...,J;n=0,1,..., N} of the parallel schemes (2.4)—(2.6).

Theorem 2.  Suppose that the conditions of Theorem 1 hold. Then there is a positive constant
To depending on A, when T < 719, at least one solution va = vj = {vﬂj =0,1,....,J;n =
0,1,...,N} of the parallel difference schemes (2.4)—(2.6) exists.
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4 Uniqueness

4.1 The values of {v;?’1|j =0,1,...,J} and {v}]j = 0,1,...,J} are given in the schemes
(24)-(2.6). Let {vf™'j = 0,1,...,J} and {o]"'[j = 0,1,...,J} be two solutions of the
schemes (2.4)(2.6) at the time layer n + 1. When n = 0, it is obvious that v; = v},0 < j < J.

Next suppose n > 1, and then there are

v(z+1 ,Un
v oY An+152n+1 fJn+1’ (Gj=1,2,....,J—1)
-
,U61+1 _ UJJrl =0;
and
—n+1 n
V. 'U n
Ji_A+152—n+1+f , (i=1,2,...,J-1)
=
5g+l —3+1 =0,
where Zn+ nd f (j 1,2,...,J — 1) are obtained by replacing Uﬂ“ (4 =01,...,J)
by 771 = 0.1, J) in A7 and 71 (G = 1,2,...,J — 1) respectively. Denote 1; =
'U;LJ'_l —'n,+1 Then
wy = AP By R, (=120 ), (4
wo =wy =0, (42)

*

* *
1 nt1
where § 2wj =5 21}}” ) 21}}” = %()\ Wiyl — 2w; + pjw;—1), and

—n41, * o_ —n+1
R;} — (A?'H _ Aj ) 5 2U?+1 + fjn+1 _ fj )

4.2 Making the scalar product of 3 2wjht with (4.1), and summing up the resulting products

for j=1,2,...,J — 1, and then using the same proof as that of sec. 3, we have
J-1 J—1
I denll +27 D (5 2wy, A7 6 2wy)h+7 % (2= Aot = ) 2TZ (5 2wj, B})|h.
J=1 Jj=1 J=1
Then
. J-1
[6wnll3 + 70|l § 2wnl3 < CT Y |R}[*h. (4.3)
j=1

Using the condition (I) and the definition (2.1), and using Lemma 2.3 (i), for any e; > 0, there

are

—n+1 C
AR~ 15 < exlldwn 3 + 6||wh||§7

n n+1
1577 =Tt g < o (lownl + hZIA o+ P )

and using the inequality (3.8), we have

Tl 6 23 < ¢
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Therefore
7Y |R}Ph < Cler + 7)[|0wn |3 + CAllwa 3. (4.4)
Substituting (4.4) into (4.3), we get
[8wn 13 + Tooll 6 *wnll3 < Clex +7)llown 3 + CAfJwn|3.

Taking €1 < % and 7 < there is

4C’
[6wn |3 + Tooll & 2wnll3 < Cllwnll3, (4.5)

where C is a constant.
4.3 In order to estimate |[wy||3, making the scalar product of w;h with (4.1), and summing

up the resulting products for j =1,2,...,J — 1, we get

J—1
||wh||2—rz w],A”Jr 52 oy h—I—TZ wj, RY)h =1+ 11. (4.6)
Jj=1 Jj=1
For any €2 > 0 and e3 > 0, there are
* C
I< 7'(52“ § 2wn|13 + E—||wh||§>,
2
J-1 -
—||wh||2 +e3T Z |Rn|2 < Ces(1+ T)||(5wh||§ + (E3CA + é‘_) ||wh||§
3
j=1

Substituting the above two inequalities into (4.6), we have
2 Cr
[Jwnllz < C€3A+— +o lwnll3 + Ces(1 + )llown 3 + reall 6 2wnllf. (4.7)

4.4 Combining (4.5) and (4.7), and taking e = 2% and 3 = min(gdy, 55), We get, when
7 < min(gg, &, 1),
16w |3 + ool 6 *wall3 <0

Therefore wy, = 0, i.e. UZH = 172“. So we have proved the following theorem of the uniqueness
of the parallel schemes (2.4)—(2.6).

Theorem 3.  Suppose that the conditions of Theorem 1 hold. Then there is a positive constant
7o depending on A, when T < T, the solution va = v] = {U?lj =0,1,...,J;n=0,1,...,N}
of the parallel scheme (2.4)—(2.6) is unique.

5 Stability

5.1 Let us now consider the unconditional stability of the difference schemes (2.4)—(2.6).
Suppose that o4 = {07[j =0,1,...,J;n =0,1,..., N} satisfies

o d Al el (=12, T~ Lin=0,1,...,N 1), (5.1)
173+1=17j+1=07 (n=0,1,...,N — 1), (5.2)
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where
intl _ 1 50, n+1 Pnbl _ F 1 20, n+1 51, n+1
A7 = A(z;, "0 v, I = f(x;, t" 16 Vi 0T,
Suppose that the m x m coefficient matrix A(z, ¢, 1), m-dimensional vector function f (x,t,u,p)

and ¢(z) approximate A(zx,t,u), f(x,t,u,p) and p(x) respectively, and satisfy the conditions

(I)—(III). Then wa = va — 0a = {w] =0} —97. [j=0,1,...,J;n=0,1,..., N} satisfies

w;‘lﬂ —wy — A7t 52wt g (AL ATy § gl g (prl ety (5.4)
J J J J J J ’

(3_12 LJ—=1n=0,1,...,N —1),

wytt =witt =0, (n=0,1,...,N —1), (5.5)

w) =¢;—@5, (=01,...,J). (5.6)

The equality (5.4) can be rewritten as

wi

J J _An+152 n+1 S;Z+1+R;Z+1, (5'7)

T

where
S = B(v, 0)1 60wt 4 C (v, )7 w! T 4 D(v, 0) T 6wl
R?Jrl _ A[@]ﬁwrl 52 n+1 —I—F[ ]n+1

B(v,5);*" = (Au)?“é%}”l, Clv,0)] ™ = (f)}*, D(v, o) = (f)5H,

and for 5%w]*! 0, we define

Ay, tn 1, SOU"H) — A(zj, t" 5017;7+1) .

(A )n—i—l (50 n+1 ’

and for gow;”l =0, we define (flu);l“ = 0. And for Sow;”l # 0, define

flay, " 0007 1oy — f(ay, 6007 61

50w;‘+1

(f)j ™ =

)

and for Sow;”l =0, define ( fu);.‘“ = 0. For ( fp);‘“ there are similar expressions. Denote

A[ﬁ]}“rl = A(xj,thrl’SO@;_’Hrl) _ A(xﬁthrl’gO@;erl)’

F[o]7Hh = flay, t", 0%+, 6105t Y) — fay, ¢, 8007, 6o+,
5.2 Making the scalar product of § 2w;-Z+1hT with (5.7), summing up the resulting products
for 7 =1,2,...,J — 1, and using the same proof as that in sec. 3, we get
J-1 .
0wp 8 = ISwhl3 + 27 D05 2wy, A7+ § 2ur

=1

J—1
+7r Y (2= N1 — i) (A7 = |AR )R
j=1
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J—1
<27 Y (6 2w S RyTA)L
j=1
Therefore it follows
J—1
w13 = owpll3 +7r > (2 = Xjo1 — pir) (|Aw 2 = | ALl Pk
j=1
* 4r 22
+oor| & w3 . D (S + [RIFP)h. (5.8)
j=1

By using the conditions (I)—(II), the definition (2.7) and Lemma 2.3, we have

J—1
STIBIF0w T 2h < O (w2, + )% + w1200 6 2ot 3,
j=1
J—1
ST CrH 0w 2R < C(llwp M3 + wpl3 + oy 13),
j=1
J—1 B
D DI IR < O (|| 6wy I3 + [|dwp 13 + [|dw) 13
j=1

+ AT Al THE + AT|| Al ]|2),
J—1
SRR < COIAR) ool 8 205413 + | FRIEH3),
j=1

where C' is a constant independent of h and 7.

Substituting the above inequalities into (5.8), we get

J—1
5w ™5 = 16whll3 +7r > (2= X1 — pye) (1A,w) P — |Arw} )b + oo 5 2wp I3
j=1
< Cr{||6wp I3 + |6wpl3 + [|6wp 13

+ (w1 + leop 1% + lwp 200 6 25513 + ATl Acwp 3

+ AT Arwt 3 + ARG 8 2o 13 + 1Pl 13 (5.9)
5.3 When n > 1, from the equality (5.7), there is

Tl Arwi 3 <OT{ 6 2wp B + (w12 + w2 + lop 200 6 23+ 13
+ 10wy T3 + lldwi |13 + ldwy I3 + AT Arwi |3 + ATl Arwy ™3
+ AR 6 2a I + IF I3

Taking 7 > 0 such that CA7 < 3. Then

0<kLn

n n n+1
S A w3 < (Zna%z%w max ||wh||2+2||6wh||ﬂ) (5.10)
k=0 k=0



Parallel difference schemes with interface extrapolation terms 267

5.4 Using the inequality (5.9), we have

J—-1

[[6w ”JrlllerffoZHé2 MR+ 1Y (2= Ajmt — )| A PR
j=1

<o 3 iouk e k12 + 1) 4O 1o i

0<k<n
k=0
where
N-1
Io = ||dwp 3 + o max IART % + D IF @R 3T
n=0
Using the inequality (5.10) and taking Ce < %, we get
30 J—1
n O n
15wy I3+ ZII 52w BT Y (2 = A — )| A +1|2h+<€ZIIA w137
Jj=1 k=0
k+1 2 k+12
C(Znawh ||2T+O<r]§13x lwk )% +Io) -I-CTZHA wh |27, (5.11)

k=0
Substituting the inequality (5.10) into the right hand of the inequality (5.11) and taking
Cr < %, we have

J—1
||5wZ“||2+—ZII52 VBT Y (2= A — mi)|As w"“IQthEZHAw'““HET
j=1 k=0

C<Z||6w}’§+1||27+ max ||w’,j||§o+10>.
k=0

0<k<n+1

5.5 By using the above inequality and Lemma 2.2, for 0 < n < N — 1, there holds

J—1

n go n
dwr 3 + 5 ZW BT 3 (2 = A = page) [ Al P
Jj=1
k+1 2
+e X lacuf T < o o ekl + o), (5.12)

which gives, by Lemma 2.3, for any €4 > 0

n
k k
19wy M5 + ZH 5 2w BT+ 2 Y |1 Aswp |3

1 k2
< l[]ax w 4+ — max w + 1y ). .
= 0(64 0Kk ”5 h||2 €4 0<k<n+1 ” h||2 0) (5 13)

5.6 The following lemmas obviously hold.

Lemma 5.1.  If the discrete functions D(k) and G(k) (0 < k < N) satisfy G(k) < G(k +
1) (0<k<N-1), and

max D(k)+ G(n), n=0,1,...,N,



268 Guang-wei YUAN, Xu-deng HANG & Zhi-qiang SHENG
then D(n) < 2G(n), n=0,1,...,N.
Lemma 5.2. Foranyes >0, n=0,1,...,N — 1, there is

n+1

k k
max [wptt3 < ESZ”A wp 3T + Z lwi 157 + lwhl]3-

0<k<sn

5.7 Taking Cey < % in the inequality (5.13) and using Lemma 5.1, we have

90 k k
w3+ ZW +1||27+az||Aw“||gT O, max,_ llfl3 + Io).

By using Lemma 5.2 and letting Ces < §, for any 0 <n < N — 1, there is

n+1
90 k k
I Swi 3 + ZW A ZnAfwh“nﬂsO(an,’inéfuo).
k=0

Therewith, by using Lemma 2.2 (ii), for n =0,1,..., N — 1, there is

n
16w H3 + Z [ e w5 + Z A0yt 37 < Clo.
k=0 =

5.8 It demonstrates that the solution va of the parallel schemes (2.4)—(2.6) continuously
depend on the discrete H' norm of the discrete initial value function ¢(z), the discrete L™
norm of the coefficient matrix A(x,t,u) and the discrete L? norm of the nonlinear function
f(x,t,u,p) in the discrete functional space Wég’l)(QA). Then we have proved the following
stability theorem.

Theorem 4. Under the conditions of Theorem 1, for wa = va — 0a = {w;I = v}‘ — 17;‘|] =
0,1,...,J;n=0,1,..., N}, there is the following inequality:

loa=alfyen g, < Efllon —énli

o gntl 2 o oan+1 2
* \rvfll<c 1<j<I T 0eneN-1 [ A, 1777 u) = A, #77, w)
J-1N-1
1 B 1 2
‘u|<1é12|L;l}7(|<oozl nZO |f m]vtn+ )_f(xj’tn+ ’u’p)| hT}’

where K is a constant independent of h and T, and the constant C' is determined by the inequality
(3.9), and

lenllZn = llenls + lloenll3,

sl gy = _max wplZ, + Z |6 23 + Z 1A w3

...,

6 Convergence
6.1 We will prove the convergence of the solution va = vj = {v}‘|j = 0,1,...,J;n =
0,1,...,N} of the difference schemes (2.4)-(2.6) using the inequalities obtained in the pre-

vious sections.
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Lemma 6.1.  For the discrete solution of (2.4)~(2.6), there are

1 -

jmax o = p| < Clay —apf 0<5 5 < s (6.1)
’ 71

j_g}le?X)Jw;L—v;L|<C|t"—t”|4, 0<n,n <Nj; (6.2)

N—-1J—-m—1

(Z Z 607 — 07| hr) < Cmbh, (6.3)

N—sJ—1
( Z Z |5U"Jrs 5U”|2h7) < C(S’T)%, (6.4)
n=0 j=0
where m and s are the integers satisfying 0 < m < J — 1,0 < s < N, and the constant C
independent of h,T,m,s and v} .
Proof. Obviously

[of — T,

1
7= vl <oy 2@y — x|,

and the estimate (6.1) is obtained by using the inequality (3.7). From Lemma 2.3 and the
inequalities (3.7)—(3.8), it follows

’ ! l ! l ! l
llor, = vp lloo < 16(vg — v Il v — vk [I3 < Cllog —vi |3,

and )
nﬁ—ﬁm<(§]mUﬂmﬁ|ﬂ—Wﬁ<mw—ﬂﬁ

Therefore, the inequality (6.2) has been obtained. Similarly we can get the inequality (6.3) by
the inequality (3.9). Notice

60 — Sup 3 < ClIS*u = 8%vptlallop ™ = oRll2 < O(s7)3,
i.e. the inequality (6.4) holds. The proof of Lemma 6.1 is completed.
6.2 For (z,t) € Q7 (j=0,1,...,J —1;n =0,1,...,N — 1), define the piecewise constant
functions as follows:

(0u}f + v 01), vf(wt) = Ayt

1
ol (z,t) =0T T, (2,t) = 51}?“ =3

J

and define

’U;zh(x7t) 232U?+1’ (x7t)€Q§L7 (]:17277J_17n:07177N_1)7
VT, t) =6 20 () € QT (n=0,1,...,N —1).

Denote that Jy is the number of the subscript j satisfying A; # 1 or p; # 1, i.e. the number
of grids not using the fully implicit scheme. The following condition illustrates that the number
of grids not using the fully implicit scheme is not beyond a fixed constant, i.e., the number of
sub-domains obtained is uniformly bounded for any h > 0 and 7 > 0.

(V) For any fixed constant C' > 0, there holds Jy < C for any A > 0 and 7 > 0.
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Lemma 6.2.  Assume that the condition (V) and the conditions of Theorem 1 hold. Then,
when h — 0,7 — 0 (for some subsequences), there is a function u(x,t) € WQ(Q’D(QT) such that

(1) vf(z,t) — u(z,t) uniformly in Qr;

(ii) v7, (z,t) — ug(z,t) strongly in L*(Qr), and a.e. in Qr;

(iil) v, (z,t) = Ugy (@, t) weakly in L*(Qr);

(iv) vl (z,t) — w(z,t) weakly in L*(Q7).

Proof. Using Lemma 6.1 and the discrete compactness method in [11], we can prove (i) and
(ii) by the bilinear interpolation function constructed by v} (z,t).

Using the estimate (3.8) and the discriminant rule of the compactness set, there is v”(x,t) €
L*(Qr) such that vT_, (x,t) — u”(z,t) weakly in L?(Qr). Next we prove that u”(x,t) =
Ugy(w,t) holds in Q7. Let ®(z,t) € C5°(Q1), denote @ = ®(z;,¢"). Define the piecewise
constant functions ®} (z,t) = <I>”+1 07wz, t) = 52¢?+1, (z,t) € QF. When h and 7 are small

enough, there is

// Vgan” (2, )P, (z, t)dxdt

N—1J—
XY srta
n=0 j=1
N—-1J-1
_ 2 n+lgxn+1
= VROV N T
n=0 j=1
N-— 12 )(A Uﬁrll Ao ) + (1= py) (A ;l:rll - Asvf )<I>"+1h
n=0 j=1 h
=I+11.

It is easy to see that

I // Wz, ) Do (x, t)dadt, h— 0,7 — 0;
QT

N-1 1
< 4 s 197 e (3 18007 ) T
which concludes IT — 0 as h — 0 and 7 — 0. Then (iii) holds. Similarly (iv) holds. The proof
of Lemma 6.2 is completed.
6.3 For (z,t) € Q7 (j=0,1,...,J —1;n =0,1,...,N — 1), define the piecewise constant

functions

oy (x,t) = SOU;L'H, op (x,t) = SOU;L'H, oy (x,t) = 5111;“'1,

A;;(xvt):A;'lJrlv fh(xvt):f;lJrl'

Lemma 6.3. Assume that the conditions of Theorem 1 hold. When h — 0,7 — 0 (for some
subsequences), there are

(i) o] (@, t) — u(z,t) and 0] (x,t) — u(z,t) strongly in L*(Qr) and a.e. in Qr;

(ii) 97, (z,t) — ug(z,t) strongly in L*(Qr) and a.e. in Qr;
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(iii) A7 (z,t) — A(z,t,u(z,t)) and Qr f7(z,t) — f(z,t,u(z,t),us(x,t)) strongly in L*(Qr)
and a.e. in Q.
Proof. According to the definition (2.7) and the estimates (3.7)—(3.8), it follows that

N N-1
197, () = vk (2, 1) |22y < OB Y I60Rl3 + C72 Y | A0y I3r

<C(hr+ 1%,

T J 1N-1 J—1N-1
/ 157, (2, £) — o7, (2, 1) | 2d¢ < ( ) A R+ CR2 S S (6204 20y
0 =1 n=0 j=1 n=0
C(AT + 2)

Using Lemma 6.2 and the above two inequalities, we can get (i) and (ii). Now we prove
(iii). By the condition (I), we know that A(z,t,u) € C(Qr x R™), and using (3.7), there is

mMaxo<n<N—1 HSOUZHHOO < C. So we have

17 (2, 8) — A, t, ulz, 1)) 172 (g0

=Yy Z// | Az, 7, 80014 — A(x,t u(a, 1)) Pdadt
n=0 j—0 Q7
< 2T max |A(z', ¢/, v) — Az, t,v)]?

|&" —z|<h, |t —t| <7, 0] <C
+ 2010 (, 1) — u(@, ) |72(0m»
Hence A7 — A strongly in L?(Qr). Similarly we can prove that f; — f strongly in L?(Q7).

The proof of Lemma 6.3 is completed.
6.4 Let ®(z,t) € C>°(Qr) and ®(z,t) = 0 near = 0 and x = [. Denote ®} = ®(z;,t").

Define the piecewise constant functions @7 (x,t) = @?H, for (z,t) € Q}. There is

/ /Q [0 (22 £) — AT (s )0, — f (s )] (2, )t

n+1 n

N— —
— vj
— Z Z [ An+1 52 n+1 f]’l_’L+1 <I>?+1hr —0.
Let h — 0,7 — 0 (for some subbequences) Then
// ug(x,t) — Az, t, u)ugy(x,t) — f(z,t,u)]®(x, t)dedt = 0.
T

Since the subsequence v (z,t) is uniformly convergent to u(z,t) in Qr, u(x,t) satisfies
the homogeneous boundary conditions (2.2) and the initial condition (2.3). This means that
u(z,t) € W2(271)(QT) is just a generalized solution of the problems (2.1)-(2.3), The unique-
ness of the generalized solution for the problems (2.1)—(2.3) can be justified by the well-known

method (see [11]). Then we obtain the convergence theorem as follows.

Theorem 5. Assume the conditions of Theorem 1 hold. As the steps h and T tend to zero, the
solution va = v = {v}[j =0,1,...,J; n=0,1,..., N} of the difference schemes (2.4)-(2.6)
converges to the unique generalized solution u(x,t) € Wz(z’l)(QT) of the problems (2.1)—(2.3).
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7 Numerical experiment

Consider the following problems

Ut = Wy + f(2,t,u,uy), x€]0,1], te0,T],
u(0,¢) = u(1,¢) =0, te(0,T],
u(z,0) = sin(nz), =z €]0,1],

where f(z,t,u,u,) = 7r2(e_”2t sin(mz))? + me Tt cos(mz) — m*u — u,. The exact solution of the
w2t

problems is u = e~ ™ ‘sin(mx). We demonstrate the accuracy of the parallel scheme in Table 1.

Table 1 The accuracy of the scheme

J—1 20 40 60 80 100
max; p |0} — u? 1.7468E-004  4.3880E-005  1.9516E-005  1.0997E-005  7.0508E-006
max;, ‘”JT ;“5}‘ 6.4136E-004  2.8055E-004  1.7093E-004  1.1834F-004 8.8271 E-005

Ry - 2 3 4 5

Ry - 4 9 16 25

R - 3.98 8.95 15.88 24.77

J—1 120 140 160 180 200

max;, [vf —u?|  4.9082E-006  3.6155E-006  2.7769E-006  2.2018E-006  1.7905E-006
max;, p, ‘”5@7?‘ 6.9135E-005  5.6055E-005  4.6640E-005  3.9593E-005 3.4154E-005

Ry 6 7 8 9 10

Ro 36 49 64 81 100

R 35.59 48.31 62.90 79.34 97.56

When 7 = 0.0000001, we compute 100000 times steps, and use four processors. Let Ry and
Ry be the theoretical values, and R the computational value, whose definition are given as
follows. Denote EJ' = maxo<;<s—1 [v] —u}|, hj_1 = 545. If the scheme is of first order

0<n< N

accuracy, i.e. EJ"!' ~ Cy(r + hy_1), where C is a constant independent of 7 and hy_,

_ BX . t4hsg . _hag _ J—1
denote Ry = TR RS R T

. If the scheme is of second order accuracy, i.e.
20

o0
ELT

~
~

Bl ~ Cy(t+h%_,), where Cs is a constant independent of 7 and hj_1, denote Ry =

2 2 20
THhay o hae _ (J=1y2 _ Bl
il e = (%55-)°- Denote R = BT

has the second order accuracy.

From Table 1, we know that the parallel scheme

In order to demonstrate the unconditional stability of our scheme, we present the numerical
results for » = 10,100, 1000, 10000 respectively. We take J — 1 = 100000, where r = 7/h2,
CPUs is the number of the processor, Ty is the total time computing 100000 times steps, S,
is the relative speedup, Ey is the parallel efficiency. From Table 2 to Table 5, we know that

our scheme is unconditionally stable, and it has super—linear speedup.

Table 2 The stability and parallelism (A = 10)

CPUs 1 10 20 40 80
max;,n \v;’ - u;’ 1.1244F-010 1.1256 E-010 1.1254FE-010 1.1256 E-010 1.1262E-010
Tan(s) 21802.29 2051.44 1025.84 517.49 262.47
Sp 1 10.63 21.25 42.13 83.07
E;¢(100%) 1 1.06 1.06 1.05 1.04
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Table 3 The stability and parallelism (A = 100)

CPUs 1 10 20 40 80
max;,n \v;l - u;l\ 1.4152E-009 1.3942E-009 1.3782E-009 1.3404E-009 1.2640E£-009
Tan(s) 21927.49 2032.37 1031.09 515.35 263.50
Sp 1 10.79 21.27 42.55 83.22
E; ¢ (100%) 1 1.08 1.06 1.06 1.04

Table 4 The stability and parallelism(A = 1000)

CPUs 1 10 20 40 80
max; , [V} — ul! 3.8888E-008  24748E-008  1.2339E-008  2.0560E-008  7.9452E-008
Tan(s) 22023.82 2041.89 1025.28 511.41 262.43
Sp 1 11.23 22.36 44.82 87.35
E5(100%) 1 1.12 112 1.12 1.09

Table 5 The stability and parallelism(A = 10000)

CPUs 1 10 20 40 80
max; p, [V} — ul! 1.2121E-006  2.0323E-006  4.9454E-006  1.0927E-005  2.2914E-005
Ton(s) 22123.62 2076.82 1024.24 514.36 267.47
Sp 1 10.65 21.60 43.01 82.71
E7(100%) 1 1.07 1.08 1.08 1.03

8 Some specific parallel schemes with interface extrapolation and future plans

8.1 We can get some specific parallel schemes by giving the parameter in the general scheme
(2.4). And we will solve the parabolic initial-boundary value problem arising from a large scale
scientific and engineering computation by using these schemes on parallel computers.

Take the following four kinds of differences for the second-order derivative v,.: (i) Central
(implicit) scheme C

n+l n+1 n+1
vy =200+

h? ’

(ii) right scheme R
(2v}yy — 11;7;11) — 21);”1 + v;-lfll
h? ’

(ii) left scheme £

n+1 n+1 n n—1
v =200+ (211j_1 —v))

(iv) explicit scheme with Jacobian type J

(20, — U?—:ll) - 2“;'”1 + (20}, — ”?711)
2

In general, there are 0 < \; < 1 and 0 < p; < 1 for the inner point {z;} in sub-domains.

Usually take A; = 1 and p; = 1, i.e. the scheme C. Then, the scheme in the inner of sub-domains
can be expressed as
LCC---CCR.
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Let jo and n be two fixed integers such that 1 < jo < J —1,1<n < N. Let x = x;, be the

inner boundary point between the sub-domains.

Example 1. If \j, = 0, then the computation of {v}”l : j < jo} in the (n + 1)-layer is
independent of {v}”l : j = jo+ 1}. The scheme near to xj, can be expressed as

---CCCRCCC - - -

Similarly, if gj,+1 = 0, Then the computation of {v"™! : j > jo 4+ 1} in the (n + 1)-layer is

J
independent of {v}”l :j < jo}. The scheme near to xj, can be expressed as

---ceecLecec -
Example 2. If there are A\j, = 0 and pj,4+1 = 0, then {v}”l :j < Jjo} and {U;ZH 1§ = jo+1}
in the (n+1)-layer can be simultaneously computed. The scheme near to j, can be expressed

as
---CCRLCC--- .

The designing of this scheme is simple, and it can be readily implemented in the parallel
computer, but it does not satisfy A\; + pj41 > 1.
Example 3. If there are Ajy_1 = 0, pj,4+1 = 0 and \j, = p;, = 1, first we simultaneously
compute {U}”l 17 < jo—1} and {v}”rl :j = jo+1} in the (n+ 1)-layer, then using the values
v%tll and v;f)tll ;70+1
scheme. The scheme near to z;, can be expressed as

obtained in the first step, we explicitly compute v by using the implicit

---CCRCLCC---

The designing of this scheme is simple, and it can be readily implemented in the parallel
computer, moreover it satisfies A\; + p;41 > 1.

Example 4. If there are A\j, = pj, = 0, and A\; = pu; = 1 for others, we first compute the
value of UZ)H, then using the value of U?OH obtained, we can simultaneously compute the values

of {vf*!:j <jo—1} and {u]*! : j > jo + 1}. The scheme near to x;, can be expressed as
-..ceegecece-- -

The designing of this scheme is simple, and it can be readily implemented in the parallel

computer, moreover it satisfies A\; + p;41 > 1.

8.2 we can extend the results in this paper to the multi-dimensional nonlinear parabolic
problems and the parabolic systems of the divergence type.

It is most important for practical applications to investigate the conservation of the parallel
schemes, which has not been discussed except the sub-implicit scheme in [12]. Generally speak-
ing, the fully implicit scheme is the conservative scheme, but the conservation will be lost when
some schemes with the explicit character at the inner interface and the implicit scheme only in
the interior of sub-domain are used. Therefore the conservation (the continuity of flux) should
be kept at the inner interface. We must modify the values at the inner interface by using the
implicit scheme based on the available parallel scheme. For example, for the parallel scheme
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given in Example 4, first it predicts the values (denoted by 172“) of the inner interface by tak-
ing the explicit scheme with the Jacobian type at the inner interface between the sub-domains,

then simultaneously solves the values in the sub-domains by the implicit scheme so that the

values of ijrrll and vt} are obtained, and at last the value of ;""" is modified to give the value

of UZH by a conservative scheme as follows:

1
UZJF — vy 1 n+l _ —n+l _ (EZJFI n+1)).

- = ﬁ(vkﬂ — U — Uk

We will extensively discuss the construction of the conservative parallel schemes in future.
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